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Introduction

The survival of a Brownian path under a moving
boundary is a rich problem with many applica-
tions. The particular case where the boundary
expands critically as W

p
t exhibits interesting

behaviour, with non-universal power-law decay
of the survival probability [2, 3, 4].
In this poster, we present a computation of the
decay exponent in the case of N non-intersecting
Brownians.

An N = 1 statistics application

Quantifying the probability for a Brownian par-
ticle to survive under a square-root absorbing
barrier has an interesting application to the re-
finement of the Kolmogorov-Smirnov distribu-
tion test, as showed by Bouchaud and Chichep-
ortiche [5]. This result improves the sensitivity
in the tails, where the original test does not per-
form well.

Conclusion

The decay exponent for N non-crossing Brow-
nians under a square-root barrier can be ex-
pressed as the ground-state energy of a many-
body hamiltonian. Small W and large N limits
can then be computed through perturbative or
semi-classical computations. These results also
shed light on the dynamics of random matrices
through the connection with Dyson’s Brownian
motion.
Further N -particle problems include the decay
of the survival probability in presence of an ex-
panding cage, or with a linearly expanding bar-
rier.
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Single particle results [2, 3, 4]

Decay of the survival probability S(t) of a single Brownian path under an absorbing barrier Wt↵ :

• Slow barrier ↵ < 1
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• Fast barrier ↵ > 1

2

: S(t) ! ` > 0

• Critical case ↵ = 1

2

: Power-law decay with
non-universal exponent �(W )

N-particle generalization in the critical case

Model : N vicious Brownian paths under a moving absorbing boundary xb(t) = W
p
t. What is the

persistence/decay exponent �(N,W ) for the survival probability ?
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Figure 1: Realization for N = 2

Results : The exponent can be expressed as the ground-state energy of a system of N fermions in
a harmonic trap with an infinite wall at position W . With D⌫ the parabolic cylinder function and
Ek(W ) the k-th solution of D
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(W ) = 0, this is (recovering [6] for W = 0,1):
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W ! 0 limit : Perturbation theory gives at second order in W (agreeing with [2] for N = 1), where
the �E2

n term can be expressed as a series :
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Large N limit : For large k, the energies Ek can be approximated semi-classically to form a continuum
with a scaling function f , such that Ek = k f

⇣
Wp
k

⌘
, which gives the exponent through :
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Application to Random Matrices : The decay exponent for the survival probability of Dyson’s Brow-
nian motion in the space of Hermitian (� = 2) matrices, under a W

p
t barrier is :

�
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Computation details

• Lamperti mapping : dx
dt = ⌘(t)
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• Quantum mapping of the Ornstein-Uhlenbeck process (at large times wrt the gap), where �
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is the ground-state wavefunction of Ĥ :

SBr(t | ~x0

, t
0

;W
p
t)

SOU (t | ~X
0

, T
0

;W )

�
⇠
✓
t
0

t

◆�(N,W )

N !

Z

X
max

<W

dN ~X e
� 1

4

P
j

(X2
j

�X0
2
j

)

�
0

( ~X)�⇤
0

( ~X
0

)

• For W ⇠ 0, perturbation theory gives :
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• Dyson’s Brownian motion (for � = 2), and its connection to the non-crossing Brownians [8] :

dxi = dBi+
X
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