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Framework

Given a measure µ on a set X , we consider the algebra

L(X , µ,F) :=
⋂

1≤p<∞
Lp(X , µ,F),

where F is either R or C. An n × n algebraic random

matrix is an element of the algebra

Mn(F)⊗ L(X , µ,F) ∼= Mn(L(X , µ,F).

The map

tr⊗E : Mn(F)⊗ L(X , µ,F)→ F

endows this algebra with the structure of a

non-commutative probability space [1]. If for each

n ∈ N, (Xn, µn) is a measure space, a set {A(n)}n∈N
such that every A(n) ∈ Mn(F)⊗ L(Xn, µn,F), is called

an algebraic random matrix ensemble.

Main interest

For an algebraic random matrix ensemble {A(n)}n∈N, we

consider the numbers

αm,n := (tr⊗E)(A(n)m),

which are called the moments. In the case of Hermitian

matrices, these are precisely the moments of the discrete

eigenvalue distributions. We are especially interested in

the limiting moments

αm := lim
n→∞

αm,n,

whenever they exist. In the case of Hermitian matrices,

these correspond to the limiting eigenvalue distribution.

Primary example

The well-known GUE-ensemble can be either represented as a sequence of random

variables on the sets of Hermitian n × n-matrices, given by the probability distribution
1

Zn
exp(−n

2
Tr(M2)) dM ,

where dM =
∏n

i=1 dMii

∏
i<j d<Mij d=Mij is the flat Lebesgue measure, or as the matrices

A(n) =
1√
2n


√

2e11 e12 + ie21 · · · e1n + ien1

e12 − ie21

√
2e22 · · · e2n + ien2

...
...

...

e1n − ien1 e2n − ien2 · · ·
√

2enn


where the variables {eij}i ,j are independent standard normal distributed random variables.

Generalization

An S-ensemble over F with coefficient γ ∈ F is an algebraic random matrix ensemble

{A(n)}n∈N such that:

I There is a sequence {kn}n∈N ⊆ N such that

A(n) ∈ Mn(F)⊗ L(Rkn, µkn,F),

where µk is the k-fold product µ× · · · × µ and µ is the standard normal distribution on R.

I For every n ∈ N and i , j ∈ {1, . . . , n}, we have that

X (n)ij =

kn∑
r=1

λijr(n)er ,

with each λijr(n) ∈ F and er : Rkn → R is the r ’th projection function.

I For every n ∈ N and i 6= j :
kn∑
r=1

λijr(n)λjir(n) =
γ

n

I There is a constant C ≥ 0 such that for every n ∈ N and i , j ∈ {1, . . . , n},∣∣∣ kn∑
r=1

λijr(n)2
∣∣∣ ≤ C

n

I For every n ∈ N and i , j , l ,m ∈ {1, . . . , n} such that (i , j) 6= (l ,m) 6= (j , i),
kn∑
r=1

λijr(n)λlmr(n) = 0

Main theorem

The limiting moments of an S-ensemble with

coefficient γ are

αm =

{
0 if m is odd

γm/2Cm/2 if m is even

where Ck = 1
k+1

(
2k
k

)
is the k ’th Catalan number.

Interpretation and remarks

I For γ = 1, these moments are precisely the

moments of Wigner’s semi-circle law,

supported on [−2, 2], with weight function

w(x) =
1

2π

√
4− x2

with respect to the standard Lebesgue measure on

R.

I The class of S-ensembles also contains

non-Hermitian random matrix ensembles.

I The class of S-ensembles has a rich algebraic

structure.

I The proof is a generalization of the analysis of the

GUE-ensemble in [1] and has the flavour of the

discussion found in [2].
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