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Problem Statement

Problem Statement

Let K be the integral operator acting on L?(—s,s) with confluent
hypergeometric kernel:

1IPA-8+a)(1+8+a)A(u)B(v) — A(v)B(u)
27 T(1+420)T(2+ 2a) u—v ’

Ks(u,v) =

A(.’L‘) — 26—7ri,@59n($)/2$|2x|a€_ix¢(a —+ ﬁ + 1, 200 + 2, 22.27),

B(.T) — e_wiﬁsgn(l‘)/z’2x|a6_iz¢(a =+ /6, 20&, 21.1'),

¢(a,c, z) is the confluent hypergeometric function;

«, 3 are complex parameters, Ra > —1/2.

Our aim is to obtain the asymptotics of the Fredholm determinant
Py = det(I — Kj) for large s.
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Motivation

@ The kernel K is a particular case of a kernel that appears in the
representation theory of the infinite-dimensional unitary group
considered by Borodin and Olshanski.

@ K can be obtained as a scaling limit at a Fisher-Hartwig singu-
larity for a unitary random matrix ensemble. (i.e. a root-type
singularity and a step-function)

e if 3 =0 K reduces to the kernel in terms of Bessel functions:

m i1 (1 (0) = Ty 1 (0), 1 ()

9

Ks(u,v) =

U—v
that was conS|dered by Nagao, Slevin, Akemann et all, Witte,
Forrester, Kuijlaars, Vanlessen. It can be obtained as a scaling
limit at a root-type singular point for a unitary random matrix
ensemble.

o if a =0,08=0 K becomes the sine-kernel:

Ksin(l'a y) = w
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Theorem1

Theorem (1)

The asymptotics for the Fredholm determinant Ps = det(I — K) on
(—s,8) as s — oo are given by the formula

z 1
In P, = —% + 2as — (4 +a? —52> Ins —2a%1n?2
G(1+a+p)G(1+a— )

—1
. G(1 + 20)

1
+co+ O () , where
s

1 1
co = Eln2+3§'(—1) =2InG(1/2) + §1n7r.
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Theorem (1)

The asymptotics for the Fredholm determinant Ps = det(I — K) on
(—s,8) as s — oo are given by the formula

2
In P, = —% + 2as — (i +a? —52> Ins —2a%1n?2
G(1+a+p)G(1+a— )

-
. G(1 + 2a)

1
+co+ O () , where
s

1 1
co = Eln2+3§'(—1) =2InG(1/2) + §1n7r.

comparison with the sine-kernel asymptotics:
21 1
Indet(I — Kgn) = —5 = ZlnercoJrO -], s— o0,
S

(des Cloizeaux and Mehta (1973), Dyson (1976), Widom (1994), Deift,
Its, Zhou (1997), Krasovsky (2004), Ehrhardt(2007))



Statement of results
°

Two usual types of endpoints

@ the density of eigenvalues vanishes as a square root ("soft edge” of
the spectrum, e.g., GUE endpoints of semicircle). In the scaling limit
at the endpoint one obtains the Airy kernel:

Kany(a) = MG MOAE) o,
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the spectrum, e.g., GUE endpoints of semicircle). In the scaling limit
at the endpoint one obtains the Airy kernel:

Kany(a) = MG MOAE) o,

Asymptotics of the Tracy-Widom distribution:

31
Indet(I — Kaipry) = —% - §1n5 +34+0(s7%?), s — 400,
In2
= g2+ (),

(Tracy, Widom (1994), Deift, Its, Krasovsky (2008), Baik, Bucking-
ham, DiFranco (2008))
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Theorem?2

@ the density of eigenvalues diverges as a square root ("hard edge” of
the spectrum, e.g. the Laguerre ensemble at 0 or Jacobi ensemble at
the edgepoints). In the scaling limit at the endpoint one obtains the
Bessel kernel:

Ve a1 (V) Ja(v/5) = V5Ia (V) Jar1(V7)
2(x —y) 7
n (0,s). (Tracy, Widom (1994))

Kpes(z,y) = (a > —1),
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@ the density of eigenvalues diverges as a square root ("hard edge” of
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n (0,s). (Tracy, Widom (1994))

KBes(Iv y) =

(a > 71))

Theorem (2)
The large s asymptotics of Ps = det(I — Kp.s) are given by

2 1
lndet(I—KBeS)z—i—i—a\/g—C;lns—l—cl—&—O(\/g),

where
G(1+a)

(2m)a/2

cp =1In
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sketch of the proof for the Th.1
The main idea is to use a double-scaling limit of a Toeplitz determinant

to obtain asymptotics of the Fredholm determinant P;. The Toeplitz
determinant with symbol f is given by the expression:

27
D, (f) = det <1/ e“ﬂ"“)"f(e)dé))
0

21

n—1

J,k=0
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sketch of the proof for the Th.1
The main idea is to use a double-scaling limit of a Toeplitz determinant

to obtain asymptotics of the Fredholm determinant P;. The Toeplitz
determinant with symbol f is given by the expression:

27
D, (f) = det <1/ e“ﬂ"“)"f(e)dé))
0

21

n—1

G k=0
Let
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f@(G) = .
0, otherwise,

Then

Here the denominator is known (the Toeplitz determinant with a Fisher-
Hartwig singularity, Béttcher, Silbermann):
_ jatp? Gl+a+p8)G(l+a—p)

D, (f) = ) (I1+0(1)), n— .
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sketch of the proof for the Th.1

A classical representation of a Toeplitz determinant:

D, fga 1_‘[}f

Here pi(2) = 32" + ... are polynomials, orthonormal on the unit circle

w.rt. f ().

70 n(fp) = in terms of p,_; (ei'*“)pn(ei'f)
442
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sketch of the proof for the Th.1

A classical representation of a Toeplitz determinant:

Dn(f,) = H%7

Here pi(2) = 32" + ... are polynomials, orthonormal on the unit circle

w.rt. f ().

d i ien
T In D” (f»?) = in terms of Pn—1 (eiw)spn(f’/iw).
de

We find the asymptotics of p,(z) by solving the associated Riemann-
Hilbert problem (RHP).

d 1 %) %) 2a 1 cos »/2
nD,(f,) n? tan ( an > sin /2

de 2 2 2 2 cos¥

Breosp/2 7 1 cos /2 1
i o tan = — O\ ————
* 2sin /2 R cos /2 * 2sin /2 + nsin®(¢/2) )’

where the remainder term is uniform for 2s/n < p <7 —¢, &> 0.
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sketch of the proof for the Th.1

Dy (f,)—"? as ¢ — m from below.

2m—p 2m—p n
1 20 101 20
Dn(fq;)zm / / H |691—69,|2Hf(66])d9j-
® ® J=1

1<j<k<n
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sketch of the proof for the Th.1
D, (f,)—"? as ¢ — 7 from below.

2m—p 2T —p

(fc,a nn' / / H |619 z@k |2 H f 16
1<j<k<n
After a change of variables we obtain:
22an
Dn(f«p) W(A +O( )) Y =TT -8, 5—70,
where
) 1 1 "
Ap == / .. / H (zi — z)? H dz; — Selberg integral
n.il 21 1<i<i<n j=1

The asymptotics of A,, asn — oo are known (Widom). Then, for p = m1—¢
InD,(f,)=n (lna—ln2)+2anln2—zlnﬂ+ In2+43¢'(—1)+0,(e),

where O,,(¢) — 0, as € — 0.
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sketch of the proof for the Th.1

By integrating % In D,,(f,) and using the expression for D,,(f,) as ¢ —

™, we obtain forany 2 < p <7 —¢&:

1+sing
" 2_Zlan

cos £ 4

In D, (f,) = (n?+2na+2a?) In cos g +2(na+a?)In
2

1 9 9 P 2 1 ! !
_(4_ﬁ +a)lnsm2—2a ln2+ﬁln2+3§ (-1)+0 nsinf )’

Setting ¢ = 2%, and using

we obtain Theorem 1.
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sketch of the proof for the Th.2
Bessel kernel can be obtained as a scaling limit at the endpoint for the
polynomials orthogonal on the interval [—1, 1] that are related to the poly-
nomials orthogonal on the unit circle with Fisher-Hartwig weight for 8 = 0.
Consider the Hankel determinant with symbol w(z):

1 n—1

DH(w) = det /xj”“w(x)dx

n

1 3,k=0
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1 n—1
DH(w) = det /xj”“w(x)dx
1 3,k=0

The Fredholm determinant P5¢¥ = det(I — KP¢*):

_ o)

DI (ws)
P!j(is — it n n _
. im we(x) sin(0)|”

A DEW) 7= cost
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Consider the Hankel determinant with symbol w(z):

1 n—1
DH(w) = det /xj”“w(x)dx
1 3,k=0

The Fredholm determinant P5¢¥ = det(I — KP¢*):

Dﬁl(wz—) _ ftp(em)

P{j(:s — 11111 7/"’ Ww(m) — ‘Sin(g)|7 xr = cosf.

Connection formula between Toeplitz and Hankel determinants:

( 2" (%2n + an(O))

DH(u)))2 2Dgn(f(z)), (Deift, Its, Krasovsky)

— 2007 o, ()pan(—1)
here p,, are polynomials orthonormal on the unit circle with the weight

f(2).
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