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Abstract
In [1] we study the sum of two statistically independent complex Wishart ma-

trices which separately comprise non-trivial external covariance matrices. They
model the simplest set of time series with time dependent spatial correlations. We
also consider a certain limit where one of the covariance matrices is degenerated.
This case, called half degeneracy, follows a determinantal point process.
Our results are: a closed form for the k-point resolvent as a supermatrix integral
& in the half degenerated case: an explicit expression for the correlation kernel.

1 Random matrix model

We introduce two copies of complex Gaussian matrices A and B:

• rectangular: N ×NA & N ×NB, respectively,

• dimensions arbitrary, up to NA, NB ≥ N ,

• complex entries Aij, Bij ∈ C.

The distribution for the entries:

P = CACB e−TrΣ−1

A AA†
e−TrΣ−1

B BB†
, CA/B ∝ det−NA/BΣA/B . (1)

By construction, the covariance matrices,

1

NA

〈

AA†
〉

= ΣA ,
1

NB

〈

BB†
〉

= ΣB , (2)

are N × N positive definite. ΣA/B induce correlations into the entries
of A and B, respectively. Interesting are the cross correlations, here the
eigenvalues of

H = AA† +BB† . (3)

2 Motivation

In a very general sense, time-series emerge by performing measurement
in discrete time steps. Say we have N observables and NW time steps,
then after the measurement we obtain a rectangular data sample, we call
it W . It is of the dimension: N ×NW . In this simple set-up we ask for
the correlations between the entries s, t and s′, t′. For example we can
take the estimator:

〈WstWs′t′〉data = Σss′,tt′ . (4)

The analysis of spatio-temporal correlations in W can be based on Σ,
but we mostly need to simplify the situation for statistical models, for
instance:

• Σ is trivial → no correlations .

• Σ factorises → time and spatial correlations are independent .

• Σss′,tt′ = Σs,s′δtt′ → no time dependence.

In our model: the time correlations are trivial, but the spatial correla-
tions change in time → we introduce the substructure of two epochs.

The new epoch starts after the time step t = NA and different spatial
correlations are assumed. They remain constant till NW = NA +NB.

3 Starting point

They main results derived by S. Kumar in [2]:

• The distribution for the matrix H :

PH =CH detHNW−Ne
−TrΣ−1

A/BH

× 1F1

(

NB/A;NW ;
(

Σ−1
A/B

− Σ−1
B/A

)

H
)

, (5)

where 1F1 is the confluent hypergeometric function with matrix ar-
guments.

• In the case of half degeneracy:

ΣA = σA1N , ΣB = diag (σB1, σB2, ..., σBN ) , (6)

the joint probability distribution function for the eigenvalues
of H is given:

PN (λ1, ..., λN ) =
CΛ

∆N (δi)
det

N×N

[

λ
j−1
i

]

det
N×N

[

ϕj(λi)
]

(7)

where we find the ordinary 1F1 in the second determinant,

ϕj(λ) = λNW−Ne−σ−1

A λ
1F1

(

NB + 1;NW + 1; δjλ
)

, (8)

with the abbreviation δj = σ−1
A − σ−1

Bj .

4 Determinantal point process

The joint probability distribution function (7) represents a determinantal
point process. It is well known that the k-point correlation function,

Rk (λ1, ..., λk) =
N !

(N − k)!

N
∏

l=k+1

∞
∫

0

dλlPN (λ1, ..., λN ) , (9)

can be written as a k × k determinant of the so-called correlation

kernel KN (x, y):

Rk (λ1, ..., λk) = det
k×k

[

KN
(

λi, λj
)]

, (10)

for example:

k = N : RN (λ1, ..., λN ) = PN (λ1, ..., λN ) ∝ det
N×N

[

λi−1ϕj(λ)
]

,

k = 1 : R1 (x) = KN (x, x) is the spectral density .

Thus, KN (x, y) is the desired quantity.

5 Method of Orthogonal polynomials

1. Construction of orthogonal polynomials:

KN (x, y) =

N
∑

l=1

pl−1(x)ql(y) , δkl =

∞
∫

0

dλpk−1(λ)ql(λ) .

2. Inversion of the Gram matrix:

KN (x, y) =

N
∑

l,j=1

xl−1(g−1)ljϕj(y) , gkl =

∞
∫

0

dλλk−1ϕl(λ) .

3. Our approach:

KN (x, y) =
N
∑

j=1

p
(j)
N−1(x)ϕj(y) , δkl =

∞
∫

0

dλp
(k)
N−1(λ)ϕl(λ) . (11)

All elements in the set
{

p
(k)
N−1

}N

k=1
are polynomials of the same degree,

namely N−1. This set does not span the space of monomials in the first
determinant of (7), as expected at first sight. The construction (11) in

this form is new! Such an element p
(j)
N−1 is up to a constant the average

of a characteristic polynomial:

p
(j)
N−1(x) ∝

〈

det
[

x1N−1 −H ′]〉(j) , (12)

where we denote with (...)′ a dimensional reduction: N → N − 1 and
NB → NB − 1. We exclude the element σBj in (12).

6 Main idea

From the extended Andréief formula we know:

KN (x, y) ∝
N
∏

l=2

∞
∫

0

dλl det
N×N







xj−1
∣

∣

1≤j≤N

λ
j−1
i

∣

∣

∣

i 6=1

1≤i,j≤N






det

N×N





ϕj(y)
∣

∣

1≤j≤N

ϕj (λi)
∣

∣

i 6=1
1≤i,j≤N



 .

From an algebraic decomposition of the determinants in the latter ex-
pression the correlation kernel (11) can be obtained:

• sum over j and the elements φj(y):

det
N×N





ϕj(y)
∣

∣

1≤j≤N

ϕj (λi)
∣

∣

i 6=1
1≤i,j≤N



 =

N
∑

j=1

(−1)j−1 det
(N−1)×(N−1)

[ϕi (λk)]ϕj(y) ,

• characteristic polynomial as product of differences between x and the
eigenvalues from the Vandermonde determinant:

det
N×N







xj−1
∣

∣

1≤j≤N

λ
j−1
i

∣

∣

∣

i 6=1

1≤i,j≤N






= det

(N−1)×(N−1)

[

λ
j−1
i

]

N
∏

k=2

(λk − x) ,

• the identification of the remaining determinants to the joint probability
distribution function of N − 1 eigenvalues, eq. (7):

det
(N−1)×(N−1)

[

λ
j−1
i

]

det
(N−1)×(N−1)

[ϕi (λk)] ∝ P
(j)
N−1(λ1, ..., λN ) .

7 Supersymmetry method

The supersymmetry method can be applied for the calculation of the
average of the characteristic polynomial. In particular, we use the super-
bosonisation technique and obtain:

〈det [x1N −H ]〉 =NA!NB!

∮

γ1

dz1
2πi

∮

γ2

dz2
2πi

ez1+z2

zNA+1
1 zNB+1

2

×

N
∏

k=1

(x− z1σA − z2σBk) . (13)

Moreover, superbosonisation is much more stronger: the ratio of arbi-
trary many characteristic polynomials,

Zq|p

(

x1, ..., xp; y1, ..., yq
)

:=

〈

p
∏

j=1
det

[

xj −H
]

q
∏

j=1
det

[

yj −H
]

〉

, (14)

with arbitrary covariances can be obtained:

Zq|p =CNA
CNB

∫

dµ(UA)

∫

dµ(UB)e
−StrUA−StrUBSdetNAUASdet

NBUB

× Sdet−1
[

1N ⊗

[

Y 0
0 X

]

− ΣA ⊗ UA − ΣB ⊗ UB

]

. (15)

The resulting supermatrix model Zq|p is the generating function for
the k-point resolvent. Especially the Green’s function is available with

G(x) = ∂xZ1|1(x, y)
∣

∣

∣

y=x
.

8 Results

• The spectral density is given by R1(x) = KN (x, x).
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Figure 2:

◦ Dimensions of the time series: N = 9, NA = 350 &

NB = 400.
◦ The covariance values are set to: σA = 1 and ΣB =
diag (0.02, 0.2, 0.3, 1.5, 2.01, 2.25, 2.27, 4.05, 4.03).
◦ The red curve is the analytic result, blue dashed area is a

histogram from 106 ”Monte Carlo matrices”

•We have an explicit form for the correlation kernel KN and thus all
k-point correlation functions are accessible.

• The generating function Zq|p yields all possible k-point resolvents.

• The method of orthogonal polynomials shown in section 6 is applicable
for every polynomial ensemble with the symmetry ϕj(λ) = f

(

δjλ
)

.

9 Open problems

•Arbitrary many epochs: H =
T
∑

i=1
AiA

†
i?

• Singular values of temporal cross-correlations A†B?

•micr. properties, doubly correlated Wisharts, β = 1 or 4, ...?
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