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Abstract

We consider the problem of inverse scattering of electromagnetic waves by perfectly

conducting unbounded rough surfaces. We describe a new algorithm (a Point Source

Method) based on the method of Potthast (IMA J.Appl.Math. 61, 119 − 140, 1998)

for inverse scattering by bounded obstacles. The algorithm proposed requires the

approximate solution of an ill-posed first kind integral equation which reconstructs

the scattered field above the surface, when the incident field is that due to a time

harmonic point source. To solve this equation we study the theory of Tikhonov

regularisation for solving ill-posed operator equations on Hilbert spaces in the case

when the operator is not compact. We apply this theory and a detailed analysis of

various related direct problems to show that we can solve the integral equation arising

in the Point Source Method to arbitrary accuracy. Moreover we include a complete

analysis of the method which shows that the approximation to the total field produced

by the Point Source Method tends to the actual total field, the solution of the direct

scattering problem, as the regularisation parameter tends to zero. Numerical results

show that, for a variety of surfaces, reconstructions of the total field agree well with

exact values of the total field. Two methods are described and results shown to

predict the surface location from the absolute values of the reconstructed total field,

using the a priori knowledge that the total field vanishes on the boundary. We go

on to propose an extension of the Point Source Method which can reconstruct the

total field when the incident field is not necessarily time harmonic. In particular we
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consider inverse rough surface scattering problems with geometry and incident pulses

similar to those arising in ground penetrating radar (GPR) applications. We produce

and analyse results showing great accuracy of reconstruction of the total field and of

the surface location in the case when the total field vanishes on the boundary. We

propose that the location of the surface can be predicted as the locus of points where

the incident and reflected pulses coincide in time in the case of more general boundary

conditions.
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Chapter 1

Introduction
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This thesis is concerned with the problem of inverse scattering by infinite rough

surfaces (“rough surface” in the sense of [43, 49], see page 7 below). We describe a new

Point Source Method to reconstruct the total field on and above the boundary. The

method is based on the Point Source Method of Potthast [44], for inverse scattering

by bounded obstacles. During the analysis of the new Point Source Method (Chapter

4) we will see that it is necessary to also fully analyse three direct scattering problems

(see Chapter 3). We show a series of numerical results comparing the exact total field

with the reconstructed total field, due to a time harmonic incident field, computed

using the Point Source Method. From the total field we go on to predict the surface

location. In Chapter 5 we develop the Point Source Method for incident fields that are

time dependent but not necessarily time harmonic. We show that reconstructions of

the total field in the time domain computed using the Point Source Method agree well

with the exact total field and that we can predict the surface location in such a way

that the Point Source Method can be expected to work for any boundary condition.

In this introduction we will define fully the direct and inverse scattering problems

and discuss the difficulties involved with inverse scattering problems. We give brief

histories of methods for inverse scattering by bounded obstacles which is a much

more well established area than that of inverse scattering by unbounded obstacles,

and also give a review of the methods currently used in practice for inverse scattering

by unbounded surfaces. We then present a detailed overview of the thesis and finally

provide a list of mathematical tools and notations used repeatedly throughout the

thesis.

The scattering of acoustic and electromagnetic waves plays a vital role in many

areas of applied sciences. Acoustic and electromagnetic waves are used in areas such

as non-destructive testing, medical imaging, archeology, radar, remote sensing, ultra-

sound tomography and seismic exploration. Broadly speaking, scattering theory is

concerned with the effect an inhomogeneity has on an incident wave. In particular,

if the total field is viewed as the sum of an incident field ui and a scattered field us
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then the direct scattering problem is to determine us from a knowledge of the incident

field and the inhomogeneity. The inverse scattering problem takes the solution of the

direct scattering problem, us, as the starting point and asks what is the nature of the

inhomogeneity that gave rise to this scattered field.

The study of inverse problems has become an active area of research only in the

last 40 years mainly due to a historical prejudice dating back to Hadamard, who

claimed that a mathematical model for a physical problem has to be properly or

well-posed in the sense that it has the following three properties:

1. There exists a solution of the problem (existence).

2. There is at most one solution of the problem (uniqueness).

3. The solution depends continuously on the data (stability).

The most important requirement is that of stability. If a problem lacks this property

then small errors in measurement or numerical computation may lead to large errors

in the solution. Mathematically, many well-posed problems take the form specified

in the following definition.

Definition 1.0.1 Let X and Y be normed spaces, K : X → Y a (linear or non-

linear) mapping. The equation Kx = y is called properly posed or well-posed if the

following holds:

1. Existence. For every y ∈ Y there is (at least one) x ∈ X such that Kx = y.

2. Uniqueness. For every y ∈ Y there is at most one x ∈ X with Kx = y.

3. Stability. The solution x depends continuously on y, i.e., for every sequence

(xn) ⊂ X with Kxn → Kx as n→ ∞, it follows that xn → x as n→ ∞.

Equations for which (at least) one of these properties does not hold are called improp-

erly posed or ill-posed.
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It turns out that many interesting and important inverse problems in science including

those in inverse scattering, are ill-posed problems. So it was not until Tikhonov

developed regularisation techniques for linear ill-posed problems in the mid 1960’s

and the necessary computational facilities had been developed that an effective study

of inverse scattering problems could be made. For simplicity we will concentrate on

scattering by time harmonic acoustic waves within this introduction, although the

theory we describe is also relevant for electromagnetic waves, which is what we will

be studying throughout the rest of this thesis.

Acoustic wave motion is determined by the velocity potential. Let U(x, t) denote

the velocity potential at point x at time t. Then in a homogenous medium U satisfies

the wave equation

∂2U

∂t2
= c2∆U

where ∆ denotes the Laplace operator, and the constant c > 0 is the wave speed. For

time harmonic waves U(x, t) = <{u(x) exp−iωt} for some angular frequency ω > 0.

The space dependent part u satisfies the Helmholtz equation

∆u+ k2u = 0,

where the wave number k > 0 is given by k = ω/c. It is convenient to regard u as

the sum of the incident field ui, the solution in the absence of the scattering object,

and a scattered field us, so that u = ui + us.

1.1 Current Work on Inverse Scattering

The area of direct scattering is a well studied one, and much of the present effort

is directed towards the speed and accuracy of computational implementation rather

than further theoretical developments [49, 54, 18]. The area of inverse scattering,

however, has been far less studied for reasons discussed in the previous section, but is
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currently a highly active area with an abundance of new ideas. Presently, investiga-

tions into inverse scattering by bounded obstacles fall into three categories: iterative

methods; decomposition methods; and sampling-and-probe methods. General itera-

tive methods use the field calculated from solving the direct problem for a boundary

∂Ω, and from this the corresponding measured data being considered is subtracted.

When this difference is “small”, ∂Ω is deemed to be the boundary from which the

measured data was obtained. In particular the Newton method requires solution of

the direct problem at each iteration step. One needs to know the relevant physical

properties of the scattering obstacle which determine some kind of parameterisation

capable of describing the boundary of the scattering obstacle. For further details we

refer the reader to [28, 29, 35].

The second category is decomposition methods, for the reconstruction of sound-

soft or perfectly conducting surfaces, precisely surfaces on which u = ui +us vanishes,

which decompose the problem into two parts, a linear ill-posed problem and a non-

linear well-posed problem. Examples of such methods are the method of Kirsch and

Kress [33], the method of Colton and Monk [15, 14] and the Point Source Method of

Potthast [45]. In each method the first problem solved is to reconstruct the scattered

field from the far field pattern. This problem is linear but ill-posed. The second step,

well-posed but nonlinear, is to determine the unknown boundary of the scatterer as

the location of zeros of the total field u = ui + us. These methods have the advan-

tage that no direct problem needs to be solved but on the other hand some a priori

information about the position and type of boundary is required.

The third category of methods, the sampling and probe methods, involve char-

acterising the boundary of the scattering body by an indicator function and then

calculating this function approximately. From the behaviour of this function the

scatterer can be determined. The Linear Sampling Method by Colton and Kirsch [12]

and the improved version of this, the Factorisation Method by Kirsch, described in

[11, 31, 32], are both examples of this type of method. To give a brief description of
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these we first define the far field operator F : L2(S) → L2(S), where S := {x| |x| = 1},
by

(Fg)(x̂) :=

∫

S

u∞(x̂, d)g(d)ds(d), x̂ ∈ S.

In this equation u∞(x̂, d), for x, d ∈ S, is the far field pattern of the scattered field

in direction x̂ when the incident field is a plane wave in direction d. Now the linear

sampling method uses regularisation to solve the first kind integral equation

(Fg)(x̂) = Φ∞(x̂, z), x̂ ∈ S,

where Φ∞(x̂, z) is the far field pattern in direction x̂ of the total field due to a unit

point source at the point z in the case where no scattering obstacle is present. The

mathematical problem with this is that the range of the far field operator is unknown.

The Factorization Method of Kirsch solves instead the equation

(F ∗F )
1
4 g = Φ∞(·, z),

and he has shown that Φ∞(·, z) is in the range of (F ∗F )
1
4 if and only if z ∈ Ω where Ω

is the region occupied by the scatterer and F ∗ is the adjoint of F , defined in Theorem

2.1.1 [12, 16, 32, 31]. In both of these methods the equation is solved on a grid

which is known to contain the unknown scatterer and the boundary is found to be

the set of points where ‖g‖ begins to increase sharply. Even though no boundary

condition is required for these methods to work, some information as to where the

scatterer is positioned is required. The amount of data needed is immense, namely

u∞(x̂, d) for all x̂, d ∈ S [11], and the precision is low. The singular sources method

due to Potthast [45] has similar advantages and disadvantages to the previous two

methods but it also reconstructs some physical properties of the scatterer. The latest

two methods, the No-Response test of Luke and Potthast [46] and the Range test of

Potthast and Sylvester-Kusiak [47] again reconstruct the scatterer with no a priori

information. Both these methods use much less data, but a convergence theory is

lacking.
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This thesis is concerned with scattering by unbounded rough surfaces, by which we

mean, as in [43], the problem of scattering by an infinite surface which is the graph

of some bounded function f . When studying the problem of inverse scattering by

unbounded rough surfaces, one must distinguish between the deterministic problem,

where reconstructions of the shape of the surface profile are made, and the statistical

problem, which consists of the estimation of statistical parameters which are supposed

to characterise the surface profile. One of the most popular ways of describing the

roughness of a rough surface is the root mean square (rms) height defined as

σ :=
√

〈f 2〉,

where 〈·〉 denotes a spatial average [25] and it is assumed, without loss of generality,

that 〈f〉 = 0. The reconstruction of some partial information about the rough surface

[51, 24] or its statistical parameters, such as the root mean square height or the

correlation length [37, 38, 36], is easier than the problem of finding the surface profile

deterministically. Often the rough surface is assumed to be Gaussian distributed

which is not valid for a number of natural surfaces. Many of these surfaces contain

variations in their surface height which are typically smaller than the wavelengths, and

under these circumstances the validity requirements for the Kirchhoff approximation

or quasi-specular models, to obtain rough surface parameters, are not met. To try

and overcome this problem Marchand has combined the quasi-specular model with the

boundary perturbation result (known as the Bragg scattering result) [37, 38]. There

seems to have been much progress in recent years in the accuracy with which surface

parameters such as correlation length and root mean square height can be numerically

estimated [37, 38, 36, 21], making it possible to distinguish natural surfaces from one

another. However these advances do not take us closer to describing the shape and

location of the surface itself.

As for the deterministic problem, with which this thesis is concerned, advances
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have been made, but problems involving highly rough surfaces or grazing incident an-

gles have hardly been studied [51, 52]. Most of the algorithms available are restricted

to 2D geometry as the field is in its infancy. The three most popular direct scattering

methods are the integral equation method, which is applicable over a wide range of

surface roughness, the Kirchhoff Approximation Method which can be applied to large

roughness scales (up to σ of order λ, the wavelength), and the Small Perturbation

Method, applicable to small scale roughness [21]. The associated inverse problem for

the Kirchhoff approximation [55, 50] involves approximating the normal derivative of

the scattered field on the surface by twice the value of the normal derivative of the

incident field on the surface. Reconstructions of the surface profile are made from

scattered field data. In the method of [55] it is necessary to measure the amplitude

and phase of the scattered field in a certain direction that is highly related to the in-

cident field direction; thus in practice data may be very hard to collect. The method

is very sensitive to accuracy and range of incident and scattering angles chosen and

the reconstructions start to break down when σ = 0.2λ.

The associated inverse problem for the perturbation approximation [19] recon-

structs the rough surface profile from data resulting from illumination by a single

frequency field at a fixed illumination angle. The data measured is the whole or part

of the far field pattern and the only assumptions made are on the height of the surface

and the amount of data available. Reconstructions are limited to σ < 0.1λ.

The accuracy of both methods depends highly on the choice of incident angle

and the range of scattering angles chosen [56]. In [56, 25] an iterative method based

on the inverse algorithms described in [55] and [19] is discussed. The problems of

inverse scattering by a one dimensional perfectly conducting rough surface and a two

dimensional rough surface with a Neumann boundary condition are studied. The

results presented are limited to that of reconstructions of rough surfaces where the

rms height is of order 10−1λ for one-dimensional rough surfaces or is of order 10−3λ

for two-dimensional rough surfaces.
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1.2 Overview of Thesis

This thesis is concerned with the inverse scattering of electromagnetic time harmonic

waves incident on an infinite perfectly conducting rough surface. An algorithm for

the solution to this problem is described and analysed fully. Numerical results are

presented to back up the analytical results and a possible application for the method

is described in the last chapter.

In Chapter 2 we provide an analysis of Tikhonov regularisation for solving ill-

posed operator equations Kx = y on Hilbert spaces. In this chapter we synthesise

results from [30, 34, 3, 17, 27, 26] but, in contrast to recent expositions of the theory

of Tikhonov regularisation in [30, 13, 20] and appropriately for problems of scattering

by unbounded surfaces, we do not assume compactness of the operator K, so that

we are obliged to develop the theory without using the singular value decomposition.

The results presented are crucial to the analysis of the algorithm proposed in Chapter

4.

For the investigation and solution of inverse problems, a good understanding is

required of the corresponding direct problem. In Chapter 3 we analyse fully three

direct scattering problems that are necessary for the analysis developed in Chapter 4.

The first problem is that of the scattering of an electromagnetic time harmonic wave

incident on a perfectly conducting infinite rough surface. The second is the problem

of scattering of a time harmonic wave incident on a rough surface with an impedance

boundary condition and the third is the problem of propagation of time harmonic

waves within an infinite duct.

In Chapter 4 we discuss the following inverse problem: Given measurements of

the total electric field, after scattering by an unknown rough surface, on a finite line

above the surface, determine the location of the said surface. We formulate a new

algorithm which reconstructs the total field on and above the surface. This is a

version of the Point Source Method of Potthast [44] discussed in section 1.1, and is
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the first application of the Point Source Method to inverse scattering by unbounded

surfaces. We provide a complete analysis of the Point Source Method culminating

in theoretical estimates for the error in the reconstructed total field. The lack of

compactness of the surface leads to significantly more complicated arguments in the

theoretical analysis than in the original Point Source Method [44]. Numerical results

compare the reconstructed total field with the exact total field. We go on to predict

the surface location in the case of exact measured data and when 5% noise is added

to the measured data. Results are shown for sinusoidal surfaces of varying amplitudes

and for non-sinusoidal rough surfaces.

In Chapter 5 we generalise the Point Source Method so that the incident pulse

is arbitrarily time dependent. Measurements of the total electric field are taken,

as a function of time, on a finite line above the surface for a single fixed source

position. We produce, using the Point Source Method, what appear to be the first

reconstructions of the total electric field in the time domain, i.e. reconstructions of

the total electric field as a function of position and time. We show numerical results

for geometry and incident pulse similar to those arising in ground penetrating radar

(GPR) applications. Comparisons of the reconstructed total field and exact total

field show that the reconstructions are excellent even when 5% noise is added to the

measurements. Accurate predictions of the surface location are also made.

1.3 Tools and Notation

In this section we collect various miscellaneous mathematical results and notations

which are used repeatedly in this thesis.

Theorem 1.3.1 (Young’s Inequality [1]). If 1 ≤ p ≤ ∞, ψ ∈ Lp(R) and l ∈
L1(R) then

φ(s) =

∫ +∞

−∞

l(s− t)ψ(t)dt
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exists for almost all s ∈ R. Moreover φ ∈ Lp(R) with

‖φ‖p ≤ ‖l‖1‖ψ‖p.

The following result is easily proved by adapting the argument in [53, Section 1.88].

Theorem 1.3.2 Let γ ⊂ R2 be an open or closed curve of class C1 and finite length,

and let D be an open subset of R2. Suppose l ∈ C(D × γ), ∇xl(x, y) ∈ C(D × γ),

φ ∈ L1(γ), and

v(x) :=

∫

γ

l(x, y)φ(y)ds(y), x ∈ D.

Then v ∈ C1(D) and

∇v(x) =

∫

γ

∇xl(x, y)φ(y)ds(y), x ∈ D.

Theorem 1.3.3 (Unique continuation for the Helmholtz equation [14]). Let

G be a domain in R2 and suppose u ∈ C2(G) is a solution of

∆u+ k2u = 0

in G such that u vanishes in a neighbourhood of some x0 ∈ G. Then u ≡ 0 in G.

In Table 1.1 we collect notations that are used repeatedly throughout this thesis. In

this table V denotes some open subset of Rn (n = 1 or 2).
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C(V ) The set of real or complex valued continuous functions defined on V .

Cn(V ) The set of n times continuously differentiable functions defined on V .

BC(V ) The set of real or complex valued functions that are bounded

and continuous on V .

Lp(V ) For 1 ≤ p <∞, the set of those measurable functions φ : V → C

for which
∫
V |φ|pds <∞.

L∞(V) The collection of all real or complex-valued essentially bounded

measurable functions defined on V .

C0,α(V ) {φ ∈ BC(V ) : ‖φ‖C0,α(V ) <∞}, for 0 < α ≤ 1.

C1,α(V ) {φ ∈ BC(V ) ∩ C1(V ) : ∇φ ∈ C0,α(V )}, for 0 < α ≤ 1.

‖ · ‖Lp(V ) ‖ψ‖Lp(V ) :=

( ∫
V |ψ|pds

) 1
p

,

‖ · ‖p abbreviation for ‖ · ‖Lp(R).

‖ · ‖∞,V ‖ψ‖∞,V := supx∈V |ψ(x)|.
‖ · ‖∞ abbreviation for ‖ · ‖∞,R.

‖ · ‖C0,α(V ) ‖φ‖C0,α(V ) := ‖φ‖∞ + supx,y∈V,x 6=y

[
|φ(x)−φ(y)|

|x−y|α

]
, for 0 < α ≤ 1.

‖ · ‖C1,α(V ) ‖φ‖C1,α(V ) := ‖φ‖∞ + ‖φ′‖C0,α(V ), for 0 < α ≤ 1.

Γ {(x1, f(x1))| x1 ∈ R}.
D {(x1, x2)| x2 > f(x1)}.
Γh {x ∈ R2 : x2 = h} (page 29).

Uh {x ∈ R2 : x2 > h} (page 29).

γ∗ See page 43.

Γx∗ See page 44.

G0 See page 35.

G∗ See page 48.

Gε See page 56.

Γ0 See page 35.

Bε(x) {y ∈ R2 : |x− y| < ε}.

Table 1.1: Table of notation
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2.1 Hilbert Spaces

In this section we present the concept of a Hilbert space along with some of its prop-

erties required to describe and analyse the procedure used in many inverse problems

known as Tikhonov Regularisation, described in section 2.2 below. Throughout this

section we use [30, 34, 3, 17, 27] as general references and Σ (the set of scalars) is

either R or C.

Definition 2.1.1 For a linear space V , a norm ‖ · ‖ on V is a function from V to

R with the following properties.

(a) ‖f‖ ≥ 0 for all f ∈ V .

(b) ‖cf‖ = |c|‖f‖ for all f ∈ V and c ∈ Σ.

(c) ‖f‖ = 0 ⇐⇒ f = 0 for all f ∈ V .

(d) ‖f + g‖ ≤ ‖f‖ + ‖g‖ for all f, g ∈ V . (The triangle inequality).

The space V equipped with the norm is called a normed space. Every normed space

is also a metric space with metric d(f, g) := ‖f − g‖.

Definition 2.1.2 An inner product space is a vector space V together with a function

(the inner product) from V × V to Σ, denoted (, ), satisfying:

(a) (f + g, h) = (f, h) + (g, h) for all f, g, h ∈ V .

(b) (cf, g) = c(f, g) for all f, g ∈ V and c ∈ Σ.

(c) (f, g) = (g, f) for all f, g ∈ V .

(d) 0 ≤ (f, f) for all f ∈ V .

(e) (f, f) = 0 ⇐⇒ f = 0.
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Lemma 2.1.1 [34] For an inner product there holds the Cauchy-Schwarz inequality

|(f, g)|2 ≤ (f, f)(g, g)

for all f, g ∈ V .

Any inner product space is also a normed space by defining

‖f‖ =
√

(f, f). (2.1)

That ‖.‖ defined by (2.1) satisfies the triangle inequality follows from the Cauchy-

Schwarz inequality and the identity

‖f + g‖2 = ‖f‖2 + 2<(f, g) + ‖g‖2. (2.2)

When we talk about convergence in an inner product space we will intend, unless

we specify otherwise, this convergence to be convergence with respect to the metric

induced by the norm (2.1).

Definition 2.1.3 An inner product space X is called a Hilbert Space if it is complete

i.e. if every Cauchy sequence in X converges.

Theorem 2.1.1 [30] Let A : X → Y be a linear and bounded operator between Hilbert

spaces. Then there exists one and only one linear bounded operator A∗ : Y → X with

the property

(Ax, y) = (x,A∗y) (2.3)

for all x ∈ X, y ∈ Y . This operator A∗ : Y → X is called the adjoint operator to A.

Note that equation (2.3) implies that (A∗y, x) = (y, Ax) and so A is the adjoint of

A∗, in symbols (A∗)∗ = A.

Lemma 2.1.2 Let S be a linear subspace of X. Then S is dense in X if and only if

x ∈ X, (x, z) = 0, ∀z ∈ S ⇒ x = 0. (2.4)
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Proof. (i) If S is dense in X, then for all x ∈ X, ε > 0, there exists a y ∈ S such that

‖x− y‖ < ε. So if (x, z) = 0 ∀z ∈ S then

(x, y) = 0 ⇔ (x, x) = (x, x− y)

⇒ ‖x‖2 ≤ ‖x‖ε

⇒ ‖x‖ ≤ ε.

Since ε > 0 is arbitrary it follows that x = 0.

(ii) Next we show that if (2.4) holds then S is dense in X. Note that S is a closed

linear subspace of X. If S is not dense in X then S 6= X. Let x∗ ∈ X\S. Then, by

the projection theorem [30], x∗ = s + x where s ∈ S and x ∈ S
⊥
, i.e. (x, z) = 0 for

all z ∈ S, and, since x∗ /∈ S, x 6= 0. �

Theorem 2.1.2 A∗ : Y → X is injective if and only if A(X) is dense in Y .

Proof. First note that A∗ : Y → X is injective if and only if

y ∈ Y, A∗y = 0 ⇒ y = 0.

This is equivalent to

y ∈ Y, (A∗y, x) = 0 ∀x ∈ X ⇒ y = 0

⇔ y ∈ Y, (y, Ax) = 0 ∀x ∈ X ⇒ y = 0

⇔ y ∈ Y, (y, z) = 0 ∀z ∈ A(X) ⇒ y = 0.

The required result follows from Lemma 2.1.2. �

Definition 2.1.4 A bounded linear operator A : X → X on a Hilbert space X is

called strictly coercive if there exists a constant c > 0 such that

<(Ax, x) ≥ c‖x‖2

for all x ∈ X.
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Lemma 2.1.3 [34](Lax-Milgram) In a Hilbert space X a strictly coercive operator

A : X → X has a bounded inverse A−1 : X → X.

The usual convergence of a sequence in a Hilbert space, i.e. that xn → x if and

only if ‖xn − x‖ → 0, is often called strong convergence to distinguish it from weak

convergence defined as follows.

Definition 2.1.5 A sequence (xn) in a Hilbert space X is said to converge weakly to

x ∈ X if

(xn, z) → (x, z) as n→ ∞,∀z ∈ X,

i.e. if

(xn − x, z) → 0 as n→ ∞,∀z ∈ X.

This is written as xn ⇀ x.

To establish a key property of weak convergence we use the Banach-Steinhaus theo-

rem.

Theorem 2.1.3 [17](Banach-Steinhaus) Suppose that E is a Banach space and

F a normed space. Let {Ai}i∈I be a family of continuous linear operators from E into

F. If

sup
i∈I

‖Aix‖F <∞

for each x ∈ E, then

sup
i∈I

‖Ai‖ <∞.

We note the following properties of weak convergence.

Theorem 2.1.4 Let X be a Hilbert space and (xn) ⊂ X, x, y ∈ X. Then

(i) xn → x⇒ xn ⇀ x.
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(ii) If xn ⇀ x and xn ⇀ y then x = y.

(iii) If xn ⇀ x then (xn) is bounded, i.e.

sup
n

‖xn‖ <∞.

(iv) If (yn) ⊂ X is bounded then (yn) has a weakly convergent subsequence, i.e. there

exists y ∈ X and a subsequence (ynm) such that (ynm) ⇀ y.

(v) If xn ⇀ x and ‖xn‖ → ‖x‖ then xn → x.

(vi) If xn ⇀ x and ‖xn‖ ≤ ‖x‖ then xn → x.

(vii) If K is a bounded linear operator on X and xn ⇀ x then Kxn ⇀ Kx.

Proof.

(i) This follows since |(xn − x, z)| ≤ ‖xn − x‖‖z‖.

(ii) If xn ⇀ x then (xn − y, x− y) → (x− y, x− y) = ‖x− y‖2. If also xn ⇀ y then

(xn − y, x− y) → 0, so x = y.

(iii) For each n ∈ N define x̃n : X → C by

x̃n(z) = (xn, z), z ∈ X.

Then it is easy to see that x̃n is linear. It is also bounded, in fact, for all z ∈ X,

|x̃n(z)| ≤ ‖xn‖‖z‖,

by the Cauchy-Schwarz inequality, so that ‖x̃n‖ ≤ ‖xn‖. On the other hand

x̃n(xn) = ‖xn‖2, so that ‖x̃n‖ ≥ ‖xn‖. Thus

‖x̃n‖ = ‖xn‖.

Further, for every z ∈ X,

x̃n(z) = (xn, z) → (x, z)
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as n→ ∞, so that

sup
n

|x̃n(z)| <∞, z ∈ X.

Since X is a Hilbert space, it follows from the Banach-Steinhaus theorem that

sup
n

‖xn‖ = sup
n∈N

‖x̃n‖ <∞,

i.e. (xn) is bounded.

(iv) For a proof see [57, Theorem 2.C].

(v) From (2.2)

‖xn − x‖2 = ‖xn‖2 − 2<(xn, x) + ‖x‖2. (2.5)

As n→ ∞, (xn, x) → (x, x) = ‖x‖2 and ‖xn‖ → ‖x‖. Thus ‖xn − x‖2 → 0.

(vi) If ‖xn‖ ≤ ‖x‖ and xn ⇀ x then from (2.5),

‖xn − x‖2 ≤ 2(‖x‖2 −<(xn, x)) → 0

as n→ ∞.

(vii) For every z ∈ X,

(Kxn −Kx, z) = (K(xn − x), z) = (xn − x,K∗z) → 0

as n→ ∞.

�

2.2 Tikhonov Regularisation

Many inverse problems can be formulated as operator equations of the form

Kx = y, (2.6)
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with x ∈ X, y ∈ Y and X and Y Hilbert spaces. If K : X → Y is bijective, in which

case K−1 : Y → X exists and, by the open mapping theorem [39], is bounded, then

equation (2.6) is well posed, that is equation (2.6) has exactly one solution x ∈ X for

every y ∈ Y and the solution depends continuously on y since

‖x‖ ≤ C‖y‖ (2.7)

where C = ‖K−1‖. In many applications, for example those mentioned in section 4.1,

while K is injective it is not surjective so that a solution to (2.6) does not exist for

all y ∈ Y . More crucially K−1 is not bounded, i.e there does not exist a constant

C > 0 for which (2.7) holds for all y ∈ K(X). We shall see shortly that it is possible,

when K−1 is not bounded but K has dense range, to construct a family of bounded

approximations to K−1 satisfying the following strategy.

Definition 2.2.1 [30] A regularisation strategy for K : X → Y is a family of linear

bounded operators Rα : Y → X for α > 0 such that

Rαy → K−1y as α → 0

for all y ∈ K(X).

In this section we show that Tikhonov regularisation, a procedure to cope with ill-

posedness, is a regularisation stategy in the above sense. In contrast to the treatment

in [30, 20, 34, 14] we assume nowhere in our analysis that K is a compact operator,

assuming only that K is a linear bounded, injective operator with dense range.

When it is not clear whether a solution to (2.6) exists or not it is perhaps natural,

as a first attempt at computing an approximate solution, to try and find x to minimise

‖Kx− y‖.

Theorem 2.2.1 [30] For every y ∈ Y , x̂ ∈ X satisfies ‖Kx̂− y‖ ≤ ‖Kx− y‖ for all

x ∈ X if and only if x̂ ∈ X solves the normal equation

K∗Kx̂ = K∗y, (2.8)
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where K∗ : Y → X is the adjoint of K.

Equation (2.8) is ill-posed if (2.6) is ill-posed. But this ill-posedness can be removed

by perturbing it slightly, replacing it with

αxα +K∗Kxα = K∗y

for some small α > 0.

Theorem 2.2.2 [30] If α > 0, the operator (αI + K∗K) : X → X is boundedly

invertible, with ‖(αI +K∗K)−1‖ ≤ α−1.

Proof. Let Aα = αI +K∗K. Then Aα is strictly coercive since, for all x ∈ X,

(Aαx, x) = α‖x‖2 + (K∗Kx, x)

= α‖x‖2 + (Kx,Kx)

= α‖x‖2 + ‖Kx‖2

≥ α‖x‖2. (2.9)

By Lemma 2.1.3 Aα has a bounded inverse. Further, if y ∈ Y and x = A−1
α y, then,

by (2.9), α‖x‖2 ≤ (y, x) ≤ ‖y‖‖x‖ so ‖A−1
α y‖ = ‖x‖ ≤ α−1‖y‖. Hence ‖A−1

α ‖ ≤ α−1.

�

Given K : X → Y , a linear bounded operator, and y ∈ Y , define the Tikhonov

functional by

Jα(x) := ‖Kx− y‖2 + α‖x‖2 for x ∈ X. (2.10)

Theorem 2.2.3 [30] For α > 0 the Tikhonov functional Jα, defined by equation

(2.10), has a unique minimum xα ∈ X given as the unique solution of the second

kind equation

αxα +K∗Kxα = K∗y. (2.11)
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The solution of equation (2.11) can be written as xα = Rαy with

Rα := (αI +K∗K)−1K∗ : Y → X. (2.12)

We call xα = Rαy the Tikhonov regularisation solution of (2.6) with regularisation

parameter α.

Lemma 2.2.1 For α > 0 the operator Rα is bounded with

‖Rα‖ ≤ 1√
α
.

Proof. By Theorem 2.2.2, Rα is bounded with ‖Rα‖ ≤ α−1‖K∗‖. To get a sharper

bound note that, since xα = Rαy minimises Jα(x),

Jα(xα) ≤ Jα(0)

⇒ α‖xα‖2 + ‖Kxα − y‖2 ≤ ‖y‖2

⇒ α‖xα‖2 ≤ ‖y‖2

⇒ √
α‖Rαy‖ ≤ ‖y‖

⇒ ‖Rα‖ ≤ 1√
α
.

�

The proof of the next theorem is based, in large part, on that of [30, Theorem 2.16].

Theorem 2.2.4 [30] Suppose that K is injective with dense range. If y ∈ Y , y 6= 0,

α > 0, and xα is the unique solution of equation (2.11), then xα depends continuously

on α. The mapping α → ‖xα‖ is strictly monotonically decreasing and

lim
α→∞

‖xα‖ = 0.

The mapping α→ ‖Kxα − y‖ is strictly monotonically increasing and

lim
α→0

‖Kxα − y‖ = 0.

Proof. This is done in 6 steps.
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(i) From Lemma 2.2.1 we see that

‖xα‖ = ‖Rαy‖ ≤ ‖Rα‖‖y‖ ≤ 1√
α
‖y‖.

This proves that xα → 0 as α → ∞.

(ii) If we choose α > 0 and β > 0 and subtract equation (2.11) for β from (2.11) for

α then

α(xα − xβ) +K∗K(xα − xβ) + (α− β)xβ = 0. (2.13)

Taking the inner product with (xα − xβ) gives

α‖xα − xβ‖2 + ‖K(xα − xβ)‖2 = (β − α)(xβ, xα − xβ). (2.14)

From this equation we conclude that

α‖xα − xβ‖2 ≤ |β − α||(xβ, xα − xβ)| ≤ |β − α|‖xβ‖‖xα − xβ‖,

i.e.

α‖xα − xβ‖ ≤ |β − α|‖xβ‖ ≤ |β − α|‖y‖√
β
.

This proves the continuity of the mapping α 7−→ xα.

(iii) As y 6= 0 and K has dense range it follows that K∗ is injective by Theorem

2.1.2, and so K∗y 6= 0. From (2.11) it follows that xβ 6= 0 for β > 0. Then, if

α > 0 and α 6= β, it follows from (2.13) that xα 6= xβ and so, from (2.14), that

(β − α)(xβ, xα − xβ) > 0.

(iv) Now let β > α > 0. From (iii) we see that (xβ, xα − xβ) > 0. Thus ‖xβ‖2 <

(xβ, xα) ≤ ‖xβ‖‖xα‖,i.e.‖xβ‖ < ‖xα‖, which proves strict monotonicity of α 7−→
‖xα‖.

(v) Taking the inner product of (2.11) for xβ with (xα − xβ) gives

β(xβ, xα − xβ) + (Kxβ − y,K(xα − xβ)) = 0.
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Now let α > β. From (iii) we see that (xβ, xα − xβ) < 0, so that

0 < (Kxβ − y,K(xα − xβ)) = (Kxβ − y,Kxα − y) − ‖Kxβ − y‖2.

The Cauchy-Schwarz inequality yields ‖Kxβ − y‖ < ‖Kxα − y‖. This shows

strict monotonicity of the mapping α 7−→ ‖Kxα − y‖.

(vi) Finally, let ε > 0. Since the range of K is dense in Y there exists x ∈ X such

that ‖Kx− y‖2 ≤ ε2�2. Choosing α0 such that α0‖x‖2 ≤ ε2�2 we see that

‖Kxα − y‖2 ≤ Jα(xα) ≤ Jα(x) ≤ ε2.

Thus and by (v), ‖Kxα − y‖ ≤ ε for all α ≤ α0.

�

If K is injective with dense range then from Theorem 2.2.4 we have that, for y 6= 0,

the mapping α → ‖xα‖ is strictly decreasing. Therefore either

‖xα‖ → ∞ as α → 0

or

C := lim
α→0

‖xα‖

exists and ‖xα‖ < C, α > 0.

Theorem 2.2.5 Suppose that K is injective with dense range. If y ∈ K(X) then

limα→0 ‖xα‖ exists and furthermore xα → x := K−1y as α → 0. If y /∈ K(X) then

‖xα‖ → ∞ as α → 0.

Proof. First we point out that whenever y ∈ K(X), defining x∗ = K−1y,

J(xα) ≤ J(x∗)

⇒ α‖xα‖2 + ‖Kxα − y‖2 ≤ α‖x∗‖2

⇒ ‖xα‖ ≤ ‖x∗‖ (2.15)
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so that limα→0 ‖xα‖ exists.

Conversely suppose C := limα→0 ‖xα‖ exists and let (αn) ⊂ (0, α) be a null se-

quence (i.e. αn → 0 as n→ ∞). Then

‖xαn‖ → C as n→ ∞

so that (xαn) is bounded. By Theorem 2.1.4 (iv) (xαn) has a weakly convergent

subsequence, (xαnm ). For some x∗ ∈ X, xαnm ⇀ x∗ ∈ X and, by Theorem 2.1.4 (vii),

Kxαnm ⇀ Kx∗. On the other hand, by Theorem 2.2.4, Kxα → y as α → 0 and so

Kxαnm → y. Therefore, by Theorem 2.1.4 (i), Kxαnm ⇀ y, and so, by (ii), Kx∗ = y,

so that y ∈ K(X). Since K is injective x∗ is the unique solution of Kx = y in X.

We have shown that every null sequence (αn) has a subsequence (αnm) such that

xαnm ⇀ x∗ = K−1y. It follows that xα ⇀ x∗ by the following argument. Suppose

this does not hold. Then there exists a null sequence (αn) and a z ∈ X such that

(xαn − x∗, z) 9 0.

Further, we can choose the null sequence so that, for some ε > 0,

|(xαn − x∗, z)| ≥ ε, n ∈ N.

It then follows that (αn) has no subsequence (αnm) such that xαnm ⇀ x∗, which is a

contradiction. Hence xα ⇀ x∗ = K−1y and, since (2.15) holds, by Theorem 2.1.4 (v),

xα → x∗. �

Corollary 2.2.2 If K is injective with dense range then Tikhonov regularisation is

a regularisation strategy in the sense of Definition 2.2.1.

Proof. By Lemma 2.2.1, Rα is bounded for every α > 0. By Theorem 2.2.5, if

y ∈ K(X), then

xα := Rαy → x := K−1y as α→ 0.

�



Chapter 3

The Direct Scattering Problem
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2D u = total field

∆u+ k2u = −δy
(k > 0)

fixed
point
source

u = 0

D
Γ

y

x1

x2

Figure 3.1: The direct problem geometry

3.1 The Main Boundary Value Problem

Consider the problem of scattering of a time-harmonic electromagnetic wave incident

on an infinite perfectly conducting boundary, Γ. The region above Γ consists of a

homogeneous, isotropic, non-magnetic, dielectric material of (constant) electric per-

mittivity ε > 0 and magnetic permeability µ > 0. We adopt a Cartesian coordinate

system Ox1x2x3, and assume that the incident field, scattering surface and medium

are invariant in the x3 direction, so that the problem is two-dimensional. We restrict

our attention to the case when the incident electromagnetic field is that from a time

harmonic (e−iωt time dependence) monopole source in TE polarization. Thus the

electric field E points along the x3 axis. Define the scattering surface, Γ, for some

f ∈ C1,1(R), by

Γ = {(x1, f(x1))| x1 ∈ R}. (3.1)

Since f ∈ C1,1(R) it holds that, for some constants f−, f+ ∈ R,

f− ≤ f(x1) ≤ f+, x1 ∈ R. (3.2)
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Let the region above Γ be defined by

D := {(x1, x2)| x2 > f(x1)}. (3.3)

Electromagnetic wave propagation is governed by the time harmonic Maxwell equa-

tions

∇× E − iωµH = 0, (3.4)

∇×H + iωεE = 0, (3.5)

where E and H are the electric field and magnetic field, respectively. Since the surface

is perfectly conducting the appropriate boundary condition is that the tangential

component of the electric field E vanishes, i.e.

n× E = 0, (3.6)

where n is the unit normal at the boundary. Using the notations x = (x1, x2), y =

(y1, y2) ∈ R2, the electric field at x ∈ D when the incident field is that due to a

monopole source of unit strength at y ∈ D is given by E = (0, 0, G(x, y)). It follows

from equations (3.4) and (3.5) and the boundary condition (3.6) that u := G(·, y)
satisfies the inhomogeneous Helmholtz equation,

∆u+ k2u = −δy (3.7)

in D, with k2 = ω2µε, and the Dirichlet boundary condition

u = 0 on Γ

(see Figure 3.1). To ensure that the scattered field propagates outwards from the scat-

tering surface and source position, a radiation condition must be imposed. Standard

radiation conditions for scattering problems for the Helmholtz equation are the Som-

merfeld radiation conditions. We shall say that u satisfies the Sommerfeld radiation

conditions in D if

u(x) = O(r−
1
2 ),

∂u(x)

∂r
− iku(x) = o(r−

1
2 ),
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as r := |x| → ∞, uniformly in x̂ := x/|x|.
Let

Φ(x, y) :=
i

4
H

(1)
0 (k|x− y|), x, y ∈ R2, x 6= y. (3.8)

Then Φ(·, y) is the unique solution of (3.7) in R2 which satisfies the Sommerfeld

radiation conditions. An alternative radiation condition for problems of scattering

by infinite rough surfaces is the so-called upwards propagating radiation condition

(UPRC) introduced in [9]. Define the infinite straight line Γh, for h ∈ R, by

Γh := {(x1, h)|x1 ∈ R}, (3.9)

and the half plane above Γh by

Uh := {(x1, x2) ∈ R2| x2 > h}. (3.10)

Following [9] we say that u : D → C satisfies the UPRC in D if, for some h ≥ f+ and

φ ∈ L∞(Γh),

u(x) = 2

∫

Γh

∂Φ(x, y)

∂y2

φ(y)ds(y), x ∈ Uh. (3.11)

Remark 3.1.1 It is shown in [9] that if u ∈ C2(D) satisfies the Helmholtz equation

in D and the Sommerfeld radiation conditions then u satisfies the UPRC.

We note that, for the problem we are considering, Φ(·, y) is the incident field,

that is the electric field in the absence of the scattering surface. Let U s(x, y) :=

G(x, y)−Φ(x, y) denote the scattered part of the electric field. Then our problem of

scattering by an infinite rough surface can be formulated as the following Dirichlet

boundary-value problem for the scattered field v := U s(·, y).
BVP1 (The Dirichlet Problem). Find v ∈ C2(D) ∩ C(D) such that

∆v + k2v = 0 in D,

v = −Φ(., y) on Γ,

v(x) = O(r−
1
2 ),

∂v(x)

∂r
− ikv(x) = o(r−

1
2 ),
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as r := |x| → ∞, uniformly in x̂ = x/|x|.

Remark 3.1.2 We assume in BVP1 only that v ∈ C(D), but note that, since Γ is of

class C1,1 and v+ Φ(·, y) ∈ C2(D\{y})∩C(D\{y}) and satisfies the Helmholtz equa-

tion in D\{y} with zero Dirichlet data on Γ, it follows by standard elliptic regularity

estimates up to the boundary [22] that in fact G(·, y) = v + Φ(·, y) ∈ C1(D\{y}) so

that v ∈ C1(D).

Within this section we look at two boundary value problems, which are vital to the

inverse problem described in Chapter 4. The first direct scattering problem, which we

are interested in throughout this thesis, is BVP1. We want to show the existence and

uniqueness of solution to this problem and that the solution is continuously dependent

upon the incident field values given on the surface Γ. In order to do this we first note

that it follows from Remark 3.1.1 that if v satisfies BVP1 then v satisfies the following

Dirichlet BVP with boundary data g = −Φ(·, y) ∈ BC(Γ).

BVP2 Given g ∈ BC(Γ) determine v ∈ C2(D) ∩ C(D) such that:

∆v + k2v = 0 in D,

v = g on Γ,

sup
x∈D

xβ
2 |v(x)| <∞, for some β ∈ R,

v satisfies the UPRC in D.

For some c1 > 0 let B1 := {f ∈ C1,1(R)|‖f‖C1,1(R) ≤ c1}. The next two results follow

from [8].

Theorem 3.1.1 BVP2 has exactly one solution.

Theorem 3.1.2 For some constant C > 0 depending only on c1 and k, the solution,

v, of BVP2 satisfies

|v(x)| ≤ C(1 + x2 − f−)
1
2‖g‖∞, x ∈ D,
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for all f ∈ B1, g ∈ BC(Γ).

From Theorem 3.1.1 it follows immediately that BVP1 has at most one solution.

Moreover it is pointed out in [7] that if g = −Φ(·, y) then the solution to BVP2 also

satisfies the Sommerfeld radiation conditions. Thus the following result holds.

Theorem 3.1.3 BVP1 has exactly one solution, which is the unique solution of

BVP2 with g = −Φ(·, y).

Theorem 3.1.4 (Reciprocity Relation) For x, y ∈ D, x 6= y, we have G(x, y) =

G(y, x).

Proof. Define, for ε, R > 0, the region DR,ε := {z ∈ D : |z| < R, |z − x| >
ε, |z − y| > ε}. Choose ε sufficiently small so that Bε(x) ⊂ D, Bε(y) ⊂ D and

Bε(x) ∩ Bε(y) = ∅ and choose R > |x| + |y| + ε. Then, since G(·, y), G(·, x) ∈
C2(DR,ε) ∩ C1(DR,ε) by Remark 3.1.2, we can apply Green’s second theorem in DR,ε

to give

0 =

∫

∂DR,ε

{∂G(·, y)
∂n

G(·, x) − ∂G(·, x)
∂n

G(·, y)
}

ds.

Letting R → ∞, and defining Dε := D\{Bε(x) ∪ Bε(y)}, then, since G(·, x) and

G(·, y) satisfy the Sommerfeld radiation conditions, it follows that

0 =

∫

∂Dε

{∂G(·, y)
∂n

G(·, x) − ∂G(·, x)
∂n

G(·, y)
}

ds.

Since G(·, x) = G(·, y) = 0 on Γ we have

0 =

∫

∂Bε(y)∪∂Bε(x)

{∂G(·, y)
∂n

G(·, x) − ∂G(·, x)
∂n

G(·, y)
}

ds. (3.12)

Applying Green’s second theorem to U s(·, y) and G(·, x) in Bε(y) gives

0 =

∫

∂Bε(y)

{∂U s(·, y)
∂n

G(·, x) − ∂G(·, x)
∂n

U s(·, y)
}

ds, (3.13)
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and then applying Green’s second theorem in Bε(x) gives

0 =

∫

∂Bε(x)

{∂G(·, y)
∂n

U s(·, x) − ∂U s(·, x)
∂n

G(·, y)
}

ds. (3.14)

Now subtracting equations (3.14) and (3.13) from equation (3.12) and using Green’s

representation theorem [30] yields

0 =

∫

∂Bε(y)

{∂Φ(·, y)
∂n

G(·, x) − ∂G(·, x)
∂n

Φ(·, y)
}

ds

+

∫

∂Bε(x)

{∂G(·, y)
∂n

Φ(·, x) − ∂Φ(·, x)
∂n

G(·, y)
}

ds

= G(y, x) −G(x, y). (3.15)

�

Now, for h ∈ R, define

G1,h(x, y) := Φ(x, y) + Φ(x, y′h) + P (k(x− y′h)), x, y ∈ Uh, x 6= y, (3.16)

where

P (z) :=
ei|z|

π

∫ ∞

0

t−
1
2 e−|z|t(1 + γ(1 + it))√
t− zi(t− i(1 + γ))2

dt, z ∈ U0,

with γ := z2/|z|, and y′h = (y1, 2h− y2) the reflection of y in Γh := ∂Uh. It is shown

in [5],[4] that P ∈ C(U0) ∩ C∞(U0\{0}) and satisfies the Helmholtz equation and

Sommerfeld radiation conditions (with k = 1) in U0. If v := G1,h(., y) we have that

(see [4])

∆v + k2v = −δy in Uh,

∂v

∂x2

+ ikv = 0 on Γh, (3.17)

v(x) = O(r−
1
2 )

∂v(x)
∂r

− ikv(x) = o(r−
1
2 )



 as r := |x| → ∞, uniformly in x̂. (3.18)
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Thus G1,h is the Green’s function for the Helmholtz equation in the half-plane Uh

which satisfies the impedance boundary condition (3.17). From [6], G1,h satisfies the

bounds

|G1,h(x, y)| ≤ C(1 + x2 − h)(1 + y2 − h)|x− y|− 3
2 , x, y ∈ Uh, x 6= y, (3.19)

and

|∇yG1,h(x, y)| ≤ C(1 + x2 − h)(1 + y2 − h)|x− y|− 3
2 , x, y ∈ Uh, x 6= y, (3.20)

for some constant C > 0 depending only on k, so that G1,h decays faster than required

by the Sommerfeld radiation conditions, (3.18), if x2 and y2 stay close to the boundary

Γh. Echoing earlier notation we define

U s
1 (x, y) := G(x, y) −G1,h(x, y), x, y ∈ D. (3.21)

Then U s
1 (·, y) is the solution to the Dirichlet boundary value problem BVP2 for

boundary data g = −G1,h(·, y) on Γ.

3.2 Two Other Boundary Value Problems

In this chapter so far we have discussed the main direct problem of concern in this the-

sis. The majority of the remainder of this thesis is concerned with the corresponding

inverse problem but, in order to analyse the Point Source Method for this problem,

we require results on two other boundary value problems.

The first of these is the impedance rough surface problem, which is required to

complete the proof of Lemma 3.2.3. Let n(x) stand for the unit normal at x ∈ Γ

pointing out of D and then denote R(D) as the set of functions v ∈ C2(D) ∩ C(D)

for which the normal derivative defined by

∂v(x)

∂n
:= lim

h→0+
n(x) · ∇v(x− hn(x))

exists for x ∈ Γ, with the convergence uniform in x on every compact subset of Γ.

For h > f+ let Dh := D\Uh.
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BVP3 (The Impedance Rough Surface Problem). Given g ∈ BC(Γ), β ∈
BC(Γ), determine u ∈ R(D) such that

∆u+ k2u = 0 in D,

∂u

∂n
+ ikβu = g on Γ,

sup
x∈D

xa
2|u(x)| <∞, for some a ∈ R, (3.22)

u satisfies the UPRC in D,

and, for some θ ∈ (0, 1) and constant Cθ > 0,

|∇u(x)| ≤ Cθ[x2 − f(x1)]
θ−1, x ∈ D\Ub, (3.23)

where b = f+ + 1.

Recall that G1,h is the impedance half-plane Green’s function defined by equation

(3.16). The following two theorems give an equivalent boundary integral equation

formulation for BVP3.

Theorem 3.2.1 [58] Let u be a solution of BVP3 and h < infx1∈R f(x1). Then

u(x) = −
∫

Γ

[
∂G1,h(x, y)

∂υ(y)
− ikβ(y)G1,h(x, y)

]
u(y)ds(y) +

∫

Γ

G1,h(x, y)g(y)ds(y), x ∈ D, (3.24)

and

u(x) + 2

∫

Γ

[
∂G1,h(x, y)

∂υ(y)
− ikβ(y)G1,h(x, y)

]
u(y)ds(y) = 2

∫

Γ

G1,h(x, y)g(y)ds(y), x ∈ Γ. (3.25)

Theorem 3.2.2 [58] If u satisfies (3.24) and (3.25) and u|Γ ∈ BC(Γ) then u satisfies

the impedance problem BVP3 with a = −1/2 in (3.22) and with every θ ∈ (0, 1) in

(3.23).

It has been shown in [58] that BVP3 has at most one solution if <β is strictly

positive (the boundary is energy absorbing).

Theorem 3.2.3 [58] If, for some d > 0, <(β(x)) ≥ d for all x ∈ Γ, then BVP3 has

at most one solution.
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Γh

G0

Γ0

Figure 3.2: The duct-like region, G0.

During the analysis of the inverse problem in Chapter 4, we need to study a further

boundary value problem, namely BVP5. In section 4.1 we need to show that BVP5

is uniquely solvable and to do this we need results for the following boundary value

problem, BVP4.

Suppose that h ∈ R, f0 ∈ C1,1(R) with inf f0 > h, define

Γ0 := {(x1, f0(x1)) : x1 ∈ R}, (3.26)

and consider the duct-like region G0 := {(x1, x2)|h < x2 < f0(x1), x1 ∈ R}, shown in

Figure 3.2.

BVP4 (A Duct Problem). Given g ∈ L2(Γ0)∩BC(Γ0), find u ∈ C2(G0)∩C1(G0∪
Γh) ∩BC(G0) such that

u = g on Γ0,

∆u+ k2u = 0 in G0,

∂u

∂x2

+ iku = 0 on Γh.

Theorem 3.2.4 The above boundary value problem has exactly one solution. Given

ε > 0, there exists a constant C > 0 such that for all g ∈ L2(Γ0) ∩BC(Γ0),

|u(x)| ≤ C‖g‖L2(Γ0), h ≤ x2 ≤ f0(x1) − ε. (3.27)
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The proof of Theorem 3.2.4 depends on the following preliminary lemmas, of some

interest in their own right.

Lemma 3.2.1 The above boundary value problem has at most one solution.

Proof. Let u1 and u2 be solutions to the above boundary value problem and define

u = u1−u2. Then u satisfies the above boundary value problem with g = 0. Further,

by [58, Remark C.1], u satisfies the boundary value problem (MP) of [58] with the

set of boundary conditions (iii)(b). Therefore, by [58, Theorem C.1], u = 0. �

To establish that a solution to BVP4 exists and to show that Theorem 3.2.4

holds, it is helpful to look for a solution to BVP4 in the form

u(x) =

∫

Γ0

[∂G1,h(x, y)

∂n(y)
+ iηG1,h(x, y)

]
φ(y)ds(y), x ∈ G0, (3.28)

for some φ ∈ BC(Γ0), where n is the unit normal on Γ0 directed into G0, and η ∈ C

is a constant to be specified later.

Lemma 3.2.2 The combined layer potential (3.28) with density φ ∈BC(Γ0) satisfies

the above BVP iff φ satisfies the boundary integral equation

g(x) =
1

2
φ(x) +

∫

Γ0

[∂G1,h(x, y)

∂n(y)
+ iηG1,h(x, y)

]
φ(y)ds(y), x ∈ Γ0. (3.29)

Proof. By Lemmas A.1(i) and A.2(i) in Appendix A, if u is defined by (3.28) then

u ∈ C2(G0 ∪ Γh) and

∆u+ k2u = 0 in G0.

By Lemma A.3 and (3.17) there holds

∂u(x)

∂x2

+ iku(x) = 0, for x ∈ Γh.

By Lemmas A.1(ii) and A.2(ii) in Appendix A, u can be continuously extended from

G0 up to the boundary Γ0 with the limiting value

u−(x) =

∫

Γ0

[∂G1,h(x, y)

∂n(y)
+ iηG1,h(x, y)

]
φ(y)ds(y) +

1

2
φ(x), x ∈ Γ0. (3.30)
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Thus u given by (3.28) satisfies BVP4 iff u−(x) = g(x), x ∈ Γ0, i.e. iff φ satisfies the

BIE, (3.29). �

Lemma 3.2.3 If <η < 0, then the integral equation (3.29) has at most one solution

in BC(Γ0).

Proof. Suppose φ ∈ BC(Γ0) satisfies (3.29) with g = 0 and define

ũ(x) :=





−
∫

Γ0

[
∂G1,h(x,y)

∂n(y)
+ iηG1,h(x, y)

]
φ(y)ds(y), x ∈ Uh\Γ0,

φ(x), x ∈ Γ0,

and let β ∈ BC(Γ0) be defined by β(y) = −η/k, y ∈ Γ0. Then ũ satisfies equations

(3.24) and (3.25) with g = 0 and so, by Theorem 3.2.2, ũ satisfies the impedance

boundary value problem, BVP3 with D = Uh\G0 . Since Re(η) < 0 Theorem 3.2.3

can be applied giving ũ = 0 in Uh\G0 so that φ = 0. We have shown that φ = 0 is

the only solution of the homogenous version of the integral equation (3.29). Hence

equation (3.29) has at most one solution. �

Lemma 3.2.4 If g ∈ L2(Γ0)∩BC(Γ0) then equation (3.29) has exactly one solution

φ ∈ L2(Γ0)∩BC(Γ0) and, for some constant C > 0 independent of g,

‖φ‖L2(Γ0) ≤ C‖g‖L2(Γ0).

Proof. Throughout the proof C > 0 denotes a constant independent of g, not

necessarily the same at each occurrence. We can see that
∫

Γ0

|φ(x)|2ds(x) =

∫ +∞

−∞

|φ̃(x1)|2
√

1 + (f ′
x∗(x1))2dx1

≤
√

1 + ‖f ′
0‖2

∞

∫ ∞

−∞

|φ̃(x1)|2dx1, (3.31)

where φ̃ := φ((x1, f0(x1))) for x1 ∈ R, so that

‖φ‖L2(Γ0) ≤ C‖φ̃‖2. (3.32)
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Similarly, where g̃ ∈ BC(R) is defined by g̃(x1) = g((x1, f0(x1))), x1 ∈ R,
∫ ∞

−∞

|g̃(x1)|2dx1 ≤
∫ ∞

−∞

|g̃(x1)|2
√

1 + (f ′
0(x1))2dx1

=

∫

Γ0

|g(x)|2ds(x),

so that

‖g̃‖2 ≤ ‖g‖L2(Γ0). (3.33)

Now (3.29) can be rewritten as

2

∫ ∞

−∞

[∂G1,h(x, y)

∂n(y)
+ iηG1,h(x, y)

]
φ̃(t)

√
1 + (f ′

0(t))
2dt + φ̃(s) = 2g̃(s), s ∈ R,(3.34)

where x = (s, f0(s)), y = (t, f0(t)). Let

k(s, t) := 2
[∂G1,h(x, y)

∂n(y)
+ iηG1,h(x, y)

]√
1 + (f ′

0(t))
2, s, t ∈ R, s 6= t,

and define the integral operator K by

Kφ̃(s) :=

∫ ∞

−∞

k(s, t)φ̃(t)dt.

Then (3.29) may be written as

(1 +K)φ̃ = 2g̃. (3.35)

This equation is similar to [2, equation (4.6)] which takes the same form as (3.35),

but with a slightly different kernel function k. In [2, Corollory 4.5] it is shown that,

for every g̃ ∈ L2(R) ∩ BC(R), [2, equation (4.6)] has exactly one solution, φ̃ ∈
L2(R) ∩ BC(R), with ‖φ̃‖2 ≤ C‖g̃‖2. The proof given for [2, Corollory 4.5] works,

with slight modifications, in our case. In more detail, the proof of [2, Corollory 4.5]

is based on [2, lemmas 4.2, 4.3 and 4.4], establishing properties of the kernel k, and,

as discussed below, the same properties hold for our case.

The first property of k required is that equation (3.35) has at most one solution in

BC(R). Equation (3.35) is equivalent to equation (3.29) so that it has been proved
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in Lemma 3.2.3 that there is at most one solution to (3.35) in BC(R). The second

property is that

|k(s, t)| ≤ κ(s− t), s, t ∈ R, s 6= t, (3.36)

for some κ ∈ L1(R). That this is true follows from [58, Lemma B.2] with κ(s) =

Cκ̃(s), for some C > 0, and

κ̃(s) :=





1 − log |s|, 0 < s ≤ 1,

|s|− 3
2 , |s| > 1,

The final property required is to check that [2, Lemma 4.4] holds in our case,

which follows using the proof given in [10, Lemma 4.6]. Thus, by modifying the proof

of [2, corollary 4.5], it follows that (3.35) has exactly one solution φ̃ ∈ L2(R) for every

g̃ ∈ L2(R), and that there exists C > 0 such that

‖φ̃‖2 ≤ C‖g̃‖2. (3.37)

Now from (3.32) and (3.33), together with (3.37) we have

‖φ‖L2(Γ0) ≤ C‖φ̃‖2 ≤ C‖g̃‖ ≤ C‖g‖L2(Γ0).

�

Corollary 3.2.5 BVP4 has exactly one solution and this solution is given by (3.28)

with φ the unique solution of (3.29) in L2(Γ0) ∩BC(Γ0).

Proof. From Lemma 3.2.1 we know that the boundary value problem has at most

one solution. From Lemma 3.2.2 we have that the combined layer potential (3.28)

satisfies the boundary value problem iff φ ∈ BC(Γ0) satisfies the boundary integral

equation (3.29). Then Lemma 3.2.4 says that (3.29) has a solution and that this

solution is unique. �



40

Proof of Theorem 3.2.4 By Corollary 3.2.5 the boundary value problem has exactly

one solution and this solution is given by (3.28) with φ ∈ L2(Γ0)∩BC(Γ0) the unique

solution of (3.29). Further, from Lemma 3.2.4, for some constant C ′ > 0 independent

of g,

‖φ‖L2(Γ0) ≤ C ′‖g‖L2(Γ0). (3.38)

From (3.28), if ε > 0 and x ∈ G0 with h ≤ x2 ≤ f0(x1) − ε we see that

|u(x)| =
∣∣∣
∫

Γ0

(
∇yG1,h(x, y).n(y) + iηG1,h(x, y)

)
φ(y)ds(y)

∣∣∣

≤
( ∫

Γ0

∣∣∣∇yG1,h(x, y).n(y) + iηG1,h(x, y)
∣∣∣
2

ds(y)
) 1

2
( ∫

Γ0

|φ(y)|2ds(y)
) 1

2

≤ ‖φ‖L2(Γ0)

( ∫

Γ0

(
|∇yG1,h(x, y)| + |η||G1,h(x, y)|

)2

ds(y)
) 1

2

≤ ‖φ‖L2(Γ0)

( ∫

Γ0

(C∗(1 + x2 − h)(1 + y2 − h)

|x− y| 32
)2

ds(y)
) 1

2

,

by the Cauchy-Schwarz inequality and equations (3.19) and (3.20), where C∗ = C(1+

|η|). Making the substitution y = (t, f0(t)) and ds(y) =
√

1 + (f ′
0(t))

2dt we get

|u(x)| ≤ ‖φ‖L2(Γ0)

( ∫ ∞

−∞

(C∗)2(1 + x2 − h)2(1 + f0(t) − h)2
√

1 + (f ′
0(t))

2dt

[(x1 − t)2 + (x2 − f0(t))2]
3
2

) 1
2

≤ DI
1
2‖φ‖L2(Γ0)

where D = C∗(1 + ‖f0‖∞)2(1 + ‖f ′
0‖2

∞)
1
4 and

I =

∫ ∞

−∞

dt

[(x1 − t)2 + (x2 − f0(t))2]
3
2

. (3.39)

Now, for τ > 0, I = I1 + I2 where

I1 =

∫ ∞

x1+τ

dt

[(x1 − t)2 + (x2 − f0(t))2]
3
2

+

∫ x1−τ

−∞

dt

[(x1 − t)2 + (x2 − f0(t))2]
3
2

,

and

I2 =

∫ x1+τ

x1−τ

dt

[(x1 − t)2 + (x2 − f0(t))2]
3
2

. (3.40)
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Further,

I1 ≤
∫ ∞

x1+τ

dt

|x1 − t|3 +

∫ x1−τ

−∞

dt

|x1 − t|3 ,

= 2

∫ ∞

x1+τ

dt

(t− x1)3
=

1

τ 2
.

Now choose τ = ε/(2m), where m = ‖f ′
0‖∞. Then, for |x1 − t| ≤ τ , it holds that

|f0(x1) − f0(t)| ≤ τm = ε
2
, so that

f0(t) ≥ f0(x1) − |f0(t) − f0(x1)|

≥ ε+ x2 −
ε

2

= x2 +
ε

2
.

Thus

I2 ≤
∫ x1+τ

x1−τ

dt

[(x1 − t)2 + ( ε
2
)2]

3
2

,

≤ 2τ
( ε

2

)−3

and so

I ≤ 1

τ 2
+ 2τ

( ε
2

)−3

(3.41)

=
4

ε2
[m2 +

2

m
].

So

|u(x)| ≤ D∗‖φ‖L2(Γ0)

where D∗ = 2D

√
m2+ 2

m

ε
, and then using (3.38),

|u(x)| ≤ Ĉ‖g‖L2(Γ0),

with Ĉ = D∗C ′, independent of g. �



Chapter 4

The Point Source Method

42
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Figure 4.1: The inverse problem geometry

In Chapter 3 we discuss the 2D problem of an electromagnetic wave, from a point

source, incident on an infinite perfectly conducting rough surface. We formulate the

direct problem of computing the scattered field given the boundary Γ as the boundary

value problem BVP1. In this chapter we are concerned with the corresponding

inverse problem. We remind the reader that Γ and D are defined by equations (3.1)

and (3.3) respectively and the total field at a point x ∈ D due to a point source at

z ∈ D is denoted by G(x, z). Now let A > 0, H > sup f , and let γ∗ denote the finite

horizontal line

γ∗ = {(x1, H)||x1| ≤ A}. (4.1)

Then the specific inverse problem we will be studying is as follows (see Figure 4.1):

The Inverse Problem. Given measurements of the total field G(x, z), for x ∈ γ∗

and a single source position z ∈ D\γ∗, determine f , i.e. the location of the infinite

surface Γ.

It is an open question whether this inverse problem is uniquely solvable.
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4.1 An overview of the Point Source Method

The method we will formulate for computing a solution to this inverse problem is

based on the Point Source Method of Potthast [44, 45] for scattering by bounded

obstacles. The idea of this method is to construct, from the measured data, namely

G(x, z) for x on γ∗, an approximation Gα(x, z) to the total field G(x, z) for all x ∈ D.

Since G(·, z) vanishes on Γ and provided G(·, z) does not vanish on other curves in

D, a possibility is to look for the surface as a minimum of |Gα(·, z)|, and this is the

approach adopted in the Point Source Method.

The first step in constructing Gα(·, z) is to note the reciprocity result shown in

Theorem 3.1.4, that

G(x∗, z) = G(z, x∗), x∗, z ∈ D.

It follows that we can proceed by constructing an approximation to G(z, x∗) for

x∗ ∈ D.

Suppose x∗ ∈ D\{z} and f0 ∈ C1,1(R) with f0(0) < 0, and define fx∗ ∈ C1,1(R)

by fx∗(x1) := f0(x1 − x∗1) + x∗2, x1 ∈ R, and suppose that

Γx∗ := {(x1, fx∗(x1))| x1 ∈ R} ⊂ D. (4.2)

We assume that values f− and f+ for which (3.2) holds are known and define ε+ :=

supx1∈R
f0(x1) and ε− := − infx1∈R f0(x1). We assume further that f0 and H are

chosen so that H > f+ + ε+. Then, for x∗ ∈ U f−\Uf+ , i.e. f− ≤ x∗2 ≤ f+, Γx∗ lies

below ΓH ⊃ γ∗. Choose d > max (f+ − f−, ε−) and let h∗ := x∗2 − d so that h∗ < f−

and Γx∗ ⊂ Uh∗ , for f− ≤ x∗2 ≤ f+ (see Figure 4.2).

Consider the first kind integral equation
∫

γ∗
G1,h∗(x, y)φx∗(y) ds(y) = gx∗(x) := G1,h∗(x, x∗), x ∈ Γx∗ , (4.3)

where G1,h∗ is defined by equation (3.16). We will see shortly that (4.3) does not have

a solution but we can find a function φα
x∗ ∈ L2(γ∗) which will solve it approximately
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Γx∗
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ε−
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Figure 4.2: Geometric description of solution of the integral equation 4.3

to arbitrary accuracy. Precisely, defining the residual in (4.3) by

u(x) :=

∫

γ∗
G1,h∗(x, y)φα

x∗(y)ds(y) −G1,h∗(x, x∗), x ∈ Uh∗ , (4.4)

we can make u as small as we like in the L2 norm on Γx∗ . Using this and properties

of G1,h∗(·, y), for y ∈ D, we will go on to show that u satisfies BVP5 in section 4.2

below, with g = u|Γx∗ . Note that we take f− ≤ x∗2 ≤ f+ which ensures that Γh∗ lies

below Γ. We will see that the condition that u is small on Γx∗ implies that u is small

within the duct, and hence that u is small on Γ itself, provided Γ lies between Γh∗

and Γx∗ . Replacing G1,h∗(x, ·) with U s
1 (x, ·) in (4.4) we define

w(x) :=

∫

γ∗
U s

1 (x, y)φα
x∗(y) ds(y) − U s

1 (x, x∗), x ∈ D,

and show that w satisfies BVP2 with boundary data g = −u|Γ, and therefore, using

Theorems 3.1.2 and 4.2.4, we conclude, since the boundary data is small, that w is

small in D, in particular that w is small at z, i.e. w(z) ≈ 0, in other words

U s
1 (z, x∗) ≈

∫

γ∗
U s

1 (z, y)φα
x∗(y)ds(y). (4.5)
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From equation (4.5) and Theorem 3.1.4 it follows that

G(x∗, z) = G(z, x∗)

= G1,h∗(z, x∗) + U s
1 (z, x∗)

≈ G1,h∗(z, x∗) +

∫

γ∗
U s

1 (z, y)φα
x∗(y) ds(y)

= G1,h∗(z, x∗) +

∫

γ∗
(G(y, z) −G1,h∗(z, y))φα

x∗(y) ds(y). (4.6)

Hence we define, as our approximation to G(x∗, z), the quantity

Gα(x∗, z) := G1,h∗(z, x∗) +

∫

γ∗
(G(y, z) −G1,h∗(z, y))φα

x∗(y) ds(y), x∗ ∈ U f−\Uf+ .(4.7)

Thus our Point Source Method is, given a source position z, and the total field

G(y, z), for y ∈ γ∗, compute Gα(x∗, z) for x∗ ∈ U f−\Uf+ , and look for the location of

the surface as the minimum of |Gα(x∗, z)|.

4.2 Rigorous Analysis of the Point Source Method

Within this section we will analyse, in depth, the Point Source Method suggested

above. Note that equation (4.3) can be written in operator form as

Kφx∗ = gx∗ , (4.8)

where the integral operator K is defined by

Kψ(x) =

∫

γ∗
G1,h∗(x, y)ψ(y)ds(y), x ∈ Γx∗ , (4.9)

for ψ ∈ L2(γ∗).

Theorem 4.2.1 K : L2(γ∗) → L2(Γx∗) and is bounded.

Proof. Define γ∗ and Γx∗ by (4.1) and (4.2) respectively. Note that Γx∗ ⊂ Uh∗ and

sup fx∗ < H. Since G1,h∗(x, y) is continuous for x 6= y and the bound (3.19) holds, it

is clear that

φ(x) = Kψ(x) =

∫

γ∗
G1,h∗(x, y)ψ(y)ds(y) (4.10)
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exists for all ψ ∈ L2(γ∗) and x ∈ Uh∗\γ∗ ⊃ Γx∗ . Further, if ψ ∈ L2(γ∗), 0 < ε <

dist(x,Γx∗) and |x− x′| < ε, then

|φ(x) − φ(x′)| ≤
∫

γ∗
|G1,h∗(x, y) −G1,h∗(x′, y)||ψ(y)|ds(y)

≤
{ ∫

γ∗
|G1,h∗(x, y) −G1,h∗(x′, y)|2ds(y)

} 1
2

‖ψ‖L2(γ∗)

≤ |x− x′|
{ ∫

γ∗

[
max

z∈Bε(x)
|∇zG1,h∗(z, y)|

]2

ds(y)

} 1
2

‖ψ‖L2(γ∗).

Note that the integral in this expression is finite thanks to the bound (3.20) on

∇zG1,h∗(z, y). Thus φ(x′) → φ(x) as x′ → x so that Kψ ∈ C(Γx∗) and so Kψ is

measurable.

To show that Kψ ∈ L2(Γx∗) and that the mapping K : L2(γ∗) → L2(Γx∗) is

bounded we use the following standard estimates. First of all, as seen by equation

(3.31),

∫

Γx∗

|Kψ(x)|2ds(x) ≤
√

1 + ‖f ′
x∗‖2

∞

∫ +∞

−∞

|φ̃(x1)|2dx1, (4.11)

where

φ̃(x1) := φ ((x1, fx∗(x1))) , x1 ∈ R. (4.12)

Also

|φ̃(x1)| =
∣∣∣
∫ A

−A

k1(x1, y1)ψ̃(y1)dy1

∣∣∣

where ψ̃(y1) = ψ ((y1, H)) and

k1(x1, y1) = G1,h∗(x, y)
∣∣∣
x=(x1,fx∗ (x1)),y=(y1,H)

.

From (3.19),

|k1(x1, y1)| ≤ C(1 +H)(1 + ‖fx∗‖∞)|x− y|− 3
2

≤ C(1 +H)(1 + ‖fx∗‖∞)(c2 + |x1 − y1|2)−
3
4
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where c = H − supx1∈R
fx∗(x1). Thus

|φ̃(x1)| ≤
∫ +∞

−∞

κ1(x1 − y1)|ψ̃(y1)|dy1,

where

κ1(s) := C(1 +H)(1 + ‖fx∗‖∞)(c2 + s2)−
3
4 .

Now κ1 ∈ L1(R). Since ψ̃ ∈ L2(R), it follows by Theorem 1.3.1 that φ̃ ∈ L2(R) with

‖φ̃‖2 ≤ ‖κ1‖1‖ψ̃‖2 = ‖κ1‖1‖ψ‖L2(γ∗). (4.13)

Thus, by (4.11), Kψ ∈ L2(Γx∗) with ‖Kψ‖L2(Γx∗ ) ≤ (1 + ‖f ′
x∗‖2

∞)
1
2‖φ̃‖2 and so from

(4.13)

‖Kψ‖L2(Γx∗ ) ≤ (1 + ‖f ′
x∗‖2

∞)
1
2‖κ1‖1‖ψ‖L2(γ∗).

�

Lemma 4.2.1 For all x∗ ∈ U f−\Uf+, gx∗ ∈ L2(Γx∗) is not in the range of K and

hence equation (4.3) does not have a solution φx∗ ∈ L2(γ∗).

Proof. In view of the bound (3.19), gx∗ ∈ L2(Γx∗). Now assume equation (4.3) has a

solution φ ∈ L2(γ∗) for some x∗ ∈ D. Then

∫

γ∗
G1,h∗(x, y)φx∗(y) ds(y) −G1,h∗(x, x∗) = 0, x ∈ Γx∗ .

Define v ∈ C2(Uh∗\(γ∗ ∪ {x∗})) by

v(x) :=

∫

γ∗
G1,h∗(x, y)φx∗(y) ds(y) −G1,h∗(x, x∗), x ∈ Uh∗\(γ∗ ∪ {x∗}),

and the region G∗ by

G∗ := {(x1, x2)|h∗ < x2 < fx∗(x1), x1 ∈ R} . (4.14)
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Then, recalling the properties of G1,h∗ stated in Chapter 3, in particular that G1,h∗ is

the Green’s function for the Helmholtz equation in the half plane Uh∗ which satisfies

the impedance boundary condition (3.17) on Γh∗ , it follows that

v = 0 on Γx∗ ,

∆v + k2v = 0 in Uh∗ ,

∂v

∂x2

+ ikv = 0 on Γh∗ ,

and v is bounded in G∗. Thus, by Theorem 3.2.4, v = 0 in G∗ and then, by Theorem

1.3.3, v = 0 in Uh∗\(γ∗ ∪ {x∗}). Thus

G1,h∗(x, x∗) =

∫

γ∗
G1,h∗(x, y)φx∗(y) ds(y), x ∈ Uh∗\(γ∗ ∪ {x∗}).

But |G1,h∗(x, x∗)| → ∞ as x → x∗, whereas the integral on the right hand side is

bounded in a neighborhood of x∗, thanks to the bound (3.19), giving a contradiction.

�

Though we have just shown that (4.3) has no solution φx∗ ∈ L2(γ∗), we will go on

to show that K has dense range and so equation (4.3) can be solved with arbitrary

accuracy. We also go on to show further properties of K in order to justify the

application of the regularisation strategy described in Chapter 2.

Theorem 4.2.2 K is injective.

Proof. Suppose φ ∈ L2(γ∗) and Kφ = 0. Then

∫

γ∗
G1,h∗(x, y)φ(y) ds(y) = 0, x ∈ Γx∗ ,

and, defining u ∈ C2(Uh∗\γ∗) by

u(x) :=

∫

γ∗
G1,h∗(x, y)φ(y) ds(y), x ∈ Uh∗ ,
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φ̃ = 0

φ̃ = φ

γ∗

D∗

Figure 4.3: The boundary ∂D∗

it follows that

u = 0 on Γx∗ ,

∆u+ k2u = 0 in Uh∗\γ∗,
∂u

∂x2

+ iku = 0 on Γh∗ ,

and v is bounded in G∗, where G∗ := {(x1, x2)|h∗ < x2 < fx∗(x1), x1 ∈ R}. Therefore,

by Theorem 3.2.4, u = 0 in G∗, and then, by Theorem 1.3.3, u = 0 in Uh∗\γ∗. Let D∗

be a bounded region, with smooth boundary ∂D∗, such that γ∗ ⊂ ∂D∗ and D
∗ ⊂ Uh∗ ,

as shown in Figure 4.3. Define

φ̃(x) :=





φ(x), x ∈ γ∗,

0, x ∈ ∂D∗\γ∗.

Then φ̃ ∈ L2(∂D∗) and

u(x) =

∫

∂D∗
G1,h∗(x, y)φ̃(y) ds(y), x ∈ Uh∗ .

Thus, by [45, Theorem 1.2.4],

lim
h→0+

∫

∂D∗

∣∣∣∣
∂u(x± hn(x))

∂n
−

∫

∂D∗

∂G1,h∗(x, y)

∂n(x)
φ̃(y) ds(y) ± 1

2
φ̃(x)

∣∣∣∣
2

ds(x) = 0.
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Defining

p(x) =

∫

∂D∗

∂G1,h∗(x, y)

∂n(y)
φ̃(y) ds(y), x ∈ ∂D∗,

and, for h > 0,

W±h(x) :=
∂u(x± hn(x))

∂n
, x ∈ ∂D∗,

we have that Wh = W−h = 0 for h > 0 sufficiently small and

‖W±h − p± 1

2
φ̃‖2

2 → 0 as h→ 0+.

Thus

‖φ‖2 = ‖φ̃‖2

= ‖Wh −W−h + φ̃‖2

= ‖(Wh − p+
1

2
φ̃) − (W−h − p− 1

2
φ̃)‖2

≤ ‖(Wh − p+
1

2
φ̃)‖2 + ‖(W−h − p− 1

2
φ̃)‖2 → 0,

as h→ 0+. Thus φ = 0. �

Theorem 4.2.3 K has dense range.

Proof. For φ ∈ L2(Γx∗), define K̃ : L2(Γx∗) → L2(γ∗) by

K̃φ(x) =

∫

Γx∗

G1,h∗(y, x)φ(y)ds(y), x ∈ γ∗. (4.15)

Then

(ψ, K̃φ) =

∫

γ∗
ψ(x)

{∫

Γx∗

G1,h∗(x, y)φ(y)ds(y)

}
ds(x). (4.16)

Define

χ(x) =

∫

Γx∗

|G1,h∗(x, y)||φ(y)|ds(y), x ∈ γ∗.
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Let 0 < ε < dist(x, γ∗) and |x− x′| < ε. Then, since φ ∈ L2(γ∗),

|χ(x) − χ(x′)| ≤
∫

Γx∗

|G1,h∗(x, y) −G1,h∗(x′, y)||φ(y)|ds(y)

≤ |x− x′|
{ ∫

Γx∗

[
max

z∈Bε(x)
|∇zG1,h∗(z, y)|

]2

ds(y)

} 1
2

‖φ‖L2(γ∗).

Note that the integral in this expression is finite thanks to the bound (3.20) on

∇zG1,h∗(z, y). Thus χ(x′) → χ(x) as x′ → x so that χ ∈ C(γ∗) ⊂ L2(γ∗). Hence,

by Cauchy-Schwarz, |ψ|χ ∈ L1(γ∗). Since ψ ∈ L2(γ∗) and φ ∈ L2(Γ∗
x), we have

that ψ(x)φ(y) is measurable on γ∗ × Γx∗ . Hence, and since G1,h∗ ∈ C(γ∗ × Γx∗),

ψ(x)G1,h∗(x, y)φ(y) is measurable on γ∗ × Γx∗ . Thus, by Tonelli’s Theorem,
∫

γ∗×Γx∗

|ψ(x)G1,h∗(x, y)φ(y)|ds(y)ds(x) =

∫

γ∗
|ψ|χds <∞, (4.17)

so that ψ(x)G1,h∗(x, y)φ(y) ∈ L1(γ∗ × Γx∗). Hence, by Fubini’s Theorem, the order

of integration in equation (4.16) can be interchanged, giving

(ψ, K̃φ) =

∫

Γx∗

φ(y)

{∫

γ∗
G1,h∗(x, y)ψ(x)ds(x)

}
ds(y)

= (Kψ, φ),

and so, by the definition in Theorem 2.1.1, K̃ = K∗, the adjoint of K.

By Theorem 2.1.2, to show that K has dense range all that remains is to show

that K∗ is injective. This can be proved in a similar way to the proof of Theorem

4.2.2, as follows.

Suppose φ ∈ L2(Γx∗) and K∗φ = 0. Then
∫

Γx∗

G1,h∗(x, y)φ(y)ds(y) = 0, x ∈ γ∗.

Define v ∈ C(Uh∗) ∩ C2(Uh∗\Γx∗) by

v(x) :=

∫

Γx∗

G1,h∗(x, y)φ(y)ds(y), x ∈ Uh∗ .

Then v = 0 on γ∗ ⊂ ΓH ⊂ Uh∗\Γx∗ and ∆v + k2v = 0 in Uh∗\Γx∗ . Therefore, by

analytic continuation, v = 0 on ΓH and so v satisfies BVP2 with D = UH and g = 0.
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Γ2

Γ1

Γ3 Γ3

εε

Figure 4.4: Γ1, Γ2 and Γ3

Hence, by Theorem 3.1.1, v = 0 in UH . Furthermore, by Theorem 1.3.3, v = 0 in

Uh∗\G∗
, where the region G∗ is defined by

G∗ := {(x1, x2)|h∗ < x2 < fx∗(x1), x1 ∈ R},

and since v ∈ C(Uh∗), v = 0 on Γx∗ . So by Theorem 3.2.4 v = 0 in G∗ and therefore

we have v = 0 in Uh∗ .

If we split up Γx∗ into three parts, defined, for some A∗ > 0 and ε > 0, by

Γ2 := {(x1, fx∗(x1))| |x1| ≤ A∗} ,

Γ1 := {(x1, fx∗(x1))| |x1| ≤ A∗ − ε} ,

and

Γ3 := {(x1, fx∗(x1))| |x1| > A∗} ,

(see Figure 4.4), then we can write v = v2 + v3 where

v2(x) :=

∫

Γ2

G1,h∗(x, y)φ(y)ds(y), x ∈ Uh∗ ,

and

v3(x) :=

∫

Γ3

G1,h∗(x, y)φ(y)ds(y), x ∈ Uh∗ .
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Using a similar argument to that in the proof of Theorem 4.2.2, based on [45,

Theorem 1.2.4], we see that

lim
h→0+

∫

Γ2

∣∣∣∣
∂v2(y + hn(y))

∂n
− ∂v2(y − hn(y))

∂n
+ φ(y)

∣∣∣∣
2

ds(y) = 0,

and, since v3 ∈ C2(Uh∗\Γ3),

lim
h→0+

∫

Γ1

∣∣∣∣
∂v3(y + hn(y))

∂n
− ∂v3(y − hn(y))

∂n

∣∣∣∣
2

ds(y) = 0.

Thus

lim
h→0+

∫

Γ1

∣∣∣∣
∂v(y + hn(y))

∂n
− ∂v(y − hn(y))

∂n
+ φ(y)

∣∣∣∣
2

ds(y) = 0,

and, since v = 0 in Uh∗ ,

∫

Γ1

|φ(y)|2ds(y) = 0,

i.e. φ = 0 almost everywhere on Γ1. Since Γ1 is an arbitrarily large part of Γx∗ , φ = 0

almost everywhere on Γx∗ . �

Having ascertained these important properties of K we are now in a position to

analyse the approximate solution of equation (4.3). Although by Lemma 4.2.1 there

is no solution φ ∈ L2(γ∗) which satisfies equation (4.3) exactly, since K has dense

range we can find φx∗ ∈ L2(γ∗) with ‖Kφx∗ − gx∗‖L2(Γx∗ ) as small as desired. In

particular, this can be achieved by solving equation (4.3) by Tikhonov regularisation

with regularisation parameter α > 0, computing φα
x∗ as the unique solution of

αφα
x∗ +K∗Kφα

x∗ = K∗gx∗ .

By Theorem 2.2.4 we have ‖Kφα
x∗ − gx∗‖L2(Γx∗ ) → 0 as α → 0, though since gx∗ is not

in the range of K, ‖φα
x∗‖L2(γ∗) → ∞ as α → 0 by Theorem 2.2.5.

Let G∗ := {(x1, x2)|h∗ < x2 < fx∗(x1)} and

u(x) :=

∫

γ∗
G1,h∗(x, y)φα

x∗(y)ds(y) −G1,h∗(x, x∗), x ∈ G
∗
.
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Γ

Γh∗

G∗

Γx∗

Figure 4.5: The duct geometry. Shown is the case in which Γ ⊂ G∗

We can see that if we define ψα := u|Γx∗ then ψα = Kφα
x∗ − gx∗ ∈ L2(Γx∗) ∩BC(Γx∗)

and ‖ψα‖L2(Γx∗ ) → 0 as α → 0. Further u satisfies the following BVP (see Figure

4.5).

BVP5 Find u ∈ C2(G∗) ∩ C1(G∗ ∪ Γh∗) ∩BC(G∗) such that

u = ψα on Γx∗ ,

∆u+ k2u = 0 in G∗,

∂u

∂x2

+ iku = 0 on Γh∗ , (4.18)

this last condition inherited from the boundary condition (3.17) on Γh∗ satisfied

by G1,h∗ . The following continuous dependence result for the above BVP in the

unbounded domain G∗ bounds u in G∗ in terms of ψα. The (energy absorbing)

impedance boundary condition (4.18) is key to ensuring that the BVP is uniquely

solvable.

Theorem 4.2.4 The above boundary value problem (BVP5) has exactly one solu-

tion. Given ε > 0, there exists a constant Cε > 0, such that for x∗ ∈ U f−\Uf+,

|u(x)| ≤ Cε‖ψα‖L2(Γx∗ ), h∗ ≤ x2 ≤ fx∗(x1) − ε. (4.19)

Proof. Let G0 = {x : −d < x2 < f0(x1)} and define U(x) = u(x + x∗), x ∈ G0,

g(x) = ψα(x + x∗), x ∈ Γ0 := {(x1, f0(x1))| x1 ∈ R}. Then U satisfies BVP4 of

section 3.2 and the theorem follows from Theorem 3.2.4.�
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Now, denoting Gε := {x ∈ G∗|x2 < fx∗(x1) − ε}, provided Γ ⊂ Gε we have from

Theorem 4.2.4, that

|u(x)| ≤ Cε‖ψα‖L2(Γx∗ ), x ∈ Γ, (4.20)

so that u is small on the surface Γ if it is small on Γx∗ . Let

w(x) :=

∫

γ∗
U s

1 (x, y)φα
x∗(y) ds(y) − U s

1 (x, x∗), x ∈ D. (4.21)

The following standard elliptic regularity result is a consequence of [9, Lemma 2.7].

Theorem 4.2.5 Suppose y ∈ R2, ε > 0, and u ∈ C2(Bε(y)), where Bε(y) is the ball

of radius ε centred on y. If ∆u+ k2u = 0 in Bε(y) then

|∇u(y)| ≤ C max
x∈Bε(y)

|u(x)|,

where the constant C > 0 depends only on ε and k.

Lemma 4.2.2 w satisfies BVP2 with boundary data g(x) = −u(x), x ∈ Γ.

Proof. We recall that U s
1 (·, y) is the solution to BVP2 with boundary data g =

−G1,h∗(·, y), and in particular that U s
1 (·, y) ∈ C2(D) ∩ C(D), for y ∈ D. In fact, by

standard elliptic regularity results [22], U s
1 (·, y) ∈ C∞(D) for y ∈ D.

We next note that

|U s
1 (x, y) − U s

1 (x̃, ỹ)| ≤ |U s
1 (x, y) − U s

1 (x̃, y)| + |U s
1 (x̃, y) − U s

1 (x̃, ỹ)|

for x, x̃ ∈ D, y, ỹ ∈ D. Now, for every x ∈ D, y ∈ D and ε > 0, there exists δ > 0

such that

|U s
1 (x, y) − U s

1 (x̃, y)| < ε

if |x− x̃| < δ. Further, by Theorem 3.1.2,

|U s
1 (x̃, y) − U s

1 (x̃, ỹ)| ≤ C(1 + x̃2 − f−)
1
2‖G1,h(·, y) −G1,h(·, ỹ)‖∞,Γ.
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Since

‖G1,h∗(·, y) −G1,h∗(·, ỹ)‖∞,Γ → 0 as y → ỹ,

we can choose δ such that

|U s
1 (x̃, y) − U s

1 (x̃, ỹ)| ≤ ε

if |x− x̃| < δ and |y − ỹ| < δ. Therefore

|U s
1 (x, y) − U s

1 (x̃, ỹ)| ≤ 2ε

if max{|x− x̃|, |y − ỹ|} < δ. Thus U s
1 ∈ C(D ×D) and so w ∈ C(D).

Using a similar argument to that used above we note that

|∇xU
s
1 (x, y) −∇xU

s
1 (x̃, ỹ)| ≤ |∇xU

s
1 (x, y) −∇xU

s
1 (x̃, y)| + |∇xU

s
1 (x̃, y) −∇xU

s
1 (x̃, ỹ)|

for x, y, x̃, ỹ ∈ D. Now for all x, y ∈ D and ε > 0, there exists δ > 0 such that

|∇xU
s
1 (x, y) −∇xU

s
1 (x̃, y)| < ε

if |x − x̃| < δ. Further, by Theorem 4.2.5, if δ is chosen small enough such that

B2δ(x) ⊂ D and if |x− x̃| < δ, then, for some constant C > 0 dependent on k and δ,

|∇xU
s
1 (x̃, y) −∇xU

s
1 (x̃, ỹ)| ≤ C max

z∈Bδ(x̃)
|U s

1 (z, y) − U s
1 (z, ỹ)|,

and then, by Theorem 3.1.2,

|∇xU
s
1 (x̃, y) −∇xU

s
1 (x̃, ỹ)| ≤ C(1 + x̃2 + δ − f−)

1
2‖G1,h(·, y) −G1,h(·, ỹ)‖∞,Γ.

Repeating the argument above, since

‖G1,h∗(·, y) −G1,h∗(·, ỹ)‖∞,Γ → 0 as y → ỹ,

we can choose δ such that

|∇xU
s
1 (x̃, y) −∇xU

s
1 (x̃, ỹ)| < ε
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if |x− x̃| < δ and |y − ỹ| < δ. Therefore

|∇xU
s
1 (x, y) −∇xU

s
1 (x̃, ỹ)| ≤ 2ε

if max{|x− x̃|, |y − ỹ|} < δ. Thus ∇xU
s
1 (x, y) ∈ C(D × γ∗). Now defining

v(x) =

∫

γ∗
U s

1 (x, y)φα
x∗(y) ds(y), x ∈ D,

by Theorem 1.3.2 we have that v ∈ C1(D) and

∇v(x) =

∫

γ∗
∇xU

s
1 (x, y)φα

x∗(y)ds(y), x ∈ D.

If we now define

νj(x, y) :=
∂U s

1 (x, y)

∂xj

for j = 1, 2, we see that if we follow the above argument, replacing U s
1 (x, y) by νj(x, y),

we obtain that ∇xνj(x, y) ∈ C(D × γ∗), for j = 1, 2. Therefore using Theorem 1.3.2

we see that v ∈ C2(D), so that w ∈ C2(D), and

∆v(x) =

∫

γ∗
∆xU

s
1 (x, y)φα

x∗(y)ds(y), x ∈ D.

Thus

∆w(x) = ∆xU
s
1 (x, y) − ∆xv(x)

= ∆xU
s
1 (x, y) −

∫

γ∗
∆xU

s
1 (x, y)φα

x∗(y)ds(y).

Since U s
1 (·, y) is a solution of BVP2, ∆U s

1 (·, y) = −k2U s
1 (·, y) and so

∆w(x) = −k2U s
1 (x, y) +

∫

γ∗
k2U s

1 (x, y)φα
x∗(y)ds(y),

= −k2w(x).

Divide γ∗ into n equal parts of length 2A/n, denoted by γ∗
j for j = 1, . . . , n, and

then define wn(x) ≈ w(x) by

wn(x) =
n∑

j=1

U s
1 (x, yj)

∫

γ∗
j

φα
x∗(y)ds(y) − U s

1 (x, x∗),
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where yj ∈ γ∗j . Now, by Theorem 3.1.2, for x ∈ D,

|wn(x)| ≤ |U s
1 (x, x∗)| +

n∑

j=1

∣∣∣
∫

γ∗
j

U s
1 (x, y)φα

x∗(y)ds(y)
∣∣∣

≤ C(1 + x2 − f−)
1
2‖G1,h∗(·, x∗)‖∞,Γ +

n∑

j=1

max
y∈γ∗

|U s
1 (x, y)|

∫

γ∗
j

|φα
x∗(y)|ds(y)

= C(1 + x2 − f−)
1
2‖G1,h∗(·, x∗)‖∞,Γ + max

y∈γ∗
|U s

1 (x, y)|
∫

γ∗
|φα

x∗(y)|ds(y)

≤ C(1 + x2 − f−)
1
2

[
‖G1,h∗(·, x∗)‖∞,Γ + max

y∈γ∗
‖G1,h∗(·, y)‖∞,Γ

√
2A‖φα

x∗‖2

]
.

Hence

sup
x∈D,n∈N

(1 + x2 − f−)−
1
2 |wn(x)| <∞. (4.22)

Now, by Theorem 3.1.2,

w(x) − wn(x) =
n∑

j=1

∫

γ∗
j

(
U s

1 (x, y) − U s
1 (x, yj)

)
φα

x∗(y)ds(y)

≤ C(1 + x2 − f−)
1
2

n∑

j=1

∫

γ∗
j

‖G1,h(·, y) −G1,h(·, yj)‖∞,Γ|φα
x∗(y)|ds(y)

≤ C(1 + x2 − f−)
1
2 max

y,ỹ∈γ∗,|y−ỹ|≤2A/n
‖G1,h(·, y) −G1,h(·, ỹ)‖∞,Γ‖φα

x∗‖1.

Now, for y ∈ γ∗,

‖G1,h∗(·, y) −G1,h∗(·, ỹ)‖∞,Γ → 0

as |y − ỹ| → 0 with ỹ ∈ γ∗, i.e. the mapping γ∗ → BC(Γ), y → G1,h∗(·, y) is

continuous. Since γ∗ is compact, the mapping is in fact uniformly continuous, so that

max
y,ỹ∈γ∗,|y−ỹ|≤ 2A

n

‖G1,h∗(·, y) −G1,h∗(·, ỹ)‖∞,Γ → 0

as n → ∞. Thus wn(x) → w(x) as n → ∞, uniformly on bounded subsets of D.

Hence, using the equivalence of (i) and (ii) in [9, Theorem 2.9], w satisfies the UPRC,

(3.11). Further from (4.22) and that wn(x) → w(x) as n→ ∞, it follows that

sup
x∈D

(1 + x2 − f−)
1
2 |w(x)| <∞.
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�

From Lemma 4.2.2 we have seen that w satisfies BVP2 in Chapter 3 with bound-

ary data −u(x), x ∈ γ. Therefore, by Theorem 3.1.2, we have that there exists a

constant C > 0, dependent only on c1 and k, such that, provided f ∈ B1 it holds that

|w(x)| ≤ C(1 + x2 − f−)
1
2 sup

x∈Γ
|u(x)|. (4.23)

Combining the bounds (4.23) and (4.20) we have that, for x ∈ D, and provided

Γ ⊂ Gε for some ε > 0,

|w(x)| ≤ CCε(1 + x2 − f−)
1
2‖ψα‖L2(Γx∗ ) → 0

as α → 0. In particular this inequality holds for x∗ = z so that

|U s
1 (z, x∗) −

∫

γ∗
U s

1 (z, y)φα
x∗(y)ds(y)| ≤ CCε(1 + z2 − f−)

1
2‖ψα‖L2(Γx∗ ) → 0 (4.24)

as α → 0. Thus, for α small enough,

U s
1 (z, x∗) ≈

∫

γ∗
U s

1 (z, y)φα
x∗(y)ds(y). (4.25)

Now, using Theorem 3.1.4, equations (4.25) and (4.6), it follows that

G(x∗, z) ≈ G1,h∗(z, x∗) +

∫

γ∗
(G(y, z) −G1,h∗(z, y))φα

x∗(y) ds(y).

As stated already, this is the approximation to the total field we use in our Point

Source Method, i.e. we use the approximation

Gα(x∗, z) := G1,h∗(z, x∗) +

∫

γ∗
(G(y, z) −G1,h∗(z, y))φα

x∗(y) ds(y). (4.26)

Given the source position z and the total field G(y, z), for y ∈ γ∗, we look for Γ

(the surface) as the minimum of the function |Gα(x∗, z)|. From (4.24) we obtain the

following bound on G(x∗, z) −Gα(x∗, z).
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Theorem 4.2.6 For x∗ ∈ D\Uf+, c > 0 and every ε > 0 there exists C > 0, depen-

dent only on k, f0, ε, d, and c, such that, provided inf(fx∗ − f) > ε and ‖f‖C1,1(R) ≤ c,

it holds that

|G(x∗, z) −Gα(x∗, z)| ≤ C(1 + z2 − f−)
1
2‖Kφα

x∗ − gx∗‖L2(Γx∗ ) → 0 (4.27)

as α → 0.

The analysis up to this point neglects the effect of noise in the measured data. In

practice we expect to measure Gδ(y, z) for y ∈ γ∗ rather than G(y, z), with ‖Gδ(·, z)−
G(·, z)‖L2(γ∗) = δ. Then we computeGα

δ (x∗, z), defined by (4.26) withG(y, z) replaced

by the noisy data Gδ(y, z), rather than computing Gα(x∗, z). From (4.26) and (4.27)

it follows that

|G(x∗, z) −Gα
δ (x∗, z)| ≤ C(1 + z2 − f−)

1
2‖Kφα

x∗ − gx∗‖L2(Γx∗ ) + δ‖φα
x∗‖L2(γ∗). (4.28)

By Theorems 2.2.4 and 4.2.6 we see that the first and second terms on the right hand

side of this inequality tend, respectively, to zero and infinity as α → 0 with δ fixed.

From Lemma 2.2.1,

‖φα
x∗‖L2(γ∗) ≤

1√
α
‖gx∗‖L2(Γx∗ ), (4.29)

so that

|Gα(x∗, z) −Gα
δ (x∗, z)| ≤ C(1 + z2 − f−)

1

2 ‖Kφα
x∗ − gx∗‖L2(Γ

x
∗ ) +

δ√
α
‖gx∗‖L2(Γ∗

x
) . (4.30)

Thus, if we choose α = α(δ) such that

δ2

α(δ)
→ 0 and α(δ) → 0

as δ → 0, then

|Gα(x∗, z) −Gα
δ (x∗, z)| → 0

as δ → 0.
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4.3 Numerical Examples

4.3.1 Reconstructions of the total field

In the first set of numerical experiments we use a frequency of f = 500 MHz and a

wave speed c = c0/
√

10, where c0 = 3 × 108ms−1 is the velocity of light in vacuo.

This wave speed is appropriate for electromagnetic propagation in dry sandy coastal

land [23], and gives a wavelength of λ = c/f = 0.19m. For all the experiments shown

in this section the following holds. For each x∗ = (x∗1, x
∗
2) ∈ R2, we make the choice

Γx∗ = {(x1, fx∗(x1))|x1 ∈ R}, with

fx∗(x) = −3λ

4
exp

[
− (

x1 − x∗1
8λ

)2
]

+
λ

4
+ x∗2,

so that, in particular, f0(x1) = −3λ
4

exp
[
− (x1

8λ
)2

]
+ λ

4
. The measurement line in the

inverse problem is γ∗ = {(x1, H)| |x1| ≤ 10λ = 1.9m} and we fix the height of the

measurement line as H = 4λ = 0.76m. We choose h∗ = x∗2 − d with d = max(f+ −
f−, ε) + λ/4 and ε = λ/2, and the source of the incident field is positioned at z =

(0, 4λ) = (0, 0.76)m. In the numerical implementation we approximate the integral in

(4.3) by the trapezium rule with step length h = λ/10 and collocate at equally spaced

points x, with the same spacing h, only on the part of Γx∗ , {x ∈ Γx∗| |x1| ≤ 19λ}.
Numerical experiments suggest that, for this particular configuration, accuracy of

reconstructions in the region below γ∗ is not significantly improved by collocating

on a larger part of Γx∗ . This then leads to an approximation of (4.3) as a square

linear system, with coefficient matrix K. We regularise this linear system, forming

the discrete analogue of (2.11), replacing K and K∗ by K and K∗. In Figure 4.6,

for the case when x∗ = (0, 3λ/2), we plot the norm of the residual and the norm

of the solution as a function of the regularisation parameter α. As expected from

Theorem 2.2.4 we can see that as α → 0 the residual ‖Kφα
x∗ − gx∗‖L2(Γx∗ ) → 0 but

‖φα
x∗‖L2(γ∗) → ∞, and both the norm of the residual and the norm of the solution

are monotonic functions of α. Based on Figure 4.6 and similar calculations we choose
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Figure 4.6: Solution of the integral equation (4.3) by Tikhonov regularisation showing

the dependance of the norm of the solution, ‖φα
x∗‖L2(γ∗), and the norm of the residual,

‖Kφα
x∗ − gx∗‖L2(Γx∗ ), on α

α = 10−4, except where otherwise indicated, in the remainder of this thesis, since

although we want the solution of the integral equation (4.3) to be as accurate as

possible, if the size of ‖φα
x∗‖L2(γ∗) is allowed to increase too much, any errors in the

measurements will be exaggerated.

In all the reconstructions shown we use “measured” values G(x, z) for x ∈ γ∗,

computed by the boundary integral equation method and super-algebraically con-

vergent Nyström method proposed in [41], with horizontal spacing between quadra-

ture points of λ/10, and truncating the boundary integral so that Γ is replaced by

{x ∈ Γ||x1| ≤ 100λ} (see [40] for further details). Calculations of Gα(x, z) are made
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for |x1| ≤ 10λ and f− ≤ x2 ≤ f+ at 5 points per wavelength (λ) in both directions

with f− = λ and f+ = 3λ for the first three surfaces, and f− = 0 and f+ = 3λ for the

two higher amplitude surfaces.

In figures 4.7 to 4.11 the top left hand graphs are plots of the absolute value of

the reconstructed total field, |Gα(x, z)|, as a function of x = (x1, x2). The bottom

two plots are the real and imaginary parts of the reconstructed total field calculated

using the Point Source Method, compared with the total field calculated by the super-

algebraically convergent Nyström method proposed in [41]. Note that this is the same

method as that used to generate the measured data for the Point Source Method. The

total values are compared along the lines shown in the plots on the top right hand

side of these figures. Figure 4.7 illustrates the case when

f(x1) =
3λ

2
+
λ

8
cos

(2x1

λ

)
, x1 ∈ R, (4.31)

so that the boundary Γ is a sinusoidal scattering surface. Figure 4.8 illustrates the

case when

f(x1) =
3λ

2
+
λ

4
cos

(2x1

λ

)
, x1 ∈ R, (4.32)

so that the boundary Γ has twice the amplitude of the first surface, and we double

the amplitude again for the case shown in Figure 4.9, using

f(x1) =
3λ

2
+
λ

2
cos

(2x1

λ

)
, x1 ∈ R. (4.33)

In figures 4.10 and 4.15 we investigate the behaviour of the Point Source Method for

non-sinusoidal surfaces, with

f(x1) =
3λ

2
+
λ

8
cos

(2x1

λ

)
+
λ

4
sin

(2x1

3λ

)
, x1 ∈ R, (4.34)

and, for the case illustrated in figures 4.11 and 4.16,

f(x1) =
3λ

2
+
λ

4
cos(

2x1

λ
) +

λ

4
sin(

2x1

3λ
) x1 ∈ R. (4.35)
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Figure 4.7: Results for f = 500MHz and the sinusoidal surface (4.31) shown in the top right

figure. Absolute value of the reconstructed total field, |Gα(x, z)| (top left). Lower figures

compare the reconstructed total field, Gα(x, z), and the exact field, G(x, z), on the lines

shown in the top right figure. Plotted are <(Gα(x, z)) and <(G(x, z)) (left hand side) and

=(Gα(x, z)) and =(G(x, z)) (right hand side).
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Figure 4.8: Results for f = 500MHz and the sinusoidal surface (4.32) shown in the top right

figure. Absolute value of the reconstructed total field, |Gα(x, z)| (top left). Lower figures

compare the reconstructed total field, Gα(x, z), and the exact field, G(x, z), on the lines

shown in the top right figure. Plotted are <(Gα(x, z)) and <(G(x, z)) (left hand side) and

=(Gα(x, z)) and =(G(x, z)) (right hand side).
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Figure 4.9: Results for f = 500MHz and the sinusoidal surface (4.33) shown in the top right

figure. Absolute value of the reconstructed total field, |Gα(x, z)| (top left). Lower figures

compare the reconstructed total field, Gα(x, z), and the exact field, G(x, z), on the lines

shown in the top right figure. Plotted are <(Gα(x, z)) and <(G(x, z)) (left hand side) and

=(Gα(x, z)) and =(G(x, z)) (right hand side).
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Figure 4.10: Results for f = 500MHz and the rough surface (4.34) shown in the top right

figure. Absolute value of the reconstructed total field, |Gα(x, z)| (top left). Lower figures

compare the reconstructed total field, Gα(x, z), and the exact field, G(x, z), on the lines

shown in the top right figure, namely at (from top to bottom) x1 = −5.88λ, x1 = −1.96λ,

x1 = 1.96λ and x1 = 5.88λ. Plotted are <(Gα(x, z)) and <(G(x, z)) (left hand side) and

=(Gα(x, z)) and =(G(x, z)) (right hand side).
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Figure 4.11: Results for f = 500MHz and the rough surface (4.35) shown in the top right

figure. Absolute value of the reconstructed total field, |Gα(x, z)| (top left). Lower figures

compare the reconstructed total field, Gα(x, z), and the exact field, G(x, z), on the lines

shown in the top right figure, namely at (from top to bottom) x1 = −5.88λ, x1 = −1.96λ,

x1 = 1.96λ and x1 = 5.88λ. Plotted are <(Gα(x, z)) and <(G(x, z)) (left hand side) and

=(Gα(x, z)) and =(G(x, z)) (right hand side).
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In figures 4.12 to 4.16 we compare the noisy reconstructed total field Gα
δ (x, y) with

the exact total field G(x, z), calculated as before. Note that when noise is added, each

measured value of G(x, z) is replaced by Gδ(x, z) = G(x, z) +N(x), where N(x) and

N(y) are independently distributed for x 6= y, and where, for each x, the real and

imaginary parts of N(x) are independently and identically normally distributed with

mean 0 and standard deviation chosen such that
√
E(|N(x)|2) = δ∗

100
|Φ(x, z)|, where

δ∗ is the specified percentage error. Note that the relationship between δ = ‖N‖L2(γ∗)

and δ∗ is that

E(δ2) =

∫

γ∗
E(|N(x)|2)ds(x)

=
( δ∗

100

)2
∫

γ∗
|Φ(x, z)|2ds(x), (4.36)

i.e.

√
E(δ2) =

δ∗

100
‖Φ(·, z)‖L2(γ∗).
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Figure 4.12: Results for f = 500MHz and the sinusoidal surface (4.31) shown in the top

right figure. Absolute value of the noisy reconstructed total field, |Gα
δ (x, z)|, with δ∗ = 5,

(top left). Lower figures compare the reconstructed total field, Gα
δ (x, z), and the exact field,

G(x, z), on the lines shown in the top right figure. Plotted are <(Gα
δ (x, z)) and <(G(x, z))

(left hand side) and =(Gα
δ (x, z)) and =(G(x, z)) (right hand side).
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Figure 4.13: Results for f = 500MHz and the sinusoidal surface (4.32) shown in the top

right figure. Absolute value of the noisy reconstructed total field, |Gα
δ (x, z)|, with δ∗ = 5,

(top left). Lower figures compare the reconstructed total field, Gα
δ (x, z), and the exact field,

G(x, z), on the lines shown in the top right figure. Plotted are <(Gα
δ (x, z)) and <(G(x, z))

(left hand side) and =(Gα
δ (x, z)) and =(G(x, z)) (right hand side).



73

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.5

1

1.5

2

2.5

3

x
1
/λ

Absolute value of the reconstructed total field − frequency 500 MHz
x 2/λ

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.5

1

1.5

2

2.5

3

x
1
/λ

x 2/λ

0 0.5 1 1.5 2 2.5 3
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

x
1
 = −5.88λ 

R
e

recon
exact

0 0.5 1 1.5 2 2.5 3
−0.15

−0.1

−0.05

0

0.05

0.1

x
1
 = −1.96λ 

R
e

x
2
/λ

recon
exact

0 0.5 1 1.5 2 2.5 3

−0.05

0

0.05

x
1
 = −5.88λ 

Im

recon
exact

0 0.5 1 1.5 2 2.5 3

−0.1

0

0.1

0.2

x
1
 = −1.96λ 

Im

x
2
/λ

recon
exact

Figure 4.14: Results for f = 500MHz and the sinusoidal surface (4.33) shown in the top

right figure. Absolute value of the noisy reconstructed total field, |Gα
δ (x, z)|, with δ∗ = 5,

(top left). Lower figures compare the reconstructed total field, Gα
δ (x, z), and the exact field,

G(x, z), on the lines shown in the top right figure. Plotted are <(Gα
δ (x, z)) and <(G(x, z))

(left hand side) and =(Gα
δ (x, z)) and =(G(x, z)) (right hand side).
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Figure 4.15: Results for f = 500MHz and the rough surface (4.34) shown in the top

right figure. Absolute value of the noisy reconstructed total field, |Gα
δ (x, z)|, with δ∗ = 5,

(top left). Lower figures compare the reconstructed total field, Gα
δ (x, z), and the exact

field, G(x, z), on the lines shown in the top right figure, namely at (from top to bottom)

x1 = −5.88λ, x1 = −1.96λ, x1 = 1.96λ and x1 = 5.88λ. Plotted are <(Gα
δ (x, z)) and

<(G(x, z)) (left hand side) and =(Gα
δ (x, z)) and =(G(x, z)) (right hand side).
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Figure 4.16: Results for f = 500MHz and the rough surface (4.35) shown in the top

right figure. Absolute value of the noisy reconstructed total field, |Gα
δ (x, z)|, with δ∗ = 5,

(top left). Lower figures compare the reconstructed total field, Gα
δ (x, z), and the exact

field, G(x, z), on the lines shown in the top right figure, namely at (from top to bottom)

x1 = −5.88λ, x1 = −1.96λ, x1 = 1.96λ and x1 = 5.88λ. Plotted are <(Gα
δ (x, z)) and

<(G(x, z)) (left hand side) and =(Gα
δ (x, z)) and =(G(x, z)) (right hand side).
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Conclusions

The figures show that, with α = 10−4 taken and the geometry described above,

the point source reconstruction of the total field, Gα(x, z), agrees well with the exact

total field G(x, z). Reconstructions have been carried out for three sinusoidal surfaces

increasing in peak-to-trough amplitude from λ/4 to λ and two non-sinusoidal surfaces

of peak-to-trough amplitudes 3λ
4

and λ. The reconstructions get slightly worse the

more we increase the amplitude. When 5% noise is added to the measurements the

reconstructions still agree well with the exact values of the total field. The accuracy

of the reconstructions worsen as |x1| increases towards its value at the end of the

measurement line, i.e. as |x1| approaches 10λ.

4.3.2 Surface Predictions

In the second set of numerical experiments we reconstruct the total field and predict

the location of the surface using data from three frequencies, namely 500/
√

2 MHz,

500 MHz, and 500
√

2 MHz, which have wavenumbers k1 = 23.4m−1, k = 33.1m−1

and k3 = 46.8m−1, and wavelengths λ1 = 0.2683m, λ = 0.1897m and λ3 = 0.1342m,

respectively. Denote Gα(x, z) by Gα
k (x, z) to indicate its dependence on k. In fig-

ures 4.17, 4.19 and 4.23 we plot the absolute value of the reconstructed total fields,

|Gα
k (x, z)|, for the three surfaces given above, as a function of x = (x1, x2). Calcula-

tions of Gα
k (x, z) are made for |x1| ≤ 10λ and λ ≤ x2 ≤ 3λ, at 5 points per wavelength

(λ) in both directions, for the surfaces (4.31), (4.32) and (4.34). For the higher am-

plitude surfaces (4.33) and (4.35) calculations of Gα
k (x, z) are made for |x1| ≤ 10λ

and 0 ≤ x2 ≤ 3λ, at 5 points per wavelength (λ) in both directions. In the bottom

right hand plot of each figure we plot a weighted sum of squares of the reconstructed

total fields, GΣ(x, z), given by

GΣ(x, z) =
λ

λ1

|Gα
k1

(x, z)|2 + |Gα
k (x, z)|2 +

λ

λ3

|Gα
k3

(x, z)|2. (4.37)
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In figures 4.18, 4.20, 4.22, 4.24 and 4.26 to 4.31 we predict the location of the surface

using two different methods. In both methods we utilize the a priori knowledge that

the total field vanishes on the boundary. Denote Φ(x, z) by Φk(x, z) to indicate its

dependence on k. In the first method (on the right hand side) we colour in black the

squares for which

GΣ(x, z) ≤ εΦΣ(x, z),

where

ΦΣ(x, z) =
λ

λ1

|Φk1(x, z)|2 + |Φk(x, z)|2 +
λ

λ3

|Φk3(x, z)|2,

and ε is as specified in the figure caption. During the remainder of this thesis we

will refer to this method as ‘Method A’. In the second method (on the left hand

side) in each column we colour in black the square in which GΣ(x, z) is minimised

as a function of x2. We refer to this method as ‘Method B’. In the bottom plots we

interpolate the values of GΣ(x, z) from 5 points per wavelength (λ) to 10 points per

wavelength (λ) before invoking either one of the two methods.

In figures 4.27, 4.28, 4.29, 4.30 and 4.31 we plot the noisy reconstructed total field

Gα
Σ,δ(x, z) given by

GΣ,δ(x, z) =
λ

λ1

|Gα
δ,k1

(x, z)|2 + |Gα
δ,k(x, z)|2 +

λ

λ3

|Gα
δ,k3

(x, z)|2,

where δ∗ = 5, i.e. with 5% noise added to the measurements. The reconstructions

are calculated at 5 points per wavelength (λ) in both directions. Along with the

reconstruction of the total field, predictions of the surface location are made using

the methods described in the previous paragraph.
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Figure 4.17: The absolute value of the reconstructed total field, |Gα
k (x, z)|, for k = 46.8m−1

(bottom left), k = 33.1m−1 (top left) and k = 23.4m−1 (top right) i.e. frequencies

500
√

2MHz, 500MHz and 500/
√

2MHz respectively, for surface (4.31). Also shown is

GΣ(x, z) given by (4.37) (bottom right).
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Figure 4.18: Shown are the predictions of the surface location for surface (4.31) using

Method A with ε = 0.17 (right hand side) and Method B (left hand side). The bottom

plots interpolate GΣ(x, z) before invoking either method.
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Figure 4.19: The absolute value of the reconstructed total field, |Gα
k (x, z)|, for k = 46.8m−1

(bottom left), k = 33.1m−1 (top left) and k = 23.4m−1 (top right) i.e. frequencies

500
√

2MHz, 500MHz and 500/
√

2MHz respectively, for surface (4.32). Also shown is

GΣ(x, z) given by (4.37) (bottom right).
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Figure 4.20: Shown are the predictions of the surface location for surface (4.32) using

Method A with ε = 0.33 (right hand side) and Method B (left hand side). The bottom

plots interpolate GΣ(x, z) before invoking either method.
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Figure 4.21: The absolute value of the reconstructed total field, |Gα
k (x, z)|, for k = 46.8m−1

(bottom left), k = 33.1m−1 (top left) and k = 23.4m−1 (top right) i.e. frequencies

500
√

2MHz, 500MHz and 500/
√

2MHz respectively, for surface (4.33). Also shown is

GΣ(x, z) given by (4.37) (bottom right).
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Figure 4.22: Shown are the predictions of the surface location for surface (4.33) using

Method A with ε = 0.35 (right hand side) and Method B (left hand side). The bottom

plots interpolate GΣ(x, z) before invoking either method.
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Figure 4.23: The absolute value of the reconstructed total field, |Gα
k (x, z)|, for k = 46.8m−1

(bottom left), k = 33.1m−1 (top left) and k = 23.4m−1 (top right) i.e. frequencies

500
√

2MHz, 500MHz and 500/
√

2MHz respectively, for surface (4.34). Also shown is

GΣ(x, z) given by (4.37) (bottom right).
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Figure 4.24: Shown are the predictions of the surface location for surface (4.34) using

Method A with ε = 0.25 (right hand side) and Method B (left hand side). The bottom

plots interpolate GΣ(x, z) before invoking either method.
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Figure 4.25: The absolute value of the reconstructed total field, |Gα
k (x, z)|, for k = 46.8m−1

(bottom left), k = 33.1m−1 (top left) and k = 23.4m−1 (top right) i.e. frequencies

500
√

2MHz, 500MHz and 500/
√

2MHz respectively, for surface (4.35). Also shown is

GΣ(x, z) given by (4.37) (bottom right).
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Figure 4.26: Shown are the predictions of the surface location for surface (4.35) using

Method A with ε = 0.4 (right hand side) and Method B (left hand side). The bottom plots

interpolate GΣ(x, z) before invoking either method.
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Figure 4.27: Weighted sum of squares of reconstructed total fields, GΣ,δ(x, z), for frequencies

f = 500/
√

2MHz, f = 500MHz and f = 500
√

2MHz, and surface (4.31) (top), with δ∗ = 5,

i.e. 5% measurement error. Predictions of the surface location are made using Method A

(right hand side) with ε = 0.57 and using Method B (left hand side). The bottom plots

interpolate GΣ,δ(x, z) before invoking either method.
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Figure 4.28: Weighted sum of squares of reconstructed total fields, GΣ,δ(x, z), for frequencies

f = 500/
√

2MHz, f = 500MHz and f = 500
√

2MHz, and surface (4.32) (top), with δ∗ = 5,

i.e. 5% measurement error. Prediction of the surface location are made using Method A

with ε = 0.75 (right hand side) and using Method B (left hand side). The bottom plots

interpolate GΣ,δ(x, z) before invoking either method.
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Figure 4.29: Weighted sum of squares of reconstructed total fields, GΣ,δ(x, z), for frequencies

f = 500/
√

2MHz, f = 500MHz and f = 500
√

2MHz, and surface (4.33) (top), with δ∗ = 5

i.e. 5% measurement error. Prediction of the surface location are made using Method A

with ε = 0.4 (right hand side) and using Method B (left hand side). The bottom plots

interpolate GΣ,δ(x, z) before invoking either method.
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Figure 4.30: Weighted sum of squares of reconstructed total fields, GΣ,δ(x, z), for frequencies

f = 500/
√

2MHz, f = 500MHz and f = 500
√

2MHz, and surface (4.34) (top), with δ∗ = 5,

i.e. 5% measurement error. Prediction of the surface location are made using Method A

with ε = 0.6 (right hand side) and using Method B (left hand side). The bottom plots

interpolate GΣ,δ(x, z) before invoking either method.
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Figure 4.31: Weighted sum of squares of reconstructed total fields, GΣ,δ(x, z), for frequencies

f = 500/
√

2MHz, f = 500MHz and f = 500
√

2MHz, and surface (4.35) (top), with δ∗ = 5,

i.e 5% measurement error. Prediction of the surface location are made using Method A

with ε = 0.7 (right hand side) and using Method B (left hand side). The bottom plots

interpolate GΣ,δ(x, z) before invoking either method.
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Conclusions

By combining the information collected from three frequencies we have shown that

the point source method gives us a good indication as to the location and shape

of the surface that we are trying to detect. The results shown here are restricted

to the geometry described above and as before show that the predictions of the

surface location get worse as |x1| approaches the ends of the measurement line ie. as

|x1| → 10λ. Again results have been shown for three sinusoidal surfaces increasing

in amplitude from λ/4 to λ and two non-sinusoidal surfaces with amplitudes λ and

λ. After interpolating the values of GΣ(x, z), from 5 points per wavelength (λ) to

10 points per wavelength (λ), the results improve. When 5% noise is added to the

measurement, accuracy of the reconstructions worsen but in certain cases, especially

the lower amplitude surfaces, the predictions remain good, especially for |x1| ≤ 5 and

for Method A.

4.3.3 Effects of Noise Level

In this third set of numerical results we show the effect of the noise level when predict-

ing the location of the surface. We compute Gα
δ (x, z), defined by (4.26), with G(y, z)

replaced by the noisy data Gδ(y, z) as in section 4.3.1. We remind the reader that

Gδ(x, z) = G(x, z) + N(x) where N(x) and N(y) are independently distributed for

x 6= y and where, for each x the real and imaginary parts of N(x) are independently

and identically normally distributed with mean 0 and standard deviation chosen such

that
√
E(|N(x)|2) = δ∗

100
|Φ(x, z)|. For the frequency f = 500 MHz and for the sur-

face (4.34), Gα
δ (x, z) is computed on the two vertical lines, x1 = 0 and x1 = 4λ, for

λ < x2 < 3λ (see Figure 4.32). For each vertical line we compute the value of x2,

denoted by X2, which minimises |Gα
δ (x, z)| over some range of x2. The range of x2

is either λ < x2 < 3λ or the part of this interval which lies within distance λ/3 of

the surface, i.e. max(λ, f(x1) − λ
3
) < x2 < min(f(x1) + λ

3
, 3λ). X2 is a point source
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estimate of the surface height, f(x1). Using each of the ranges of x2, X2 is computed

for 40 values of δ∗, logarithmically spaced on the interval 0.0001 < δ∗ < 12. We

choose α = 10−4δ∗/5. Thus, as δ∗ → 0, α → 0 and, by (4.36),

E(δ2)

α
→ 0

(monotonically) as δ∗ → 0 and so, by (4.30),

E(|Gα
δ (x, z) −G(x, z)|2) → 0

for x2 > f(x1). We compute the value of X2 on the two vertical lines x1 = 0

and x1 = 4λ twice, with two different realisations of the random noise, to give an

indication of the variation from one realisation to another. In figures 4.33 and 4.34
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Figure 4.32: Graph to show the location of the two vertical lines on which Gα
δ (x, z) is

calculated.

we plot |X2 − f(x1)|/λ against δ∗, i.e. we plot the distance of the predicted surface

location from the actual surface (in wavelengths) as the noise in the measurement

data increases. In Figure 4.33 x1 = 0 so f(x1) = 1.625λ. In Figure 4.34, x1 = 4λ so

f(x1) = 1.591λ. As expected, as the percentage of noise added to the measurement
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data increases, the accuracy with which the prediction algorithm described above

predicts the surface location worsens. In both sets of results, Figure 4.34 and Figure

4.33, the blue line indicates the distance ofX2 from f(x1) when x2 minimises |Gα
δ (x, z)|

over the range λ < x2 < 3λ. Also shown in each plot is a red line which shows the

distance of X2 from f(x1) when x2 minimises |Gα
δ (x, z)| over the range f(x1)−λ/3 <

x2 < f(x1)+λ/3. Comparing the results for x1 = 0, Figure 4.33, and x1 = 4λ, Figure

4.34, we can see that the accuracy with which the surface location is predicted is

significantly better for x1 = 0 than for x1 = 4λ. The results for x1 = 0 show that for

small δ∗ the surface location can be predicted to within 10−3λ of the actual surface

height but for x1 = 4λ this value reduces to 10−1.2λ. In each figure we plot, in green,

C(δ∗)
1
2 , for some real valued constant, C, against δ∗. Comparing with this line we

can observe that the accuracy with which the surface location is predicted converges

at a rate of δ∗
1
2 for x1 = 0 but the convergence rate for x1 = 4λ is slower. These

results are consistent with the results in Section 4.3.2 where it was observed that as

x1 approaches the end of the measurement line, i.e. 10λ, the prediction of the surface

location worsens. We observe in figures 4.33 and 4.34 that when δ∗ > 2, for x1 = 0,

and δ∗ > 1, for x1 = 4λ, the prediction of the surface location is improved when the

interval of x2 over which |Gα
δ (x, z)| is minimised is restricted to f(x1) ± λ/3. This

result is consistent with the observations in Section 4.3.1 where it was pointed out

that while |Gα
δ (x, z)| has a minimum at x2 = f(x1) it is also minimised approximately

at the points x2 = f(x1) + cλ/2, for small integer values of c.



96

0 2 4 6 8 10 12 14
0

0.2

0.4

0.6

0.8

1

1.2

1.4

δ* (percentage noise)

|X
2−

f(
x 1)|

/λ
Graph to show the effect of noise on the prediction of the surface location

0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

δ* (percentage noise)

|X
2−

f(
x 1)|

/λ

Graph to show the effect of noise on the prediction of the surface location

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

10
1

δ* (percentage noise)

|X
2−

f(
x 1)|

/λ

Graph to show the effect of noise on the prediction of the surface location

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

δ* (percentage noise)

|X
2−

f(
x 1)|

/λ

Graph to show the effect of noise on the prediction of the surface location

Figure 4.33: Results showing the accuracy of the predicted surface location (X2) as δ∗

increases. Shown are results for f = 500 MHz and the rough surface (4.34) when Gα
δ (x, z)

is calculated on the vertical line x1 = 0. As discussed in the main text X2 is computed

twice for each value of δ∗, using different realisations of the random noise. The first set of

results are shown on the left hand side and the second on the right hand side. The top

plots indicate in wavelengths the distance of X2 from the surface height, f(x1), and the

bottom plots show the same data on a logarithmic scale. The blue line shows the distance

of X2 from f(x1) when X2 is the value of x2 which minimises |Gα
δ (x, z)| over the range

λ < x2 < 3λ and the red line shows the distance of X2 from f(x1) when X2 is the value of

x2 which minimises |Gα
δ (x, z)| over the range f(x1) − λ/3 < x2 < f(x1) + λ/3.
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Figure 4.34: Results showing the accuracy of the predicted surface location (X2) as δ∗

increases. Shown are results for f = 500 MHz and the rough surface (4.34) when Gα
δ (x, z)

is calculated on the vertical line x1 = 4λ. As discussed in the main text X2 is computed

twice for each value of δ∗, using different realisations of the random noise. The first set of

results are shown on the left hand side and the second on the right hand side. The top

two plots indicate in wavelengths the distance of X2 from the surface height, f(x1), and

the bottom two plots show the same data on a logarithmic scale. The blue line shows the

distance of X2 from f(x1) when X2 is the value of x2 which minimises |Gα
δ (x, z)| over the

range λ < x2 < 3λ and the red line shows the distance of X2 from f(x1) when X2 is the

value of x2 which minimises |Gα
δ (x, z)| over the range f(x1) − λ/3 < x2 < f(x1) + λ/3.
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5.1 Direct and Inverse Problems in the Time Domain

In Chapter 3 we have discussed the problem of scattering of an incident field by a

rough surface when the point source which gives rise to the incident field is time

harmonic. In this chapter we consider the case when the point source emits a pulse.

In particular we will have in mind inverse rough surface scattering problems with

geometry and incident pulses similar to those arising in ground penetrating radar

(GPR) applications.

GPR techniques have become more popular over the last few years in areas such

as rescue archaeology, site conservation and non-invasive methods for subsurface ex-

ploration [23]. GPR information is acquired by reflecting radar waves off subsurface

features. The radar waves are propagated in distinct pulses from a surface antenna,

reflected off buried objects or features and detected back at the surface by a receiving

antenna. (See Figure 5.1 for an example of GPR antennas.) As the radar pulses

are transmitted through the ground their velocity depends upon the electrical and

magnetic properties of the material through which they are travelling. For materials

whose magnetic permeability is equal to that in vacuo, the velocity of the radar wave

as it passes through a material is given by

c =
c0√
ε/ε0

where c0 is the speed of light in vacuo, ε0 is the dielectric permittivity in vacuo and

ε is the dielectric permittivity of the material [23]. From time of travel information

the distance or depth of a feature can be calculated. General GPR systems use

dipolar antennas ranging from 10 MHz to 1000 MHz. Most of the antenna energy is

concentrated around this one central frequency, but radar energy is produced in an

interval that ranges up to one octave above and below the centre frequency.

For F ∈ L1(R) let F̂ ∈ BC(R) denote the Fourier Transform of F , defined by

F̂ (ω) =
1

2π

∫ ∞

−∞

F (t)eiωtdt, ω ∈ R.
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MALÅ 
 GeoScience radar antennas


100 MHz unshielded antenna


Dimensions (L x W x H): 1.04 x 0.16 x 0.04 m. Weight: 1.10 kg (each)


200 MHz unshielded antenna


Dimensions (L x W x H): 0.54 x 0.16 x 0.04 m. Weight: 0.55 kg (each)


Figure 5.1: Examples of Ground Penetrating Radar antennas

If F is sufficiently smooth (e.g. if F ∈ C2(R)∩L1(R)) then F̂ ∈ L1(R) and F is given

in terms of F̂ by the inverse Fourier transform formula

F (t) =

∫ ∞

−∞

F (ω)e−iωtdω, t ∈ R.

To model the pulse from a GPR antenna we assume that the incident field takes

the form

U i(x, t) =

∫ ∞

−∞

Φω/c(x, z)

Φω/c(x0, z)
F̂ i(ω)e−iωtdω, (5.1)

for some real-valued F i ∈ C2(R) which is compactly supported, where z is the source

position, x0 6= z is some reference point where the incident field is measured and, for

x, y ∈ R2, x 6= y,

Φk(x, y) :=
i

4
H

(1)
0 (k|x− y|), k > 0,

while

Φk(x, y) := Φ−k(x, y), k < 0.
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It follows from (5.1) that, if |x− z| = R := |x0 − z|, then

U i(x, t) =

∫ ∞

−∞

F̂ i(ω)e−iωtdω = F i(t),

so that F i(t) is the incident field at time t at distance R from the source (and in

particular is the incident field at x0).

The direct problem we consider in this chapter is as follows: Given F i ∈ C2(R)

which is compactly supported, find U s ∈ C2(D × R) ∩ C(D × R) such that

∆U s =
1

c2
∂2U s

∂t2
in D × R,

U s = −U i in Γ × R

and, for some t0 ∈ R, U s(·, t) = 0 for t < t0. By inspection, the solution to this direct

problem (at least formally) is that the total field is given as

U(x, t) = U i(x, t) + U s(x, t) =

∫ ∞

−∞

Gω/c(x, z)

Φω/c(x0, z)
F̂ i(ω)e−iωtdω, (5.2)

where, for k > 0, Gk(x, z)e
−iωt denotes the total field corresponding to the time

harmonic incident field Φk(x, z)e
−iωt, so that Gk(·, z) is the solution to BVP1 in

Chapter 3 and, for k < 0, Gk(·, z) := G−k(·, z).
Figure 5.2 shows an actual incident pulse signature, F i(t), for a 500MHz GPR

antenna, and the corresponding power spectrum, and Figure 5.3 a proposed idealisa-

tion, both taken from [23]. A good approximation to such an idealised pulse is given

by defining

F i(t) = −e−σ(t+ ε√
σ

)2
+ 2e−σt2 − e

−σ(t− ε√
σ

)2
, t ∈ R, (5.3)

with σ = 25ω2
0/98, ω0 = 2πf , f the nominal frequency, and ε = 0.1. The Fourier

transform of F i, given by (5.3), is

F̂ i(ω) = −
√

2π

3σ
e−ω2/4σ

(
cos

( ωε√
σ

)
− 1

)
(5.4)

so that

|F̂ i(ω)|2 =
2π

3σ
e−ω2/2σ

(
cos

( ωε√
σ

)
− 1

)2

. (5.5)
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In Figures 5.4 and 5.5 we plot F i(t) and |F̂ i(ω)|2, given by (5.4) and (5.5) respectively,

for nominal frequency f = 500MHz.

To compute an approximation to U s(x, t) we proceed by first approximating F i(t)

by a periodic function, F i
T (t), of some sufficiently large period T , defined by

F i
T (t) = F i(t), −T < t ≤ T.

Sampling F i
T (t) = F i

T (t + T ) over a period T at intervals ∆ = T
N

for some N ∈ N,

Figure 5.2: Actual pulse signature and frequency distribution for a GPR antenna with

nominal frequency 500MHz (taken from [23]).

with T1 the start time, define

F i
p := F i

T (T1 + ∆p), p ∈ Z. (5.6)
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Figure 5.3: Idealised transmitted pulse signature and frequency distribution for a GPR

antenna with nominal frequency 500MHz (taken from [23]).

Then, using the standard discrete Fourier transform formula [42],

F i
p =

N−1∑

j=0

Xje
−2πijp/N , p = 0, 1 . . . , N − 1,

where

Xj :=
1

N

N−1∑

p=0

F i
pe

2πijp/N , j ∈ Z.

Now since F i
T (t) = F i

T (t+ T ) is periodic with period T , F i
p+N = F i

p for p ∈ Z. Hence,

Xj+N = Xj, j ∈ Z. Moreover, for N odd, which we assume to be the case for the

rest of the chapter,

Xj =
1

N

(N−1)/2∑

p=−(N−1)/2

F i
pe

2πijp/N , j ∈ Z. (5.7)
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Figure 5.5: Power spectrum, |F̂ i(ω)|2, for nominal frequency f = 500MHz, given by (5.5)

.

From this representation it becomes clear, since F i is real-valued, that

Xj = X−j, j ∈ Z.
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Since Xj+N = Xj, j ∈ Z, it follows that

F i
p =

(N−1)/2∑

j=−(N−1)/2

Xje
−2iπj∆p/T , p ∈ Z.

Let

F i
N(t) :=

(N−1)/2∑

j=−(N−1)/2

Xje
−2iπj(t−T1)/T , t ∈ R. (5.8)

Then F i
N(t+ T ) = F i

N(t), t ∈ R, and

F i
N(T1 + ∆p) = F i

p = F i
T (T1 + ∆p), p ∈ Z,

so that F i
N interpolates F i

T at T1 + ∆p, p ∈ Z. It is easy to see that F i
N(t) can be

rewritten in the form

F i
N(t) =

α0

2
+

(N−1)/2∑

k=1

[
αk cos

2πj(t− T1)

T
+ βk sin

2πj(t− T1)

T

]
,

with real coefficients αj = 2<Xj and βj = 2=Xj. In fact [34], there exists a unique

function of this form (a so-called trigonometric polynomial of degree (N − 1)/2 and

period T ) which interpolates F i
T (t) at T1 + ∆p, p ∈ Z, and, if F i

T ∈ Cn(R), for some

n ∈ N, there holds the error estimate [34, Theorem 11.6]

‖F i
N − F i

T‖∞ ≤ c
lnN

Nn
,

for some constant c > 0. We note that F i
T ∈ Cn(R) if F i ∈ Cn(R) and T is large

enough so that (−T/2, T/2) contains the support of F i.

With F i
N given by (5.8) it holds that

F̂ i
N(ω) =

(N−1)/2∑

j=−(N−1)/2

Xje
iωjT1δ(ω − ωj),

where ωj = 2πj/T and δ is the Dirac delta. We suppose that X0 = 0 (the incident

pulse has no DC component) which is the case for F i given by (5.3). Then, from
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(5.1), an approximation to U i(x, t) is

U i
N(x, t) :=

(N−1)/2∑

j=−(N−1)/2
j 6=0

AjΦkj
(x, z)e−iωjt,

where kj := ωj/c and

Aj :=
Xje

2iπjT1/T

Φkj
(x0, z)

.

Since Aj = Aj, we have that

U i
N(x, t) = 2<

(N−1)/2∑

j=1

AjΦkj
(x, z)e−iωjt.

Similarly, from (5.2), an approximation to the total field is

UN(x, t) := 2<
(N−1)/2∑

j=1

AjGkj
(x, z)e−iωjt. (5.9)

For the direct scattering problem we are considering in this chapter the inverse

problem analogous to that of Chapter 4 is the following one. Let γ∗ denote the finite

horizontal line given by (4.1) as in Chapter 4.

The Time Domain Inverse Problem. Given the source position z ∈ D\γ∗, the

incident field, F i(t), for t ∈ R, at a reference point x0 6= z, and measurements of the

total field U(x, t), for x ∈ γ∗ and t ∈ R, determine f , i.e. the location of the infinite

rough surface Γ.

The obvious analogue of the point source method of Chapter 4 is as follows. As a

first step, compute, given U(x, t), for x ∈ γ∗, t ∈ R, an approximation to U(x, t) for

x ∈ D, t ∈ R. As a second step determine Γ as the curve on which the approximation

to U(x, t) is minimised.

To construct an approximation to U(x, t) for x ∈ D, t ∈ R, we propose, as a

first stage, to approximate F i by F i
N , given by (5.8). Then the total field is given

approximately by (5.9). As a second stage we propose to, similarly, approximate
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the measured data by ŨN(x, t), for x ∈ γ∗, t ∈ R, where ŨN(x, t) is the T-periodic

trigonometric polynomial of degree ≤ (N−1)/2 which interpolates U(x, ·) at T1+∆p,

p = 0, 1, . . . , N − 1. This approximation takes the form

ŨN(x, t) = 2<
(N−1)/2∑

j=1

aj(x)e
−iωjt, (5.10)

for some functions aj(x), determined by the interpolation requirement. Comparing

(5.9) with (5.10) we obtain, approximately, values forGkj
(x, z) for j = 1, . . . , (N−1)/2

and x ∈ γ∗, namely Gkj
(x, z) = aj(x)/Aj. Given these values we can compute the

Point Source Method approximations Gα
kj

(x, z), given by (4.26). Then, as the third

and final stage, we can approximate the total field by (5.9) with Gkj
(x, z) replaced

by Gα
kj

(x, z), giving the approximation

Uα
N(x, t) := 2<

(N−1)/2∑

j=1

AjG
α
kj

(x, z)e−iωjt, x ∈ R2\(γ∗ ∪ {z}), t ∈ R. (5.11)

We propose to locate the surface Γ as the minimum of

P (x) =
1

T

∫ T

0

(
Uα

N(x, t)
)2

dt. (5.12)

By Parseval’s theorem,

P (x) = 2

(N−1)/2∑

j=1

|Aj|2|Gα
kj

(x, z)|2. (5.13)

5.2 Numerical Results

5.2.1 Reconstructions of the total field

Throughout the remainder of the chapter we assume a wave speed c = c0/
√

10, where

c0 is the velocity of light in vacuo. This wave speed is appropriate for GPR waves

in dry sandy coastal land [23], and gives a wavelength of λ = c/f = 0.19m when the

frequency is f = 500MHz. In the remainder of the chapter we also assume that F i
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is given by (5.3) with f = 500MHz, so that the incident pulse is that appropriate

to a GPR antenna with nominal frequency 500MHz. For the first set of numerical

experiments, we calculate Uα
N(x∗, t) for N = 49, using (5.11), for 0 < t ≤ T where

T = 20ns and for |x∗1| ≤ 5λ and λ/2 ≤ x∗2 ≤ 3λ/2. Gα
kp

(x∗, z) is calculated using the

Point Source Method described in Chapter 4, for x∗ at 9.6 points per wavelength (λ) in

both directions, where kp = 2πfp/c, for p = 1 . . . 24, with fp = 50pMHz. As in section

4.3, for each x∗ = (x∗1, x
∗
2) ∈ R2, we make the choice Γx∗ = {(x1, fx∗(x1))|x1 ∈ R},

with fx∗(x) = −3λ
4
e−(

x1−x∗1
8λ

)2 + λ
4

+ x∗2. The measurement line in the inverse problem

is γ∗ = {(x1, H)| |x1| ≤ 10λ = 1.9m} and we fix the height of the measurement line

as H = 4λ = 0.76m, z = (0, 4λ) = (0, 0.76)m and α = 10−4. Other details of the

calculation of Gα
k (x∗, z) are as in Chapter 4. In the numerical experiments in this

chapter we use only two surfaces, a sinusoidal surface described by

f(x1) = λ+
λ

4
cos(

2x1

λ
), x1 ∈ R, (5.14)

and a rough surface described by

f(x1) =
11λ

8
+
λ

8
cos(

2x1

λ
) +

λ

4
sin(

2x1

3λ
), x1 ∈ R. (5.15)

To compute the noisy reconstructed total field we use the same method as in section

4.3; hence we calculate Uα
N,δ(x, t) as for Uα

N(x, t) but with noise added to each mea-

sured value of Gkp(x, z), x ∈ γ∗, by replacing Gkp(x, z) by Gkp,δ(x, z) = Gkp(x, z) +

N(x), where the real and imaginary parts of N(x) and N(y) are independently dis-

tributed for x 6= y, and where for each x, the real and imaginary parts of N(x)

are independently and identically normally distributed with mean 0 and standard

deviation chosen such that
√
E(|N(x)|2) = δ∗

100
|Φkp(x, z)|, where δ∗ is the specified

percentage error. Note that the “measured” values of Gkp(x, z) are computed by

the boundary integral equation method and super-algebraically convergent Nyström

method proposed in [41], with horizontal spacing between quadrature points of λ/10,

and truncating the boundary integral so that Γ is replaced by {x ∈ Γ||x1| ≤ 100λ}
(see [40] for further details).
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In figures 5.7 and 5.9 we compare the reconstructed total field Uα
N(x, t), for 0 ≤

t ≤ T , where T = 20ns, with UN(x, t) given by (5.9). In figures 5.11 and 5.13 we

compare the noisy reconstructed total field Uα
N,δ(x, t), for δ∗ = 5, with UN(x, t). In

the four figures 5.7, 5.9, 5.11 and 5.13 the incident and reflected pulse can be seen in

the top two plots (the reflected pulse with phase change of 180◦, appropriate to the

boundary condition that the total field vanishes). Figures 5.6, 5.8, 5.10 and 5.12 show

snapshots of Uα
N(x, t) at a sequence of times for the same geometry and noise levels

as figures 5.7, 5.9, 5.11 and 5.13, respectively. In figures 5.7 and 5.11 the incident

and reflected pulses begin to merge in the 3rd plot, x = (0, 1.5λ). This point is close

to the surface which passes through (0, 1.25λ). In figures 5.9 and 5.13 the incident

and reflected pulses also begin to merge in the 3rd plot, for x = (0, 1.6λ) (the surface

passes through (0, 1.5λ). The reconstructed total fields agree very accurately with the

exact values of the total field. When noise is added to the data, even though we can

see errors in the reconstructed total fields, the incident and reflected pulses are clearly

visible and correctly positioned on the time axis. Although these reconstructions are

for the case when the total electric field vanishes on the surface, the same formula for

reconstructing the total field from measured data can be expected to work regardless

of the boundary condition. There would appear, in fact, to be good prospects for

locating the surface, even without knowledge of the boundary condition, as the locus

of those points where the incident and reflected pulses coincide in time.

5.2.2 Solving the Inverse Problem

We predict the surface location as the minimum of P (x), given by (5.12) and (5.13)

using the second method used in section 4.3. Hence in each column we colour in black

the square in which P (x) is minimised as a function of x2. In figures 5.14 to 5.17

we first interpolate |Uα
N(x, t)|, calculated for |x1| ≤ 5λ and 1/2λ ≤ x2 ≤ 3/2λ at 9.6

points per wavelength (λ), to 19 points per wavelength. On the right hand side of

each of these figures we predict the location of the surface by colouring in black the
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square in which P (x) is minimised as a function of x2.

5.2.3 Conclusions

In this chapter we have shown that we can generalise the Point Source Method,

described in Chapter 4, to reconstruct the total electric field when the incident wave

is not necessarily time harmonic. In particular we have chosen an incident pulse

that is similar to that arising in ground penetrating radar (GPR) applications. The

reconstructed total fields agree very well with the exact total field, and when 5%

noise is added to the measurements the incident and reflected pulse positions in

time are very accurate and clearly observable. Although we assume that the total

field vanishes on the boundary we expect to be able to locate the surface with any

boundary condition, predicting the surface location to be the locus of those points

where the incident and reflected pulses merge. In figures 5.14 to 5.17 we plot the

power content of the electric field, for P (x) given by (5.12) and (5.13). On the right

hand side of each of these figures we show that, by minimising P (x) as a function of

x2, we can predict the location of the surface very well even when 5% noise is added

to the measurements.
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Figure 5.6: The reconstructed total field, Uα
N (x, t), for t = 3.2ns, 5.2ns, 6.2ns, 7.2ns, 8.2ns,

9.2ns, 10.2ns and 12.2ns (from top left to bottom right) for surface (5.14).
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Figure 5.7: Comparison of the reconstructed total field, Uα
N (x, t), and the exact total field,

UN (x, t), where 0 < t ≤ T , for the surface (5.14). The total fields are compared at the

points x = (0, 3.5λ), x = (0, 2.6λ), x = (0, 1.5λ) and x = (0, 0.5λ) (from top to bottom).

Note that the surface is at height 1.25λ. Thus the bottom plot shows a reconstructed total

field for a point x below the surface. Note that the graphs are superposed.
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Figure 5.8: The reconstructed total field, Uα
N (x, t), for t = 3.2ns, 5.2ns, 6.2ns, 7.2ns, 8.2ns,

9.2ns, 10.2ns and 12.2ns (from top left to bottom right) for surface (5.15).
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Figure 5.9: Comparison of the reconstructed total field, Uα
N (x, t), and the exact total field,

UN (x, t), where 0 < t ≤ T , for the surface (5.15). The total fields are compared at the

points x = (0, 3.5λ), x = (0, 2.6λ), x = (0, 1.6λ) and x = (0, 0.5λ) (from top to bottom).

Note that the surface is at height 1.5λ. Thus the bottom plot shows a reconstructed total

field for a point x below the surface. Note that the graphs are superposed.
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Figure 5.10: The reconstructed total field, Uα
N,δ(x, t), for t = 3.2ns, 5.2ns, 6.2ns, 7.2ns,

= 8.2ns, 9.2ns, 10.2ns and 12.2ns (from top left to bottom right) for surface (5.14) with

δ∗ = 5, i.e 5% noise added to the measurement data.
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Figure 5.11: Comparison of the reconstructed total field, Uα
N,δ(x, t), with δ∗ = 5, i.e. 5%

noise added to the measurements, and the exact total field, UN (x, t), where 0 < t ≤ T , for

the surface (5.14). The total fields are compared at the points x = (0, 3.5λ), x = (0, 2.6λ),

x = (0, 1.5λ) and x = (0, 0.5λ) (from top to bottom). Note that the surface is at height

1.25λ. Thus the bottom plot shows a reconstructed total field for a point x below the

surface.
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Figure 5.12: The reconstructed total field, Uα
N,δ(x, t), for t = 3.2ns, 5.2ns, 6.2ns, 7.2ns, 8.2ns,

9.2ns, 10.2ns and 12.2ns (from top left to bottom right) for surface (5.15) with δ∗ = 5, i.e

5% noise added to the measurement data.
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Figure 5.13: Comparison of the reconstructed total field, Uα
N,δ(x, t), with δ∗ = 5, i.e. 5%

noise added to the measurements, and the exact total field, UN (x, t), where 0 < t ≤ T , for

the surface (5.15). The total fields are compared at the points x = (0, 3.5λ), x = (0, 2.6λ),

x = (0, 1.6λ) and x = (0, 0.5λ) (from top to bottom). Note that the surface is at height

1.5λ. Thus the bottom plot shows a reconstructed total field for a point x below the surface.
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Figure 5.14: A plot of the power content, P (x), of the electric field (left hand side) for

surface (5.14). On the right hand side we predict the surface location from this plot by

colouring in, in each column, the square in which P (x) is minimised as a function of x2.
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Figure 5.15: A plot of the power content, P (x), of the electric field (left hand side) for

surface (5.15). On the right hand side we predict the surface location from this plot by

colouring in, in each column, the square in which P (x) is minimised as a function of x2.
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Figure 5.16: A plot of the power content, P (x), of the electric field (left hand side) for

surface (5.14) when 5% noise is added to the measurements. On the right hand side we

predict the surface location from this plot by colouring in, in each column, the square in

which P (x) is minimised as a function of x2.
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Figure 5.17: A plot of the power content, P (x), of the electric field (left hand side) for

surface (5.15) when 5% noise is added to the measurements. On the right hand side we

predict the surface location from this plot by colouring in, in each column, the square in

which P (x) is minimised as a function of x2.
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5.2.4 Effects of Noise level

In this set of numerical results we show the effect of the noise level when predicting

the location of the surface. We compute Uα
N,δ(x, t), as in Section 5.2.1, where Gkp(x, z)

is replaced by the noisy data Gkp,δ(x, z) in (5.11). For the surface (5.15), Uα
N,δ(x, z)

is computed on the two vertical lines, x1 = 0 and x1 = 4λ, for λ/2 < x2 < 5λ/2

(see Figure 5.18). On each vertical line we compute the value of x2, denoted by

X2, which minimises P (x), given by (5.13), over some range of x2. The range of

x2 is either λ/2 < x2 < 5λ/2 or the part of this interval which lies within distance

λ/3 of the surface, i.e. max(λ/2, f(x1) − λ
3
) < x2 < min(f(x1) + λ

3
, 5λ/2). X2 is

a time domain point source estimate of the surface height, f(x1). Using each of

the ranges of x2, X2 is computed for 20 values of δ∗, logarithmically spaced on the

interval 0.0001 < δ∗ < 12. As in Section 4.3.3 we choose α = 10−4δ∗/5 so that

α → 0 as δ∗ → 0. In Figure 5.19 we plot |X2 − f(x1)|/λ against δ∗, i.e. we plot the
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Figure 5.18: Graph to show the location of the two vertical lines on which Uα
N,δ(x, z) is

calculated.

distance of the predicted surface location from the actual surface (in wavelengths) as
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the noise in the measurement data increases. In Figure 5.19 the top two plots show

the results for x1 = 0 (so f(x1) = 1.5λ) and the bottom two plots show the results for

x1 = 4λ (so f(x1) = 1.4711λ). In both sets of results shown in Figure 5.19 the blue

line indicates the distance of X2 from f(x1) when x2 minimises P (x) over the range

λ/2 < x2 < 5λ/2. Also shown in each plot is a red line which shows the distance of X2

from f(x1) when x2 minimises P (x) over the range f(x1) − λ/3 < x2 < f(x1) + λ/3.

As expected, as the percentage of noise added to the measurement data increases, the

accuracy with which the prediction algorithm described above predicts the surface

location worsens. Comparing the results for x1 = 0 and x1 = 4λ we can see that the

accuracy with which the surface location is predicted is significantly better for x1 = 0

than for x1 = 4λ. For small δ∗ the results show that the surface location can be

predicted to within 10−3λ for x1 = 0 and to within 10−1.4λ for x1 = 4λ. These results

are consistent with the results in Section 4.3.2 and Section 5.2.2 where it was observed

that as |x1| approaches the end of the measurement line, i.e. 10λ, the prediction of

the surface location worsens. In each plot in Figure 5.19 we plot, in green, C(δ∗)
1
2 , for

some real valued constant, C, against δ∗. Comparing with this plot we can observe

that the accuracy with which the surface location is predicted converges at a rate of

approximately δ∗
1
2 for x1 = 0 but the rate of convergence for x1 = 4λ appears slower.

Comparing these results with those in Section 4.3.3 it can be observed that there is

no difference in the rate of convergence of accuracy of the prediction of the surface

location. However the accuracy of the predicted surface location is improved when

using the time domain algorithm, especially for larger δ∗. The results in Section 4.3.3

show that when δ∗ > 2 (for x1 = 0) and when δ∗ > 1 (for x1 = 4λ) the prediction

of the surface location improves if x2 is restricted to f(x1)± λ/3. The results in this

section show that only when δ∗ > 8 (for x1 = 0) and δ∗ > 2 (for x1 = 4λ) can we

see any improvement. These results are consistent with the results in Section 4.3.2

where it was observed that by combining the results of several frequencies we could

eradicate the occurrence of repeated minima.
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Figure 5.19: Results showing the accuracy of the predicted surface location as δ∗ increases.

Shown are results for the rough surface (5.15) where Uα
N,δ(x, z) is calculated on the vertical

line x1 = 0 (top two plots) and on the vertical line x1 = 4λ (bottom two plots). The left

hand plots indicate in wavelengths the distance of X2 from the surface height, f(x1), and

the right hand plots show the same data on a logarithmic scale. The blue line shows the

distance of X2 from f(x1) when x2 minimises P (x) over the range λ/2 < x2 < 5λ/2 and

the red line shows the distance of X2 from f(x1) when x2 minimises P (x) over the range

f(x1) − λ/3 < x2 < f(x1) + λ/3.
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In this thesis we have presented and fully analysed a new Point Source Method for

inverse scattering by unbounded one-dimensional rough surfaces when the measured

data are the field on a finite line above the surface and the source is a time harmonic

point source. We have included numerical examples for a range of surface profiles that

show that the Point Source Method can accurately reconstruct the total field below

the measurement line and above the surface although the accuracy achieved depends

on a number of variables. We show that we can predict the location and the shape

of the surface, for the configuration we use, where the source is in the middle of the

measurement line, although the reconstructions of the surface are significantly poorer

underneath the ends of the measurement line compared to underneath the middle.

In Chapter 5 we consider the case when the source emits a pulse localised in time

and propose novel reconstructions algorithms in this case too. Numerical examples in

the time domain for two surface profiles are shown, using an incident pulse appropriate

for a ground penetrating radar (GPR) antenna of 500MHz. Reconstructions of the

total field are shown to agree well with the exact values of the total field as a function

of position and time, and predictions of surface location and shape are good. We

have also shown that when noise is added to the measurements we can still predict

the surface location although the region where the surface is predicted accurately is

smaller.

Further investigation is required on a number of fronts. We have not investigated

experimentally how the choice of α, the regularisation parameter, affects the accuracy

of the results especially when noise is added to the measurements, and, while the

results of sections 4.3.3 and 5.2.4 suggest that choosing α proportional to noise level

is fairly effective, further work is required to determine an optimum choice of α as

a function of noise level and other variables. Further work is also needed to try to

improve the accuracy of the reconstructions when the amplitude of the surface is

increased.
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There is a large scope for building on the work accomplished in this thesis. An

obvious next step is to develop the Point Source Method such that reconstructions

can be made in three dimensions. Another possibility is to extend the method, par-

ticularly in the time domain, so that predictions of the location of surfaces with more

general boundary conditions can be made, for example surfaces that are not perfectly

conducting but allow the transmission of energy. Future applications of the Point

Source Method could include the detection of buried interfaces using GPR although,

in addition to the possible advances mentioned above, more accurate modelling of the

source would be necessary.
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Appendix A. Properties of the layer Potentials

In this appendix we state properties of the single and double-layer potentials which

appear throughout this thesis. We assume throughout that f ∈ B, where B is defined

by

B = B(c1, c2) := {f ∈ C1,1(R)|f(s) ≥ c1, s ∈ R and ‖f‖C1,1(R) ≤ c2}, (A.1)

for some c1 ∈ R, c2 > 0. We remind the reader that ν(x) denotes the unit normal at

x ∈ Γ, directed out of D.

For ψ ∈ BC(Γ), h < c1 we call the integrals

V (x) =

∫

Γ

G1,h(x, y)ψ(y)ds(y), x ∈ Uh\Γ, (A.2)

W (x) =

∫

Γ

∂G1,h(x, y)

∂ν(y)
ψ(y)ds(y), x ∈ Uh\Γ, (A.3)

single-layer and double-layer potentials, respectively, with density ψ. For a proof of

the following properties see [8, lemmas A.1 and A.2] and [6, 48].

Lemma A.1 [58] For W defined by (A.3), the following results hold.

(i) Define S := {x ∈ R2|2h − c1 < x2 < f(x1)}. Then W ∈ C2(S ∪ D) and

4W + k2W = 0 in S ∪D.

(ii) W can be continuously extended from D to D and from Uh\D to Uh\D with

limiting values

W±(x) =

∫

Γ

∂G1(x, y)

∂ν(y)
ψ(y)ds(y) ∓ 1

2
ψ(x), x ∈ Γ, (A.4)

where

W±(x) := lim
p→0,p>0

W (x∓ pν(x)).

The integral exists as an improper integral.
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Lemma A.2 [58] For V defined by (A.2), the following results hold.

(i) With S defined as in Lemma A.1, V ∈ C2(S∪D)∩C(S∪D∪Γ) and 4V +k2V =

0 in S ∪D.

(ii) On the boundary Γ we have

V (x) =

∫

Γ

G1,h(x, y)ψ(y)ds(y), x ∈ Γ, (A.5)

∂V±
∂ν

(x) =

∫

Γ

∂G1,h(x, y)

∂ν(x)
ψ(y)ds(y) ± 1

2
ψ(x), x ∈ Γ, (A.6)

where

∂V±
∂ν

(x) := lim
p→0,p>0

ν(x) · ∇V (x∓ pν(x)), (A.7)

and the convergence in (A.7) is uniform on compact subsets of Γ. The integrals

(A.5) and (A.6) exist as improper integrals.

Lemma A.3 [8] There holds

∂W (x)

∂x2

+ ikW (x) = 0 (A.8)

for x ∈ Γh.
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