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Abstract

This paper examines persistence and nonlinearities in the US Federal Funds rate over the period
from July 1954 to April 2025 by using fractional integration methods. More precisely, a general
model including both deterministic and stochastic components is estimated under alternative
assumptions concerning the error term (white noise and autocorrelation), and both linear and a
nonlinear specification (the latter based on Chebyshev polynomials) are considered. The
empirical results provide evidence of mean reversion but also of high persistence when
allowing for autocorrelation in the errors. Moreover, they point towards significant
nonlinearities in the stochastic behaviour of the series. Both are important properties of the
Federal Funds rate, mainly reflecting underlying inflation persistence and policy shifts
respectively.
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1. Introduction

The Federal Funds rate is the interest rate that banks in the US charge each other to borrow or
lend excess reserves overnight, its weighted average across all transactions being known as the
Federal Funds effective rate. Depository institutions are required by US law to meet the reserve
requirements set by the Federal Reserve System (the Fed) through making deposits known as
Federal Funds at the Fed. Therefore, banks with excess reserve requirements typically lend
funds overnight to other banks with a reserve deficit. The target rate is set by the Federal Open
Market Committee (FOMC) eighty times a year on the basis of key economic indicators. It
affects short-term borrowing rates and sentiment in the stock market, and eventually the real
economy through various transmission channels. It is therefore a key policy rate and as such it
attracts a lot of attention from market participants as well as academics.

As a result, a huge literature has developed to examine its behaviour and understand its
properties. For instance, Bernanke and Blinder (1988, 1992) proposed a model of monetary
policy transmission and showed the usefulness of the Federal Funds rate to forecast real
macroeconomic variables, whilst Bartolini et al. (2002) analysed the interbank money market
to explain its observed volatility in the presence of central bank interventions and reserve
requirements. Some studies examine the role of the Taylor rule in determining policy rates (see,
e.g., Taylor, 1993 and Clarida et al., 2000), whilst others focus on the interbank market (e.g.,
Hamilton, 1996, and Taylor, 2001). Another set of papers instead assess the forecasting
properties of different models of the Federal Funds rate — in particular, an extensive
investigation by Sarno et al. (2005) finds that the best forecasting model is a univariate one
using the difference between the effective and the target rate to forecast the future effective
rate.

It is noteworthy that most of the existing literature is based on the classical dichotomy

between stationary (or integrated of order 0, denoted as I(0)) and non-stationary (or I(1)) series.



However, it is now well known that standard unit roots tests have very low power against
fractional alternatives integration (see, e.g., Diebold and Rudebusch, 1991; Hassler and
Wolters, 1994; Lee and Schmidt, 1996; etc.). By contrast, a fractional integration framework
(see Granger, 1980; Granger and Joyeux, 1980, and Hosking, 1981) is much more general,
since the differencing parameter d is allowed to take any real value, including fractional ones.
Consequently, it is suitable to model a much wider range of stochastic behaviours, including
the unit root case; moreover, it sheds light on whether or not the series of interest is mean-
reverting (and thus on whether exogenous shocks have permanent or transitory effects) and on
its persistence. This is particularly important in the case of the Federal Funds rate, given the
available evidence of the high degree of persistence of inflation, one of the key variables
determining interest rate decisions (see, e.g., Pivetta and Reis, 2007, and Caporale et al.,
2022a).

For these reasons, in a previous study Caporale and Gil-Alana (2017) estimated a
fractional integration model incorporating cyclical components and showed that the Federal
Funds rate is a mean-reverting, but highly persistent series; moreover, the chosen specification
appears to outperform rival ones in terms of its forecasting ability and thus it is most
informative for monetary authorities. However, a number of papers provide evidence that
nonlinearities are another important property of the Federal Funds rate, especially in the current
century, when the 2008 financial crisis led to a period characterised by unconventional
monetary policy and the so-called zero lower bound (ZLB) for interest rates, but subsequently
rates were increased significantly to tackle an inflation resurgence (see Caporale et al., 2022b,
for some evidence concerning nonlinearities in US long-term rates). For example, Shively
(2005) shows that the evolution over time of the Federal Funds rate can be captured by a
nonlinear, three-regime threshold process in which the two outer (middle) regimes are driven

by temporary (permanent) innovations. Petersen (2007) employs a smooth transition regression



model to provide evidence that the Fed follows a non-linear Taylor rule, namely that it reacts
more strongly to inflation when it approaches a certain threshold (see also, Dolado et al., 2004,
and Hayat and Mishra, 2010, for additional evidence on nonlinearities in the Taylor rule
estimated for the US). More recently, Richter and Throckmorton (2016) show the importance
of using nonlinear methods specifically to account for the zero lower bound (ZLB) on the Fed’s
policy rate. Specifically, they estimate a Vector Autoregression (VAR) with regime switching
and variation in transition probabilities across regimes which depends on the level of output
growth; within this framework, changes in the monetary policy stance affect the economy in a
nonlinear way.

In view of the above evidence, the present study re-examines the behaviour of the
Federal Funds rate by estimating both a linear and a nonlinear fractional integration model to
allow for possible nonlinearities in addition to persistence. The main difference compared to
Caporale and Gil-Alana (2017), which also uses fractional integration methods, concerns the
modelling of the cyclical structure; specifically, in the earlier paper it is assumed for this
purpose that the spectral density function of the series contains a pole or singularity at a non-
zero frequency, whilst in the current one the assumption is that the frequency corresponding to
the pole in the spectrum is zero and cyclical patterns are captured by means of Chebyshev
polynomials in time. The results confirm that, when autocorrelation in the disturbances is taken
into account, the series under investigation appears to be characterised by a high degree of
persistence. Moreover, the findings provide evidence of nonlinear behaviour, which is
consistent with the fact that the Fed has opted for significant policy changes at different points
in time. For instance, following the 2008 financial crisis, as already mentioned, it kept rates
near zero for several years to stimulate economic recovery. By contrast, it increased them
during periods of high inflation to keep it under control, most recently following the onset of

the Russia-Ukraine war and the resulting upsurge in energy prices.



The remainder of the paper is organised as follows: Section 2 outlines the econometric
approach used for the analysis; Section 3 describes the data and presents the empirical results;

Section 4 offers some concluding remarks.

2. Econometric Framework
The estimated model includes two components, of a deterministic and stochastic nature
respectively, and is specified as follows:

y(t) =f(z(t); 0) + x(t), t=1,2,..., (1)
where y(t) is the observed time series (in our case, the US Federal Funds rate), f is a linear or
non-linear function that depends on a vector of deterministic terms z(t) and an unknown vector
of coefficients 0; x(t) is the stochastic error term which is assumed to be integrated of order d,
where d is a real scalar value, i.e.,

(1-L)x(t) =u(v), 2)

L being the lag operator, i.e., L*x(t) = x(t-k), and u(t) a short memory or integrated of order 0
process, denoted as I1(0). The latter is initially treated as a white noise, using the fractional
differencing polynomial to capture time dependence; however, given the evidence of remaining
weak autocorrelation, the nonparametric approach of Bloomfield (1973), which approximates
autoregressive structures, is then implemented.

For the deterministic component we first assume that f is linear and that z(t) = (1, t)",
and estimate the following regression including a linear time trend (Bhargava, 1986; Phillips
and Schmidt, 1992; etc.):

y(t) = 01 +02t + x(t), t=1,2,.... (3)
However, this assumption, which is common in the context of non-stationarity and unit root
tests, might be implausible for the Federal Funds rate (see Figure 1 below), and thus we also

allow for a nonlinear trend in the form of Chebyshev polynomials in time, i.e.,



y() = X2, 6; P(t) + x(1), t=12 ... 4)
where m denotes the number of coefficients of the Chebyshev polynomials, and P; r(?) stands
for the polynomials defined as:

])O,T(t) = 1’
P,(t) = V2cos(iz(t-0.5)/T),  ¢t=1,2,...,T; i=1,2,.. (5

Clearly, when m = () the model includes only an intercept, while m > () implies the presence of
nonlinearities — the higher m is, the less linear the approximated deterministic component
becomes. A full description of this approach can be found in Hamming (1973) and Smyth
(1998), and Tomasevic et al. (2009), who proposed it to approximate highly non-linear trends
with polynomials of a relatively low order.

As for the stochastic component of the model, given by equation (2), we use a fractional

integration framework, such that the polynomial in L, (1 — L)¢ can be expressed as:

©  T(d—1)(=L)
-1 = zj=1l"(d—j+1)l"(j+1)’

where I' is the gamma function, which is defined as:

[00]

I'(z) = f tZ et d(t).
0
An alternative way of expressing such polynomials is the following:

(00}

(1-LD)9 = Z(?) (1)U = 1 —-dL + %_DLZ - .

=0
which is valid for any real d. Thus, equation (2) can be written as:

d(d-1)

x(t) = dx(t—1) — >

xt—2) + ... + u(v),

which is the infinite AR representation of the model. Similarly, x(t) can be expressed as an

infinite MA process, with the coefficients decaying towards zero at a hyperbolic rate if d is



smaller than 1. Robinson (1978) had originally shown that processes with such properties could
result from the aggregation of heterogenous series. They were then proposed for modelling
purposes by Granger (1980), Granger and Joyeux (1980) and Hosking (1981), became very
popular in the late 90s (see, e.g., Baillie, 1996) and Gil-Alana and Robinson, 1997), and are
now widely used for capturing the behaviour of economic and financial time series (see, €.g.,
Abbritti et al., 2016; Martin-Valmayor et al., 2024; etc.).

More specifically, the two approaches we follow for the estimation and testing are the
linear one put forward by Robinson (1994), and the non-linear one based on Chebyshev
polynomials which was developed by Cuestas and Gil-Alana (2016). Both use a testing
procedure based on the Lagrange Multiplier principle, which involves testing the null
hypothesis Ho: d = d, using equation (2) together with (3) (Robinson, 1994) and (4) (Cuestas

and Gil-Alana, 2016).

3. Data Description and Empirical Results

We use monthly data on the Federal Funds Effective Rate (FEDFUNDS) over the
period from July 1954 to April 2025, obtained from the Federal Reserve Bank of St. Louis
Database (https://fred.stlouisfed.org/series/ FEDFUNDS). This series is plotted in Figure 1. It
can be seen that initially it exhibits an upward trend, with a peak in the early 1980s, and then
follows a downward trend, staying near zero for various years in the current century before an
uptick in the most recent period. Its evolution over time reflects well-known policy shifts in
US monetary policy in response to changing economic conditions. For instance, rates were set
at very high levels during the 1980s in the presence of spiralling inflation, they were kept at
record lows following the 2008 financial crisis, and increased in the most recent period to tackle
an upswing in inflation mainly reflecting higher energy prices as a result of the Russia-Ukraine

conflict.



[Insert Figure 1 about here]
To capture the behaviour of this series, first we consider the linear specification based
on equations (3) and (2), i.e.,
y(t) = 01+ 02t + x(t), (1-L)yx(t) =u®), t=1,2,.... (6)
under two different assumptions concerning the error term. Specifically, we assume that u(t) in
(6) is a white noise process, or alternatively that it is weakly autocorrelated as in the exponential
spectral model of Bloomfield (1973). The latter is a non-parametric approach, in the sense that

is only expressed in terms of its spectral density (f(A)), which is given by:
2
fn) = Z—n exp(2 YL, T, CoSAT),

where 67 is the variance of the error term, and m is the number of parameters in the model (in
our case we set m = 1). An advantage over the AR specifications is that it is stationary for the
entire range of its values; moreover, it can be conveniently implemented in the context of the
tests used here (Robinson, 1994, and Cuestas and Gil-Alana, 2016), and it produces
autocorrelation coefficients decaying at an exponential rate as in the AR case.

Table 1 displays the estimates of d in equation (6) under the two alternative assumptions
for the error term and for three different specifications. Specifically, column 2 reports the
results obtained when both coefficients, 6; and 6 are set equal to zero, i.e., no deterministic
terms are included; column 3 displays the estimates for the model including only a constant,
i.e., when setting 6> = 0; finally, column 4 shows the results obtained when no restrictions are
imposed. To select our preferred model we follow a “general to specific” approach, i.e., we
start with the specification including both an intercept and a linear time trend; then, if the time
trend coefficient is found to be statistically insignificant, we move on to the case with an
intercept only; finally, if the intercept is also insignificant, we select the model without
deterministic terms. Table 2 displays the full set of estimated coefficients from the preferred

models.



[Insert Tables 1 and 2 about here]

It can be seen from Table 1 that, under the assumption of white noise errors, the chosen
model is the one without deterministic terms, and the estimated value of d is 1.29, which is
significantly higher than 1. This implies that the series is highly persistent, with shocks having
permanent effects. However, standard tests suggest the presence of autocorrelation (Box and
Pierce, 1970; Ljung and Box, 1978) and thus of time dependence in the data, therefore we re-
estimate the model allowing for autocorrelation using Bloomfield’s (1973) approach. In this
case the intercept is found to be statistically significant, but not the coefficient on the time
trend, and the estimate of d is substantially smaller compared to before, being equal to 0.87
with a 95% confidence interval of (0.80, 0.97). Thus, the unit root null hypothesis is now
rejected in favour of mean reversion.

Table 3 reports the results for the nonlinear model. The estimates of d are very similar
to the linear ones. More specifically, with white noise errors the estimated value of d is 1.28
and the unit rot null is rejected in favour of d > 1. However, when allowing for autocorrelated
(Bloomfield) errors, the corresponding value is 0.84 and the I(1) hypothesis is rejected in
favour of mean reversion. More importantly, under the latter assumption, the four Chebyshev
coefficients are found to be statistically significant, which supports the nonlinear specification.
The estimated nonlinear trend is shown in Figure 1 together with the series of interest; it can
be seen that it fits the data well.

On the whole, our empirical analysis confirms previous evidence suggesting that the
Federal Funds rate is a mean-reverting nut highly persistent series, but also indicates the

presence of nonlinearities resulting from policy shifts.



4. Conclusions

This paper examines persistence and nonlinearities in the US Federal Funds rate over the period
from July 1954 to April 2025 by using fractional integration methods. More precisely, a general
model including both deterministic and stochastic components is estimated under alternative
assumptions concerning the error term (white noise and autocorrelation), and both a linear and
a nonlinear specification (the latter based on Chebyshev polynomials) are considered. The
motivation for the latter is the existing body of evidence suggesting the presence of
nonlinearities in the Taylor rule implicitly followed in the US, as implied, for instance, by the
ZLB approach adopted in response to the 2008 financial crisis (see, e.g., Petersen, 2007, and
Richter and Throckmorton, 2016). The empirical results provide evidence of mean reversion
but also of high persistence when allowing for autocorrelation in the errors. Moreover, they
point towards significant nonlinearities in the stochastic behaviour of the series. Both appear
to be important properties of the Federal Funds rate, mainly reflecting underlying inflation
persistence and regime changes respectively.

These findings confirm the importance of allowing for both (slow) mean reversion and
nonlinearities to understand the behaviour of policy rates in the US. Whilst Caporale and Gil-
Alana (2017) had already shown the suitability of a fractional integration framework to capture
the former property, the present study highlights that the latter is also a key modelling issue
given the various monetary policy shifts which have occurred over time in response to a
changing economic environment. In particular, as already mentioned, in the last couple of
decades the Fed first had to cut rates to zero or near zero to boost growth following the 2008
financial crisis and its severe negative impact on the world economy, and most recently had to
raise them again to cool down inflation as energy price increases were generating an inflation

spiral. The results are consistent with those in Caporale and Gil-Alana (2017), who also found

10



high levels of persistence in the Federal Funds rate, at different frequencies, for a shorter time
period and with a different long memory approach.

Future work could extend the analysis by (i) using alternative non-linear deterministic
models, still in an I(d) framework, such as those based on Fourier functions in time (Gil-Alana
and Yaya, 2021) or neural networks (Furuoka et al., 2024); (ii) assessing the forecasting
performance of the proposed model relative to more standard ones such as AR(I)MA and

ARDL specifications.
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Note: The black line is the Federal Funds rate while the red one is the estimated non-linear trend. The sample

period goes from July 1954 to April 2025.
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Table 1: Estimates of d based on a linear model

Type of errors

No terms

An intercept

An intercept and a
linear time trend

White noise

1.29 (1.20, 1.38)

1.29 (1.20, 1.38)

1.29 (1.20, 1.38)

Autocorrelation

0.88 (0.81, 0.96)

0.87 (0.80, 0.97)

0.87 (0.80, 0.97)

Note: The reported values are the estimates of the differencing parameter d. In brackets, the 95% confidence
intervals. In bold the estimates of d from the model selected on the basis of the statistical significance of the

regressors.

Table 2: Estimated coefficients from the selected models in Table 1

Type of errors

d (95% conf. band)

Intercept (t-value)

Time trend(t-value)

White noise

1.29 (1.20, 1.38)

Autocorrelation

0.87 (0.80, 0.97)

0.8981 (2.08)

Note: The values in column 2 are the estimates of d (with their 95% confidence interval in brackets), whilst those
in columns 3 and 4 are the estimates of the intercept and of the coefficient on a linear time trend (with t-values in
brackets). ----- indicates lack of statistical significance.

Table 3: Estimated coefficients of the nonlinear model

Type of errors d (95% c.i.) | 01 (t-value) | 02 (t-value) | 03 (t-value) | 04 (t-value)
- 1.28 0.713 -0.028 -0.256 -0.071
White noise (1.18,1.37) | (0.293) (-0.01) (-0.45) (-0.30)
, 0.84 4.400 1.110 -2.052 -1.536
Autocorrelation | g 75 (.98) |  (1.96) (1.69) (-1.93) (-2.02)

Note: The values in column 2 are the estimates of d (with their 95% confidence intervals in brackets). The other
columns report the estimates of the Chebyshev polynomials with their associated t-values in brackets. In bold, the
estimated coefficients from the selected model specification.
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