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Gaussian Orthogonal /Unitary
Ensembles

A random symmetric (resp. hermitian) matrix H of
size N X N belongs to the GOE (resp. GUE) if

P(dH) = iexp (—%Tr(HTH)> dH .

LN
For any O € O(N) (resp. € U(N)),
oHO'"™ H

Hence H have Haar distributed eigenvectors.

S0 the eigenvalues are independent of the eigenvec-
tors and distributed according to the joint distribu-
tion with density (Dyson, 1962)
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with 3 = 1 in the real symmetric case (resp. [ = 2
in the complex hermitian case).

Dyson Brownian motion

Consider a sym. (resp. herm.) M(t) s. t. for ¢ < 7,
1
dMZ](t) — —QMZ](t)dt -+ CZBZ](t)

where Bj;(t) is a real Brownian motion and for ¢ <

J, Bij(t) = 5 (Bj;(t) + V=1(8 = 1)Bj,(t)), with
B} ij indep. BMs. Nice thing is ¢ — +o00:
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Using perturbation theory,

1 dt
AN () = — M)t + db(t) + p
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where the b; are independent BMs. For g > 1 (here
in fact 5 = 1 or 2), there are almost surely no colli-

sions between the particles.
Fokker Planck Eq.

P(A, -+, AN t):
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The stationary solution (%—i) = () is indeed Pj of Eq.

(1).

for the transition density

Interpolation process

For 5 =1 and 8 = 2, GOE and GUE are rota-

tionally invariant matrix models with eigenvalues
distributed according to the joint pdf Fjs.

Purpose: construct a rotationally in-

variant matrix model with eigenvalues
distributed as P; for all 0 < [ < 2.

Dumitriu & Edelman tridiagonal
ensembles

Nice explicit matrix model
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where the g; are gaussian variables and the v are
indep. chi random variables indexed by their shape
parameter.

Figenvalues distributed according to Pg for any J >
0 but obviously not rotationally invariant !

Dynamical procedure for an
invariant model

Idea:  Alternate free addition (of
GO/UE matrix) and addition of inde-
pendent random variables (by adding a
diagonal matrix with i.i.d entries).

Divide time into small intervals [k /n; (k + 1
and for each k toss a coin €} such that P|

l]=p=1— Plel =0].
AM, (1) = —%Mn(t)dt

Eﬁlt]dHt

(1— €%t])dYt

dH;: Dyson Brownian motion increment.

dY;: sym. matrix co-diagonalizable with M,,(t)
with a spectrum given by N independent real
Brownian increments.

M, (t) is rotationally invariant !

Our result

The eigenvalues process (A}(t),---, A\%(f)) of
M., (t) converges in law when n — oo to the so-
lution (Ai(%),- -+, An(%)) of the following SDE

| dt
AN = =Nt + s - db,
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The stationary joint pdf of the A; is Pg with
B =p.

For p < 1, difficulties arise as the particles collide.

A collision leads to a complete randomization
of the eigenvectors within their two dimensional
subspace.

Density of eigenvalues

« It p > 0 does not depend on NV, then the large NV

stationary density is

|
pn(\) = WpNﬁPN — N 1<y

Wigner semicircle density:.

« It p = 0, the particles evolve as independent BM,

thus

Let G(z,t) =+ =N, E|
Using [t0’s formula,
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Further results: regime p = 2¢/N

For p = 2¢/ N, the stationary solution satisfies
G2 (2)+ G (2) + 2Goo(2) +1=0.

With Riccati transform G(z) = v/(z)/cu(z), this

can be solved ! This leads to
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Figure 1: Graph of p. forc =10,1,2,3,4.

Extension to Wishart matrices
with Satya N. Majumdar and
Pierpaolo Vivo in [3]

Interpolation matrix processes between CIR pro-
cesses and Wishart processes, interpolation for
the density between Marcenko Pastur distribu-
tion and Gamma law through Witthaker func-

tions. Corrections to the Marcenko pastur law
for large but finite V.
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