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Definitions

Define a real symmetric random band matrix M = (1M )nxn of

bandwidth b,, as

—1/2 : :
b w1t do(5, k) < by 0

M = Mk = < :
/ / 0 otherwise,

\
where d,(7, k) := min{|j — k|,n — |7 — k|} and {w,},<x is a sequence
of independent real random variables with

1 ity #Ek
Blual =0, Bl ={ b1l 7} 2)



Definitions

Let A1 < Ay < --- < )\, be the eigenvalues of the random band matrix
M . Define the linear eigenvalue statistic of the eigenvalues of M as

Nal9) = D~ 900, 3)

and the normalized eigenvalue statistic of the matrix M as

M() = \/%Nn(¢)7 (4)

where ¢ is a test function.



Main Theorem

Let M be a real symmetric random band matrix as defined in (1), and
b, be a sequence of integers satisfying /n << b, << n. Assume the
following:

(i) The probability distribution of w;j satisfies the Poincaré
inequality with some uniform constant m which does not depend
onn,q,k.

(ii) Elw;,] = pa for all dn(j, k) < b,

(iii) ¢ : R — R be a test function in the Sobolev space H* i.e.,
|@]|s < oo, where

]2 = / (14 202 |0(0)? dt

¢ —’Lt)\ d)\,

\/27T/
and s > 5/2.




Main Theorem

Then the centred normalized eigenvalue statistic M°(¢) = M,,(¢) —

E[M.,,(¢)] converges in distribution to the Gaussian random variable
with mean zero and variance given by

K4 V2 o4y T 22 () :
V(@W(/Q\[\/S— >+W(/2f~/8

/ / V(8 — 22)( F(z,y) / / i) Sdpndpy drdy,
202 (T — ) 8 V8 — 13 (z — p12)?/8 — i3
where for  # y
00 (s3sin s — ssin’ s)
Fl(z,y) = \/5/ 5.
(z,9) oo 2(82 — sin® s)2 — (s3sin s + ssin® s)zy + s2sin? s(x? + y2)

and k4 18 the fourth cumulant of the off-diagonal entries, i.e., k4 =

E[W4] — 3.




Proof | Step 1 | Approximate ¢ by smooth

functions
Define ey, (z) = e*Mil®) and Z,(z) = Ele,(x)]. We want to show that

n—oo

lim Z,(z) = exp { 2(gb } Vzek

For any test function ¢ € H?, define

Pﬁ(aj) — 77(51327:— 772)7 ¢77 - P77 * gb

At this moment, denote Z,,(¢) := Z,(x). Using proposition 1, 2 and
the fact that ||¢ — ¢,||s — 0 as n | 0, we have

im(Z,(¢) — Zn(dn)) =

0
Then for any converging subsequence {Z,,,(¢)}52; we have

lim Z,(¢) =1lim lim Z, (¢,).

nj—>0Q nd0 n;—o0



Proof | Step 2 | The differential equation
satistied by Z,(¢y)

T 2(6,) = 7 E e ([ 2N ¢n>
2W\f/ o V() dp

where Y,(z,, x) = Ele, »(x)Tr(G°(2,))], G(z) = Tr(M — z1)™!,
enn(T) = exp (m\/%T‘J\/;fj(gbn)>7 = J(z,), and X° = X — E[X].




Proof | Step 3 | Estimation of Y, (z,, z)

Zn(n) 27r\/7_/ (2, 20) — Chlz, 2)) @(p) dp,

where C (z z,) is written on the next page. Then we have

\/7/ <b Yolzu, ©) = Yo(Zu, 2)) dp

= —xZn(9,) Vs

where

1
— 4_/ / ¢ Iul ILLQ Zﬂl? Zuz) + C (Z,UU Z,UQ)
ZM? Z,LLQ — G, (Z,Lm Zuz)] d/Lleul (5)



Proof | Step 4 | Finding the limit of V,,(¢, n)

1
lim ol 2) = 15 [ )1 421 (20) Jim EIT,
7250 (2) i BT + 022 ) (L2 (5

1260 £ (5) P (5) (1 + 2 (2) + f3<zm>f<zm>f’<zu2>}]@6)

where

2 1 1
L= > Gy ()G (2), )
el
G(1)(zu) _ (M(l) _ Zu])—l7
I = {1 <i<n:dy(1,4) <b,}.

and MW is the main bottom (n — 1) x (n — 1) minor of M.



Proof | Step 4 | Finding the limit of V,,(¢, n)

Combining (5), (6), and Proposition 3 we have

) w7 4 (e
VIO) =0 a8, ) = g (/ W )*w (/ VNV e

/ / gy Ep— l,y/ / f119(p) p29(p2) _djundyi> dudy.
22 (2 — pn)y/8 — 1if (z — p)?\/8 — 113
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Let M be an n x n random matrix and N, (¢) be a linear eigenvalue
statistic of its eigenvalue as in (3). Then for any s > 0 we have

0

Var[N,(¢)] < Cyl|||2 /OOO dy e_yy%—l/_ Var|Tr(G(x + 1y))] dz,

o

where C, is a constant depends only on s, and G(z) = (M — zI)}, is
the resolvent of the matrix M.

Proposition 2

Consider symmetric band matrix M defined in (1) and assume (2) is
satisfied. Then

C

Var{v,} < 0 (192172 + |32 ZEHGMZ] (8)

where vy, = Tr(M — zI)™t = Tr(G(2)).
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Proposition 3

Let T, be as defined in (7). Then
2f 2
where
F(z,y) = \/§/OO ulu — v) ds,
oo 21 —w?) + u?(2? + y?) — u(l + u?)
and u = %




MATLAB Results

sity
ity

0.5 0 0.5 0.5 0 0.5
Linear Eigenvalue Statistics Linear Eigenvalue Statistics

(a) m = 2000, b, = n"?. Fourth (b) n = 2000, b, = n"®. Fourth
moment /(variance)*=2.92 moment /(variance)*=2.91

Figure : The eigenvalue statistics was sampled 400 times. The test function was

o(x) =16 — x?



MATLAB Results

In the following example we had taken a different test function.

sity

0.5 0 0.5
Linear Eigenvalue Statistics

0 0.5
Linear Eigenvalue Statistics

(a) m = 2000, b, = n"?. Fourth (b) n = 2000, b, = n"®. Fourth
moment /(variance)?=3.08 moment /(variance)*=3.08

Figure : The eigenvalue statistics was sampled 400 times. The test function was

bla)=e"
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