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JOINT DISTRIBUTION OF TWO LINEAR STATISTICS
IN THE LAGUERRE ENSEMBLE.

COMPLEX IMPEDANCE OF CHAOTIC CAVITIES
AURÉLIEN GRABSCH & CHRISTOPHE TEXIER

Laboratoire de Physique Théorique et Modèles Statistiques, Orsay, France

THE PROBLEM

V
G

G
V

Wigner-Smith time-delay matrix :

Q = −i~S† ∂S
∂ε

(4)

In a chaotic cavity with perfect coupling (〈S〉 = 0) :

Q−1 belongs to the Laguerre ensemble

Brouwer, Frahm & Beenakker, PRL (1997)

P(γ1, · · · , γN ) ∝
∏
i<j

|γi− γj |β
N∏
k=1

γ
βN/2
k e−βγk/2 (5)

Eigenvalue ofQ: proper time τi = τH/γi (τH = h/∆)

Question :

Statistical properties of Rq = h
2e2

∑
i γ

−2
i(∑

i γ
−1
i

)2 ?

Coherent AC transport :

Z(ω) =
1

−iω Cµ
+Rq +O(ω) (1)

Büttiker, Prêtre & Thomas (1993) :

C−1
µ = C−1 + C−1

q with Cq = (e2/h) Tr {Q} (2)

Rq =
h

2e2

Tr
{
Q2
}(

Tr {Q}
)2 (3)

COULOMB GAS METHOD
Density of eigenvalues ρ(x) = (1/N)

∑
i δ(x− γi/N)

has weight P({γi}) ∝ exp
{
− β

2N
2E [ρ]

}
where

E [ρ] =

∫ ∞
0

dx ρ(x) (x− lnx)

−
∫ ∞

0

dxdx′ ρ(x) ρ(x′) ln |x− x′| (6)

Vconf(x)
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Marčenko-Pastur law : (equilibrium density)

ρMP(x) =

√
(x+ − x)(x− x−)

2πx
, x± = 3± 2

√
2

COUL. GAS UNDER CONSTRAINTS

Introduce s = Tr {Q} /τH = (1/N)
∑
i x
−1
i and r =

N Tr
{
Q2
}
/τ2

H = (1/N)
∑
i x
−2
i

Cq =
e2

∆
s and Rq =

h

Ne2

r

2s2
. (7)

The joint distribution PN (s, r) is dominated by ρ(x)
minimizing E [ρ] under three constraints
⇒ consider F [ρ] = E [ρ] + µ0

( ∫
dx ρ(x) − 1

)
+

µ1

( ∫
dx ρ(x)/x− s

)
+ µ2

( ∫
dx ρ(x)/x2 − r

)
.

“Equilibrium” condition (δF/δρ(x) = 0) :

1− 1

x
− µ1

x2
− 2µ2

x3
= 2 r

∫ b

a

dx′
ρ(x′)

x− x′
for x ∈ [a, b]

(8)

LARGE DEVIATION FUNCTION Ψ
Solution of (8) : ρ(x) function of µ1 & µ2

constraints

{
s =

∫
dx ρ(x)/x

r =
∫

dx ρ(x)/x2
−→

{
µ1 = µ?1(s, r)

µ2 = µ?2(s, r)

→ get ρ?(x; s, r) minimizing F [ρ]

Joint distribution:

PN (s, r) ∼
N→∞

exp
{
−(β/2)N2Ψ(s, r)

}
, (9)

where

Ψ(s, r) = E [ρ?(x; s, r)]− E [ρMP(x)] (10)

(ρMP(x) : solution for µ1 = µ2 = 0)

THERMODYNAMIC IDENTITIES
∂E [ρ?(x; s, r)]

∂s
= −µ?1(s, r) , (11)

∂E [ρ?(x; s, r)]

∂r
= −µ?2(s, r) . (12)

TYPICAL FLUCTUATIONS{
s∗ =

∫
ρMP(x)/x = 1 → 〈Cq〉 = e2/∆

r∗ =
∫
ρMP(x)/x2 = 2 → 〈Rq〉 ' h/(Ne2)

(13)

Expansion :
E [ρ?] ' E [ρMP]−(1/2)(s−1)2∂µ1/∂s

∣∣
MP
−(1/2)(r−

2)2∂µ2/∂r
∣∣
MP
− (s− 1)(r − 2)∂µ1/∂r

∣∣
MP

Ψ(s, r) '
(
δs δr

)( 4 24
24 160

)−1(
δs
δr

)
. (14)

〈
δC2

q

〉
〈Cq〉2

'
〈
δR2

q

〉
2 〈Rq〉2

' 4

βN2
,

〈δCqδRq〉√
〈δC2

q 〉〈δR2
q〉

= +
1√
2

COMPACT PHASE

Solution of (8) : ρ?(x; s, r) =
x2 + c x+ d

2πx3

√
(b− x)(x− a) , (15)

where c = µ1/
√
ab+ µ2 (a+ b)/(ab)3/2 and d = 2µ2/

√
ab. Given s and r, we obtain [a, b] from

s =
[
2u (3− 4u+ 18u2 − 4u3 + 3u4)− v (1− u)4(1 + 4u+ u2)

]
/
(
32u3v

)
, (16)

r =
[
2u (9− 10u+ 39u2 − 12u3 + 39u4 − 10u5 + 9u6)− 3v (1− u2)4

]
/
(
128u4v2

)
, (17)

where u =
√
a/b and v =

√
ab. Then the Lagrange multipliers are given by

µ1 = v
[
2u (−9 + 4u− 6u2 + 4u3 − 9u4) + 3v (1− u2)2(1 + u2)

]
/
(
2u(1− u2)2

)
, (18)

µ2 = −v2
[
2u (−3 + 2u− 3u2) + v (1− u2)2

]
/(1− u2)2 . (19)

ENERGY OF THE GAS
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Ψ(s, r) ' −1

2
ln(r − s2) for r − s2 → 0+ (20)

PN (Rq) ∼ [Rq−h/(2Ne2)]βN
2/4 forRq → h/(2Ne2).

PHASE TRANSITION

Veff(x) = x−lnx+µ1/x+µ2/x
2⇒ µ2 < 0: instability

⇓
Phase transition

ρ(x) = (1/N) δ(x− x1) + ρ̃(x) for µ2 = 0

“condensate”

r =
1

Nx2
1

+

∫
dx

x2
ρ̃(x)︸︷︷︸
ρ∗(x;s)

⇒ x1 '
1√

N(r − r(s))

Energy : E [ρ?] '

E [ρ∗(x;s)] , cf. [1]︷ ︸︸ ︷
E [ρMP] + Φ−(s)−(1/N) lnx1

PN (s, r) ∼ (r − r(s))−βN/4 exp
{
− (β/2)N2Φ−(s)

}
.

(21)
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PHASE DIAGRAM
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Remark : case of uncorrelated variables:
Szavits-Nossan, Evans & Majumdar, J.Phys.A (2014)

where Z M V( , )L r, is a constant that depends on r M, and V and is given in (54). The bottom
expression in (21), which corresponds to the condensate bump, is described by a bivariate
Gaussian distribution, where the vector mx( ), mean vector e and covariance matrix Σ are
given in (56) and (57). Interestingly, as the non-diagonal elements of the covariance matrix Σ
are non-zero, the position of the bump is generally shifted away from the expected occupation
number of σ σ−L L( )c

p.
Case (iii). This is the case where f m( ) is heavy-tailed, i.e.

− >f m km k( ) decays more slowly than exp ( ) for any 0. (22)

Recall that the standard condensation applies here when only ML is fixed provided μ > 〈 〉m ,
where 〈 〉m is the mean of f m( ) [13, 14]. However, this is no longer possible if VL is
constrained to σ=V L , since the condensate would then imply ∼V O L( )L

p1 and >p1 1.
Instead, the condensation is suppressed for μ > 〈 〉m and the critical line σ μ( )c separating the
fluid from the condensed phase extends thus from the point μ σ = 〈 〉 〈 〉m m( , ) ( , )p1 vertically
as a straight line, as displayed in figure 2 for Pareto distribution γ= − γf m m( ) ( 1) , >m 1
and γ = 7 2. The same phase diagram was also recently found in [42] using a different
method.

Similarly to the case (ii), behaviour of the Z M V( , )L and P V M( | ) for large L is given by,
respectively

⎡⎣ ⎤⎦∝ μ σ σ μ− − −Z M V( , ) e e , (23)L
LI r L L( ) ( )c

p

⎡⎣ ⎤⎦∼ ∼μ
σ σ μ

−
− −P V M

Z M V
( )

( , )

e
e . (24)L

LI
r L L

( )
( )c

p

The marginal distribution takes the same form as in (21).

2.2. Case p > 1

This case is related to < <p0 1 by suitable change of variables. Looking back at Z M V( , )L

in (7) and making a change of variables =v mi i
q, where = <q p1 1, we obtain

Figure 2. Phase diagram in μ–σ plane for =p 1 2 and f m( ) that falls off slower than
exponential function (case (iii)); the critical line was calculated numerically for the
Pareto distribution, γ= − γf m m( ) ( 1) for >m 1 and γ = 7 2. Shaded area σ μ< 2 is
forbidden owing to Jensenʼs inequality.
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