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TRUNCATED LINEAR STATISTICS
ASSOCIATED WITH THE TOP EIGENVALUES

OF RANDOM MATRICES
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PROBLEM
Starting from the jpdf of eigenvalues

P (λ1, · · · , λN ), two well studied questions:

• distribution of the largest eigenvalue λ1

• distribution of linear statistics
∑N
n=1 f(λn)

Here, intermediate problem: given any func-
tion f , determine the distribution of

L =

κN∑
n=1

f(λn) , λ1 > λ2 > · · ·λN , (1)

for 0 < κ < 1 fixed, in the limit N →∞.

AN EXAMPLE
Non-intersecting Brownian interfaces trapped in the confin-
ing potential V (h) = b2h2/2 + α(α− 1)/(2h2).
Introduce xn = b h2n/N . The jpdf of {xn} follow the Laguerre
ensemble of RMT for β = 2 [1]:

P (x1, · · · , xN ) ∝
∏
i<j

(xi − xj)2
N∏
n=1

xα−1/2n e−Nxn . (2)

Center of mass of the κN highest interfaces (rescaled):

s =
1

N

κN∑
n=1

√
xn , x1 > x2 > · · · > xN . (3)

COULOMB GAS METHOD
Density of eigenvalues: ρ(x) = 1/N

∑
n δ(x−xn)

has weight P ({xn}) ∝ exp(−N2E [ρ]), where

E [ρ(x)] =

∫
dx ρ(x) x

−
∫

dx

∫
dy ρ(x)ρ(y) ln |x− y| . (4)

Equilibrium density (minimum of E [ρ])
⇒Marčenko-Pastur distribution

ρ?0(x) =
1

2π

√
4− x
x

. (5)

CONSTRAINED COULOMB GAS AND LARGE DEVIATION FUNCTION
The distribution PN,κ(s) is dominated by the configuration ρ?(x;κ, s) which minimizes the energy

under three constraints. Introduce

F [ρ;µ
(1)
0 , µ

(2)
0 , µ1] = E [ρ]+µ

(1)
0

(∫ c

ρ(x)dx− (1− κ)

)
+µ

(2)
0

(∫
c

ρ(x)dx− κ
)

+µ1

(∫
c

√
xρ(x)dx− s

)
.

Minimum of F , δF/δρ(x) = 0:

2

∫
ρ?(y;κ, s) ln |x− y|dy = x+

{
µ
(1)
0 for x < c

µ
(2)
0 + µ1

√
x for x > c

(6)

Then, the distribution PN,κ(s) is given by:

PN,κ(s) ∼
N→∞

exp
{
−N2Φ(κ; s)

}
, where Φ(κ; s) = E [ρ?(x;κ, s)]− E [ρ?0(x)] . (7)

The energy is conveniently computed using the thermodynamic identity

dE [ρ?(x;κ, s)]

ds
= −µ1 . (8)

TYPICAL VALUE s0(κ)

Typical value of s0(κ) taken by s (maximum of PN,κ(s)) is given by µ1 = 0.
The corresponding density of eigenvalues is the Marčenko-Pastur law ρ?0(x).

⇒ s0(κ) =

∫ 4

c0

ρ?0(x)
√
x dx , where c0 is given by κ =

∫ 4

c0

ρ?0(x)dx . (9)
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PHASE DIAGRAM

E [ρ] has an essential singularity at s = s0(κ)
⇒ Infinite order phase transition

New universal mechanism, valid for all matrix
ensemble and linear statistics

DISTRIBUTION PN,κ(s)
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PHASE 1: s > s0(κ)

ρ?(x;κ, s) =
µ1

2π2

sign(x− c)√
d− b

√
(c− x)(d− x)

x(d− x)

×Π

(
d− c
d− x

,

√
d− c
d− b

)
.
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PHASE 2: s < s0(κ)

ρ?(x;κ, s) =
1

2π

√
d− x
x

+
µ1

4π2
√
x

ln

√
d− c+

√
d− x∣∣√d− c−√d− x∣∣ .
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→ logarithmic divergence in the bulk


