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e One matrix model = the asymptotic anal-
ysis of orthogonal polynomials on the circle or
line and related Toeplitz and Hankel determi-
nants.

e T wo matrix model = the asymptotic anal-
ysis of biorthogonal polynomials.

i matrix model = the asymp-

a
nalysis of orthogonal polynomials on the

®)



Principal Mathematical
References

. Szedgo

. Geronimus

. Widom

Basor, C. Tracy, T. Ehrhardt

. Saff, V. Totik

. Botcher & B. Silberman

. Simon



The Riemann-Hilbert
Method

e Solton Theory
Zakharov, Shabat, Manakov, ...
e Quantum Correlation Functions

Jimbo, Miwa, Mori, Sato; Izergin, Korepin,
Slavnov, I

e [ he Deift-Zhou NSD Method

e Hankel Determinants, Orthogonal Polynomi-
als on the Line

Fokas, Kitaev, I; Bleher, I, Deift, Kricherbauer,
McLaughlin, Venakides, Zhou

e Toeplitz Detereminants, Orthogonal Polyno-
mials on the Circle

Baik, Deift, Johansson



Some of the Recent
Important Developments

e Asymptotics of the Partition Function for
Hermitian Model via the Riemann-Hilbert Tech-
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Krasovsky; Krasovsky, I; Deift, Krasovsky,
I
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Toeplitz Determinants

Let ¢(z) be a function defined on the unit cir-
cle,

C={z:|z| =1}
The Toeplitz determinant, Dy[¢], is defined as
Dyl¢] := detTp[9],
where
Tnld] = {gbj_k}, k=0,...n—1,
and

—k—1 42

or= | $()

27

The question is:

Dnlo] ~?, n — 4oco.



More generally,

¢(z) = ¢(z]t),

n,t — oo.

~



e Multiple integrals and OPUC.

Dold] = G oo . Tl ==l

1<j<k<n

H (Zj)dzl .dzn,

[ i8S = hid,

pr(z) = 2K



Classical Facts

e Strong Szegd theorem (1958)

 Dnld] ~ EGILBDT, - o0,

[<15] = eXD(lﬂ o

E[qb = exp Z k(ln Dnd) .

k=1



e Fisher-Hartwig asymptotics (1968)

N
#(2) = 5(2) [] Iz = =, ar>—3
r=1

Dn ~ Blég](Llgg])"nZr oF

3 L(¢s) v Gz(ar + 1) —Qros
(QISS(ZT)) GRar+1) r];;_Is |2r — 25 :

X
r=1

G(x) - Barnes' G-function.
Fisher, Hartwig, Lenard, Wu

Proved by Widom (1973).



e Generalization for the case of ¢(z) with jumps
Basor, Bottcher, Silbermann (1978, 1985)

e Widom's theorem (1971)
8(2) = ¢5(2)xc,(2),  bs(z) = ds(2),

Co:a<argz < 2w — a.

1/4 o™
Dp ~ E[pg](L[s])"n (COS 5)

1/4
X (Sin g) e0,
2

co = 3¢'(-1) + —1—12— In 2.



Here,

b(e?) = gg (82z'arccos(7 cos %)) .

Important particular case, ¢g(z) = 17
' n? —1/4
Dy, ~ (cosg) (nsin _C}) - e0,
2 2

co = 3¢'(—1) + 1% In 2.



e \Widom's theorem for block Toeplitz matrices
(1974)

d(z)—mxm, m>1
Dulg] ~ El¢l(LIg])", n— oo,

Lig] = exp(Indet 6)o,

 Blg] = det (Tool¢]Tool¢™11),

#(z) — “good”.



Recent developments (based on the RH
~approach)

e Random permutations (Baik, Deift, Johans-
son) : |

o) =llHE)

N0, n,t—%oo.
SN
. In(o) =2V N B
]\/!@c‘;oprob ( - N1/6 <8 _FQ(S) |

Iny(o) denotes the length of the longest in-
vreasing subsequence in o € Sy, and Fs(s) is
the Tracy-Widom distribution:

Fr(s) = exp (—— /SOO(:B - S)U%M(x)dx)

10




e Further generalizations of the Fisher-Hartwig
asymptotics (Krasovsky)

1

6(2) = p5(2) T] Iz~ =l° Xca(z) or > =,
7“—1
o e
o B nt3, ar)?
- E[¢5](L[¢S])” 2ar+E,of-1/4 (cosz)( e

XCK E |

11



L Qa —1/4 o —(QOH‘FEZTQg)
Crg = (sm 5) (cos 5)
4oy +202 G2(3/2 + 2a1)
X 2 1r(1+2a1>ﬁG(2+4a1)
N o
i ~'204%' | (L(’gbg)) '
x (sin o) rl;[l (o)

8 I:IQ G(2ar + 1) _ cos?(6r/2)
" cos?(a/2)

| | o2 /2
N G2(ap 4+ 1) ( sin2(6,/2) )
1

. XH |Zr—Zs|_araS,

r#+s

0, = arg z,.

12



e T he Fredholm determinant representation

Dnlo] = det(I — Ky),

Ky Ly (C;C) — Ly (C; C),

()7 11— ¢(2)

/

Kn(za Z/) —

z2— 2z 211

(Deift)



Principal observation:

T, P
Kn(z, ) = 72D,
e=(7).
= (7 )R8

— K, is an ‘integrable” operator —




e | he Riemann-Hilbert representation

T, i
R(Z,Z/):F ( )H( )7

z — 2/

where

F(z) =Yy (2)f(2), H(z) = L) 2)n(»),

z e C,

and the 2x2 matrix function Y (z) is the (unique)
solution of the following Riemann-Hilbert prob-
lem:



1. Y(z) e H(C\C)
2. Y(OO) — IQ

3. Y_(2) = Yp(2)G(z), z€C

G(z) = I+ 2m‘f<z)@
\

( 2—¢(z)  —2"(1—¢(2)) )
2 "(1—¢(2)) ¢(z)




Remark 1:

Dn+1
= Y+1(0O
D, 11(0)

Remark 2: Let |
¢t(z) = (1 —t) +to(2),
then R I

In Dpl¢] = — /O : /Ctrac‘e' (dFi(Z) Ht(2)> dz] dt

PO=vG (7 )

H(z) = (Y_{(z))_l ( z::’ )‘1 — qﬁ(z)

271



e An alternative RH. Relation to the orthogo-
nal polynomials on the circle.

Observe:

2—-¢(2)  —2"(1—¢(2))
G(z) =
\ 271 —¢(2)) ¢(2)

(2" -1 1 27"¢p(2) z7" 0
"(1 o)(o 1 )(-1 z“)

11




Put:

Y(z) =Y (z) ( "Ol> .|zl < 1,

1
romvo(f 5

EY(Z)<Z_n 1>zn037 < 1,

12



THE NEW RH PROBLEM.
1. ¥(2) e H(C\ O)

2.V (2) = Y+(z)é(z), z e C

1 27"¢(z) )

G(2) = (0 1

REMARK:

Y(2) — o3V (2)o3

74 (2) = Y()(l Z_”f’('z)), ec

13




OPUC:

~ (=) gk Jopn(s)s e(s)
Y(z) = )

'Qn»el(z? QszCQn 1(8)8 %(S)Sdsz l

/ pk(Z)Pz(Z)qb(Z)-—";ﬁk5kz,~ pn(2) = 2"+ ...,

gn(z) = —= Zg@zn,

pi(z) - orthogonal with respect to ¢(z).

14



PRINCIPAL IDEA.

Given ¢(z), find Y(z), such that
1. Y(2) € H(C\C)
2. V() =Y (9)G(:), zeC

1 z_”qb(z))

Gl2) = (o 1

3. Y(2)z7"93 — I, z— o0

15




Then

Y11(2) = pn(2),
_and

1 Dyiq
Y12(O) - Ehn = g+ 3
n

where pp(2z) and Dy, are, respectively, the OPUC
and the Toeplitz determinat associated with
the weight ¢(z). (Baik, Deift, Johansson,
1999) |

16



Hankel determinants

Let ¢(z) be a function defined on the real line
R. The Hankel determinant, Dy[¢], is defined
as

Dn[¢] := det Hn[g],

where

Hn[¢] = {ﬁby—l—k}: k=20,...,n—1,
and

tr= [ o)z

T he question, again, is:

Dplo] ~?, n,t — +oo.

17



e Multiple integrals and OPRL.

Dplo] = %/_O:O/O; [T (z—2)?

T 1<j<k<n
[ ¢(z))dz;1...dzn.

1<j<n

Dn—l-—l
Dn,

= hp,

| rmi(2)(2)dz = hydya

19
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e The RH problem.

Put:

pn(2) o [ pr(8)(s)2E
Y(z) = (

Gn-1(2) "Qjﬂfgooo Qn——l(s)qb(s)gd_%

271

gn(z) = “‘_h‘;pn(z)-

20



Then,
1. Y(z) ¢ H(C\R)

2. Yi(z) = Y_(2)G(2),

G(z) = (

1
O

z € R

¢(2)
1

3. Y(2)z7 ™3 — [, z— 00,

21



THE PRINCIPAL IDEA:

pn(z) = Y11(2),

and

T
hp = ZZI—I—EQO Zn+1Y12(Z)

(Fokas, Kitaev, I, 1990)

22



Asymptotics. The NSD method

Y(z) — .. — Yy(z):

1Go () — Il LonLes < €ns

en — 0, as n — oo.

Typically:

(Manakov (1973) — Deift& Zhou (1992))

23



Asymptotics of Toeplitz Determinants. A
simple case

(Deift; Jin, Korepin, I) Assume that ¢(z) is
analytic in a neighborhood of the circle C.

The key identity:
G(z) = M(2)A(2)N(z),

where

1 2" (1 — ¢ 1(2)
M) — ( )

N(Z) — I

N(z) =

24




Put

X(z)=Y() if |z|>1+4e¢ or |z/<1-—g¢,

X(z) = Y(2)M(z) if l—e<]|z| <1,

X(2)=Y(RN "1z if 1<|z/l<l+e

Denote

01,22|Z|=1:}:€

25




Put

X(z):
YC 2)
ya - \
Ve \
C
( ,
C /
\ ~ /
\/7 _ >\
AN — \
// N | o |
i ~! - -
Vizdy N @
Denote

01722|Z|:1$€

36



X (z) solves the following RH problem,

19. X (z) is analytic outside of the contour
fr=CuUCiuUdCy

20 X(c0) =I5

39, The jumps of the function X(z) across
the contour I are given by the equations
o X (2)=X4(2)M(z), =ze€Cy

o X (2)=X1(2)N(z), =z€C>

o X (z) =X4(2)N(2), ze€C

27



since

M(z),N(z) = I> + o(1)
we conclude that
X () ~ X°(2),

where

0 . ’Ll,_l_(Z) 0
X (Z)— ( 0 u_—|_1<z)>7

and

_(uZl(x) O
XO(Z) - ( O ’U,_(Z) ) 9

Here;:

b(2) = up(2)u_(2)

n — oo,
it |zl <1,
it |z| > 1.

- the Weiner-Hopf factorization of the symbol
®(z). From the above analysis, the classical
Szegd and Widom's theorems follow.

28



The Widom-Dyson constant. The Sine
kernel case

Dp(a) := detTh[o],
Where

Tn[qb] L= {qb]_k}, k = 0,....m—1,

and
—k-1.92

tr= [ #(2)

27i
¢(z) = xc,(2),

Co:a<argz<2m—a.

@_a.

29




Widom>e " Thectom .

W ;
D, ~ (cos%') (hsih%—‘-)%

Co = 3§(c-n N ﬁm

29



Observation

M Dn|q=0s/m = det(l — Kgine)

n—00

where
Ksine . LQ(O, 28) — LQ(O, 28),

sinm(x — y)
m(z —y)

Ksine(z,y) =

Dyson’s conjecture

52
det(1 — Kgjpe) ~ e 2™

=

><e3</(_1)+11—2"m2, s — 0. (1)

(proven by Krasovsky and Ehrhardt)



kr'ot 3oy la >/ °

2

- |
D= (eng) (nsimyy™

e (i + 0 ( nis;w)>

30a




The third proof
(Deift, Krasovsky, Zhou, I)

The RH problem to be solved is the following
one.

e Y (z) is holomorphic for all z ¢ I

e Y(oo)=1
2 — 2™
o YV (2) =Y, (z) , z€lq
z7 0
| La
o ={z:—a<argz < a}. e
d? n?

- o [V12(0)]

31



g - function:

p+ 14/ (=) (z— i)

g(z) = o

e g(z) is holomorphic for all z & I,

e 94 (2)g-(2) =%, k=cos?*§

32



Put

X(2) = 3B (2)(9(2)) " oRE%S

-,

e X (z) is holomorphic for all z ¢ I'q

e X(oc0)=1

e X (z) = X4(2) (2 (

z€Il 4

33



Since lifgg‘ <1, z# et@ we expect that

X(2) ~ X%z) :
e X9(2) is holomorphic for all z & Iy,

e X0(00) = I

o XV(2) = Xg_(z)

z €1 o

34




SOLUTION to the MODEL PROBLEM:

s+6-1 s—51
0 B :
X (Z) — ( 5_25—1 5_|_2§—1) )

24 2

where

Dl

oz) = (zz—l-—ee“.ia)

The leading term of Widom’s asymptotics, i.e.

d? n? o'
@ln Dn(a) ~ —ZSQCQE ) (2)

(formally) follows. (Deift, Zhou, I, 1997)

35




e More carefull analysis (see Appendix) along
the lines indicated allows to obtain the follow-
ing (rigorous) extension of (2).

d? n2

in2 aA(n, ), (3)

A(n, ) = sin? _ cos®(e/2)
’ 2 4n2

.
+O <n3 Sin3(a/2)) S

36
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e From the multiple integral representation of
Dp(a) one obtains

In Dn(a) =nIn(r — a) —nin27

+1n An + O((7 — @)?), (4)
where
B n—1 22k(k!)4 2
An = kI:IO [(2k)1]2 2k + 1

— 0n"1/4(20)" 27 (1 4 o(1)), n — oo,

co = 3¢'(-1) + 112 In 2.

(3) and (4) imply (1)
(Deift, Krasovsky, Zhou, I)

37 .



REMARK:

det(1 — Kqjpe) = €Xp (/OS “Vt(t)dt)

where oy (s) - the special solution of Py:

(56?2 + 4(40 — s’ — (")) (o — sa’) = 0,

2

o(s) ~——s, s—0.
i

(JMMS)

The Dyson - Ehrhardt - Krasovsky formula im-
plies that

% gy (t) —arl i
U.p./o ~=2dt = 3¢/(~1) + 5 In2

38




AppendiX

Put
P(A) 1= X H=1)X (=(\),
where
0= 1

maps the interval [—1,1] to the arc I,.

e ®()\) is holomorphic for all A ¢ [—1,1]

e ®(c0) =1

5 [1—-\/1—/\25in %}n _q
o CD_(A) — ¢+(>\) 14/ l—AQSin%

1 0
Ae(-1,1)



Note:

e | he d - problem is regular in the neighbor-
hood of a = =«

e The following relation takes place

d2 ,n2
——=InD = — —A(n, ),
da? n() sin? o (n, @)

where

1 87 8% 2
Aln,a) = [P~ (—icotg;n,oz)CD(icotz;n,a)

12



e [, satisfies Painlevé VI equation:

d .
n(t) =t(t—1)—InDn, t= —2ic

(Deift, Zhou, I, Tracy, Widom)
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