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A linear statistics with infinite moments – Wigner time
delay distribution in multichannel disordered wires

AURÉLIEN GRABSCH & CHRISTOPHE TEXIER

Laboratoire de Physique Théorique et Modèles Statistiques, Université Paris-Sud, Orsay, France

SCATTERING IN CHAOTIC QDS versus DISORDERED WIRES
Wigner-Smith time-delay matrix :

Scattering matrix S(ε) −→ Q def
= −i~S† ∂S

∂ε

Random Matrix Theory⇒ 1/Q ∈ Laguerre ensemble

CHAOTIC QUANTUM DOTS:

S

PN (γ1, · · · , γN ) ∝
∏
i<j

|γi − γj |β
N∏
k=1

γ
βN/2
k e−βγk/2

Eigenvalue of Q: proper time τi = τH/γi (τH = h
∆ )

Brouwer, Frahm & Beenakker, PRL (1997)

DISORDERED WIRES:

S
...
disorder

PN (γ1, · · · , γN ) ∝
∏
i<j

|γi − γj |β
N∏
k=1

e−βγk/2

Beenakker & Brouwer, Physica E (2001)

↓
COULOMB GAS METHOD

Density of eigenvalues ρ(x) = 1
N

∑
i δ
(
x− γi

N

)
has weight PN (γ1, · · · , γN ) ∝ exp

{
− β

2N
2E [ρ(x)]

}
where

E [ρ(x)] =

∫ ∞
0

dx ρ(x) (x− θ lnx)︸ ︷︷ ︸
def
=V (x)

−
∫ ∞

0

dxdx′ ρ(x) ρ(x′) ln |x− x′| (1)

CHAOTIC QUANTUM DOTS (θ = 1):

V(x)

x’ x

⇒
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CT & S. N. Majumdar, PRL (2013)

DISORDERED WIRES (θ = 0):

V(x) ⇒
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A. Grabsch & CT, J.Phys.A (2016) ↗

LINEAR STATISTICS
Linear statistics :

s =
1

N

N∑
i=1

f(xi) −→ τW =
Tr {Q}
N

=
τH
N

∑
i

1

γi

Distribution and large deviation function :

P
(β)
N (s) =

∫
Dρ e−

β
2N

2E [ρ] δ(
∫
ρ− 1) δ(

∫
ρf − s)∫

Dρ e− β2N2E [ρ] δ(
∫
ρ− 1)

∼
N→∞

exp

{
−βN

2

2
Φ(s)

}
(2)

where the large deviation function is

Φ(s) = E [ρ?(x; s)]− E [ρMP(x)] (3)

Typical value s∗ :

Φ′(s∗) = 0 (i.e. ρ?(x; s∗) = ρMP(x)) (4)

THE PROBLEM: INFINITE MOMENTS
For disordered wires (θ = 0):

s∗ =

∫
dx

x
ρMP(x) =∞ (5)

↔ Φ(s) is monotonous... P (β)
N (s) = ?

Question :
What is the distribution of s =

∑
i γ
−1
i ?

BEYOND THE LARGE DEVIATIONS : A CONJECTURE
• Equilibrium condition :

δ

δρ(x)

[
E [ρ] + µ0

(∫
dx ρ(x)− 1

)
+ µ1

(∫
dx ρ(x) f(x)− s

)]
= 0

d/dx
=⇒ V ′(x) + µ1 f

′(x) = 2−
∫

dx′
ρ(x′)

x− x′

• Strategy : (i) solution is ρ̃(x;µ1)

∫
ρ̃f=s
−→ (ii) get µ1 = µ?1(s) and ρ?(x; s) = ρ̃(x;µ?1(s))

• Large deviation function : use
dE [ρ?(x; s)]

ds
= −µ?1(s) ⇒ Φ(s) =

∫ s∗

s

dt µ?1(t) where µ?1(s∗) = 0.

• Beyond the large deviation fct : dγ1 · · · dγN PN (· · · )→ Dρ e−
βN2

2 E [ρ]+N(1− β2 )S[ρ] with S[ρ] = −
∫
ρ ln ρ

CONJECTURE : P
(β)
N (s) '

N→∞
cN,β

√
−β N2

4π

∂µ?1(s)

∂s
exp

{
−β N

2

2

∫ s∗

s

dt µ?1(t) +N

(
1− β

2

)
S[ρ?]

}
(6)

SEVERAL CHECKS
• Laguerre & f(x) = x (exact distrib. known) 4

• Jacobi & f(x) = x (conductance of QDs) 4
Mello & Baranger ’99 ; ...
Khoruzhenko, Savin & Sommers, PRB ’09.

• Laguerre (θ = 1) & f(x) = 1/x (Wigner time
delay in QDs) 4
compare with :
* N = 1: Gopar, Mello, Büttiker, PRL ’97
* N = 2: Savin, Fyodorov, Sommers, PRE ’01
* large N : CT & Majumdar, PRL ’13

Remark : cN,β unkown.

APPLICATION: τW = s/N

Veff(x) = x+
µ1

x
⇒ ρ?(x; s) =

x+ c

2πx2

√
(x− a)(b− x)

• Limit µ1 →∞ (s→ 0) : ρ? → semi− circle

a ' 1
s−
√

2
s , b ' 1

s+
√

2
s , c ' 1

s & µ?1(s) ' 1
s2

E [ρ?] '
s→0

1

s
+

1

2
ln s & S[ρ?] ' −1

2
ln s

• Limit µ1 → 0 (s→∞) : ρ? → ρMP

a '
(

3
4s

)2
, b ' 4 , c ' 2a & µ?1(s) ' 27

16s3

E [ρ?] '
s→0

EMP +
27

32 s2
& S[ρ?] ' SMP +

9(2−
√

3)

4 s

• Full crossover : 4

• Scaling s ∼ N (DoS ∝ N )

P(β)(τ) = lim
N→∞

N P
(β)
N (s = Nτ) ⇒

NUMERICS

N = 100:
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DISTRIBUTION OF τW = s/N

P(β)(τ) =
Cβ
τ2

exp

{
− 27β

64 τ2
+

(
1− β

2

)
9(2−

√
3)

4 τ

}
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