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We consider a Wigner matrix A with entries whose cumulative distribution decays as z~% with
2 < a < 4 for large x. We prove that the fluctuations of the linear statistics N~ Tr ¢(A), for some nice

test functions ¢, have order N /4

. The behavior of such fluctuations has been understood for both

heavy-tailed matrices (i.e. a < 2) in [2] and light-tailed matrices (i.e. « > 4) in [1]. This paper fills in
the gap of understanding for 2 < a < 4. We tind that while linear spectral statistics for heavy-tailed

matrices have fluctuations of order N —1/2

and those for light-tailed matrices have fluctuations of order

N1, the linear spectral statistics for half-heavy-tailed matrices exhibit an intermediate a-dependent

order of N /4,

IGNER RANDOM MATRIX

Let h be a probability distribution on C. A
Wigner matrix H isa N x N matrix that is:

e Hermitian,

e entries are iid complex random variables with
distribution h,

e mean 0 and variance 1.

We consider Hy = H/+/N so that eigenvalues are
order 1.

IALF-HEAVY-TAILED

We say a random variable is half-heavy-tailed
if for a certain o € (2,4) and a certain ¢ > 0, as
r — +09Q,

C

P(|zi;| > ) ~ Mot 1)5'3_a- (1)

Get Wigner semicircle law whenever o > 2.
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st P(|a;;| > z) = 2~ for x large.

Orders of the fluctuations of the r.v. & Tr G of around its expectation as a function of the exponent o

JUR MATRICES

Let

A =laijli<ij<n = \/% »

1<t,<N

where one of two conditions holds: either

(@) x;;'s, 1 <4 < j,are ii.d. real random vari-
ables with Ex;; = 0, E |z;;|* = 1, and (1).

or

(b)ZEZ]:Q?R 'fj/\@for1<i<j

1]
and z; = x;} where z;; and ;% are i.i.d.
real symmetric random variables Ez;; = 0,

Czi5? = 1, and (1).

JUR TEST FUNCTIONS

We prove Gaussian convergence for any ran-
dom variable of the form

1
N1-—a/4

(Trp(A) —ETrp(A)),

where ¢ is a function of the type

forsomep > 1, ¢1,...,¢, € C, 21,...,2, € C\R.

a < 2 2 < a<A4 a>4

Order of the fluctuations | N —1/2

N—a/4

with A as above the process

(e (T6(e) -

TrG(z)))

zeC\R

converges to a complex Gaussian centered process (X,).cc\r with covariance defined by the fact that Xz = X,

and that for any z, 2" € C\R, E| X, X,/| = C(z, '), for

Cle) = = [[ 0.0, {IK(t) + KGO = () 4 K ()

\

exp (sgn, itz — K(z,t) +sgn_, it' 2" — K(Z',t")) ¢

1 cdtdt’
2tt

/

where c and o are as in (1), sgn, = sgn([z) and K(z,t) := sgn, itGsc(2), Gse(2) being the Stieltjes transform

of the semicircle law with support |—2,2).

ROOF OUTLINE

. Truncate, renormalize, and, in the real case,
centralize

. Use the Martingale decomposition and the
Central Limit Theorem for Martingales

. Show that the off-diagonal terms of the re-
solvent do not contribute to the limit

. Compute the limit with just the diagonal
terms

EMARKS

. If @ > 4, the eigenvalues of A fluctuate very
little. The heavier the tails the more similar
to sparse A is, and the more independently
its eigenvalues behave. When a < 2, the
order of fluctuations is same as for indepen-
dent r.v.’s. Half-heavy-tailed matrices show
an exciting transitional regime (ct TABLE).

. Our test functions ¢ of this type span (by
closure) the set of continuous functions — 0
at o0 by the Stone-Weierstrass theorem.

. For real symmetric case, subtracting the
mean from each matrix entry after trunca-
tion is rank 1, but it’s not rank 1 for complex
hermitian, hence need symmetric r.v.’s.

OME DETAILS

. To truncate: Weuse | Tr(G g(z) — G 4 (z))| < 2|$z|_1 rank(B — A).

Let B = — pupn/VIN] . We will solve for 8. Subtracting

p N /V N from each matrix entry is a rank 1 perturbation. Then, as P(|x; ;| >

NB) < CN_O‘B, we have rank(B — A) < 1 + 227]:\7:1 X ; where the
X ;’s are independent Bernoulli r.v. with parameters P(X; = 1) = 1 — (1 —

CN_O‘B)i. Need (2 — ozB)_|_ < 1 — a/d,ie B > 2—(1;04/4) —
T+ 9.

. Martingale: We will use a CLT for Martingales for M (¢, N ), with M pnr (N) =

M(p, N)and Fj, (N) := U(mi,j ;1 < kand j < k).

Then, denoting E[ - | 7. ] by E;., the random variable Y3, (IN') of CLT for Martingales
is .

1
zZ—x

We use ¢ =

. Rewrite Y. ’s as a log derivative; then by Cauchy Inequality suffices to bound the log

1 14 af (G(F) (2))2a,
(B —Eg—1)

Y, =
& z—akk —aZG(k>(z)ak

= Oz log |z — app — aZG(k> (z)ak|2

. Remove off-diagonal terms: we define define

) | 1+ aj (G (2)3; . 2k

Y, = E;, —E
k Nl—a/4( k—Ep—1)

z — aZG(k) (z)diagak

and Y/]é with z’ instead of z. Then Z]kvzl Er_1[Y% Yé] — Er._q [f’k ~é]
converges in probability to O.

1 + oo :
. Tocompute the limit: For w € C\R, — = —isgn,, X / eS8 w thdt,

0
1+32 5 lag (D12 (GF) ()2
=3 lap (1) 12GR) (2) 4,

(2 —S N2G(E) (2) ..
— fFoe Lo, g8z 1HE o AR DITG2)55) 1 a4t Then taking

w

with sgn,, = sgn(Sw) then

E. the exponent splits into a sum of independent r.v.’s, and the integral into a prod-

uct of Laplace transforms.



