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Fluctuations of observables for free
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A simple model: 1D harmonic trap

Ĥ =

N∑
i=1

Ĥi , Ĥi = −
1

2

d2

dx2
+

1

2
x2

One-particle wave functions:

Hiψk = εkψk

⇒

{
εk = k + 1

2

ψk(x) = ck Hk(x) e−x
2/2

Hn → Hermite polynomials

N+ =

N∑
i=1

f (xi) , f (x) = Θ(x)

→ linear statistics

Q: Var(N+) ?

Many-body wave functions

Antisymmetric combinations of the {ψi}
→ Slater determinants

Labelled by occupation numbers {ni = 0, 1}i∈N

Ψ{ni}(x1, . . . , xN) =
1√
N!

det[ψki (xj)]

{ki} list of occupied levels (nki = 1)

Energy E{ni} =
∑
i

niεi

Zero temperature: Random Matrix Theory
Ground state: (n0 = · · · = nN−1 = 1, ni≥N = 0)

Ψ0(x1, . . . , xN) =
1√
N!

det[ψi−1(xj)]1≤i ,j≤N

∝
∏
i<j

(xi − xj)
N∏
k=1

e−x
2
k /2

⇒ Prob. density:

|Ψ0({xi})|2 ∝
∏
i<j

(xi − xj)2
N∏
k=1

e−x
2
k

positions of fermions in a harmonic trap
at T = 0

m
eigenvalues of GUE

N+ ↔ index of GUE random matrices

Result for the variance for large N (see Ref. [1])

Var(N+)|T=0 '
1

2π2
lnN + ...

T > 0: statistical physics
T > 0: all |Ψ{ni}〉 contribute with weight P({ni})
• Grand canonical ensemble: T , µ fixed

P({ni}) ∝ e−β
∑

i ni (εi−µ) → ni indep.

• Canonical ensemble: T , N fixed

P({ni}) ∝ e−β
∑

i niεi δ∑
i ni ,N

→ ni correl.

ninj =
eβεini − eβεjnj

eβεi − eβεj
[3, 4, 5]

Quantum fluctuations: Determinantal point processes∣∣Ψ{ni}(x1, . . . , xN)
∣∣2 =

1

N!
det [K(xi , xj ; {ni})]1≤i ,j≤N , K(x, y ; {ni}) =

∑
i

niψ
∗
i (x)ψi(y)∫

K(x, y ; {ni})K(y , z ; {ni})dy = K(x, z ; {ni}) since n2
i = ni

positions of fermions in a given state |Ψ{ni}〉 form a determinantal point process [2]

〈N+〉Ψ{ni } =
∑
i

niAi i ,
〈

(N+)2
〉

Ψ{ni }
=
∑
i

niBi +
∑
i ,j

ninj(Ai iAj j − (Ai j)
2)

Ai j =

∫
ψ∗i (x)ψj(x)f (x)dx , Bi =

∫
ψ∗i (x)ψi(x)f (x)2dx

Quantum + thermal fluctuations
1 Fluctuations of N+ in the state |Ψ{ni}〉

→ Quantum fluctuations

2 |Ψ{ni}〉 picked from the distribution P({ni})

→ Thermal fluctuations

⇒ Usual quantum and thermal average

Varc,g(N+) = 〈(N+)2〉Ψ{ni }
c,g −

(
〈N+〉Ψ{ni }

c,g
)2

General formula for the variance
L =

∑
i f (xi)

Varc,g(L) =
∑
i

ni
c,gBi −

∑
i ,j

ni
c,gnj

c,g(Ai j)
2

+
∑
i 6=j

Covc,g(ni , nj)(Ai iAj j − (Ai j)
2)

Two temperature scales
• TQ = 1 (spacing of energies εk)
Quantum regime: T/TQ fixed and N →∞

• TF = N (Fermi temperature)
Thermal regime: T/TF fixed and N →∞
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Quantum regime

Var(N+) ' Var(N+)|T=0+FQ

(
TQ

T

)
+

{
0 (c)
1
4

Varg(N) (g)

FQ

(
ξ =

TQ
T

)
=

2

π2

∞∑
n=1

1

2n − 1

1

e(2n−1)ξ − 1
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Thermal regime

Var(N+) ' Nc,g
FT

(
TF

T

)
+

{
0 (c)
1
4

Varg(N) (g)

FT

(
y =

TF
T

)
=

1− e−y

4y
=

1

4N
g Varg(N)
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