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Abstract

We present an explicit formula for the moments
of the Laguerre [3-ensemble. The method of cal-
culation is briefly described and leads to a gen-
eral formula which we have also successfully ap-
plied to the Gaussian and Jacobi [3-ensembles
(addressed in a forthcoming paper). This is the
first time an explicit formula has been found for
the moments of 3-ensembles.

Introduction

B-ensembles generalise the orthogonal (5 = 1), unitary
(8 = 2) and symplectic (S = 4) random matrix ensembles
first introduced by Dyson (referred to as the ‘three-fold
way’). The entries of a random matrix are weighted by a
probability distribution. Random matrices with Gaussian
weights have been extensively studied for their applica-
tions to physical problems. Also widely studied are the
ensembles with Laguerre and Jacobi1 weights which have
applications to multivariate statistics.

The notion of a continuous 8 > (0 parameter has been
around as long as the classical ensembles themselves.
Dyson introduced a log-gas analogy alongside the classi-
cal Gaussian ensembles in his seminal paper (1962). This
analogy gives an interpretation of the eigenvalues as the
particles of a gas subject to a pair-wise repulsion and an
external harmonic potential. In the log-gas the parameter
3 serves as the inverse temperature. A matrix realisation
of the S-ensembles was first introduced by Dumitriu and

Edelman (2000).

In this work we have made use of the connection that exists
between [-ensembles and Jack polynomials. This connec-
tion was first discovered 1n relation to Calogero-Sutherland
(C-S) quantum many-body systems. The eigenvalue prob-
ability density functions (p.d.f.s) of S-ensembles coincide
with the squared ground-state eigenfunctions of certain C-
S systems. Furthermore, the higher energy eigenfunctions
are given by products of the ground-state eigenfunction
with linear combinations of Jack polynomials.
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Necessary Symmetric Function Theory

Symmetric functions are invariant under all permutations
of their variables. The monomials form a basis for the ring
of symmetric functions. They are indexed by an integer
partition x and defined by the sum,

M (A) = 2 NNl
OES.

In this definition S, is the set of permutations which gives
distinct terms in the sum.

Jack polynomials are orthogonal, multivariate polynomi-
als. They have an explicit formula in terms of the monomi-
als 1n which the coefficients are determined by recurrence
relations. This formula 1s

P\ (X) = My, (X) + Z Uy, oMo (X) .
o=<K

We are interested in Jack polynomials with a different nor-
malisation denoted by C\ (X) .

In this work we have also made use of a hypergeometric
function of matrix argument defined 1n terms of Jack poly-
nomials. Namely,
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.~ denotes the multivariate Pochhammer

The notation |...]
symbol.

Overview of Method

We obtain an explicit formula for the moments via a com-
parison of two series expansions for the integral of the re-
solvent. One series contains the moments and the other
contains the averages of Jack polynomials. The series con-
taining the moments i1s well-known and the series contain-
ing the averages of Jack polynomials can be found via the
substitution of a hypergeometric function.

Sketch of Calculation

We want to calculate the moments,
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This is not an easy task when the A; are the /V eigenvalues
of a S-ensemble. Instead of attempting a direct calculation
we consider the resolvent,

W(t)<zt1)\j>.

J=1

It 1s well known that the resolvent 1s a generating function
for the moments. The integral of the resolvent can be writ-
ten as,
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We can find another series expansion for the integral of the

resolvent by rearranging the equation to
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The hypergeometric function 1.7-"5()‘) (b; Z; 1) satisfies the

1dentity
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Using this identity and the definition of the hypergeometric
function we can write the integral of the resolvent as

/W(t) dt = N In (¢)
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A comparison of (1) and (2) yields the formula for the mo-

ments,
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The limit 1n ¢, can be evaluated by applying the definition
of the multivariate Pochhammer symbol. After some alge-
braic manipulation we find our final expression for c,:
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Results

Our formula for the moments can be applied to any random
matrix ensemble for which the average of a Jack polyno-
mial with respect to the eigenvalue p.d.f. 1s known. Here
we present the results for the Laguerre 3-ensemble (LSE)
but we have also found analogous results for the Jacobi and
Gaussian (Hermite) 3-ensembles.

The average of a Jack polynomial with respect to the eigen-
value p.d.f. of the LSE was first calculated by Forrester and
Baker whilst studying the relevant C-S system (1997). In
the following equations we use the parameter o = % for
ease of notation.

The LSE can be defined by its eigenvalue p.d.f.,
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The normalisation constant A% can be computed via a
Selberg integral and the parameter v > —1 1s continuous.
Using our formula and the results of Forrester and Baker,
the moments of the LSE are
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The moments may also be written 1n terms of the multivari-
ate Laguerre polynomials L7(\) evaluated at 0,

L QT
=" L (0).
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The multivariate Laguerre polynomials are orthogonal with
respect to the eigenvalue p.d.f. of the LSE and they are ex-
actly those polynomials which appear in the eigenfunctions
of the C-S system relevant to the LSE.
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