
�����������	
�	��
�����	���������
��	��
����	������������

�����������	
�	��
�����	���������
��	��
����	������������

�����������	
�	��
�����	���������
��	��
����	������������

�����������	
�	��
�����	���������
��	��
����	������������

TRAPPED FERMIONS AND RMT MODELS
BERTRAND LACROIX-A-CHEZ-TOINE1, PIERRE LE DOUSSAL2, SATYA N. MAJUMDAR1, GRÉGORY SCHEHR1

1Laboratoire de Physique Théorique et Modèles Statistiques, Orsay, France
2Laboratoire de Physique Théorique École Normale Supérieure, Paris, France

NON-INTERACTING FERMIONS IN d = 1 AT T = 0

N non-interacting fermions: ĤN =

N∑
n=1

Ĥn

Single-particle wave functions

Ĥφk(x) = −1

2
∂2
xφk(x) +V (x)φk(x) = εkφk(x) ,

∫
dxφk(x)φl(x) = δk,l

At T = 0, only occupied levels ε1 ≤ ε2 ≤ · · · εN = µ

|Ψ0(x1, · · · , xN )|2 =
1

N !

∣∣∣∣ det
1≤i,j≤N

φj(xi)

∣∣∣∣2 =
1

N !
det

1≤i,j≤N
Kµ(xi, xj)

⇒ Determinantal Point Process (valid for any d ≥ 1 at T = 0) [1]

Kµ(x, y) =
N∑
k=1

φ∗k(x)φk(y) =
∑
k

φ∗k(x)φk(y)Θ(µ− εk)

Mean density of fermions [1]

ρ̃(x) =
1

N
〈
∑
k

δ(x− xk)〉 =
1

N
Kµ(x, x)→ ρ̃b

1(x) =
1

π

√
2(µ− V (x))

Soft edges
V (re) = µ for re <∞
⇒ Continuous ρ̃b

1(x)

VS

Hard edges
V (R)→∞ for R <∞
⇒ Disontinuous ρ̃b

1(x)

For specific potentials V (x), mapping with RMT (β = 2)

|Ψ0(x1, · · · , xN )|2 ⇔︸︷︷︸
Exact mapping

Pjoint(λ1, · · · , λN ) =
1

ZN

∏
i<j

|λi − λj |2
∏
k

w(λk)

GUE AND SOFT EDGE

V (x) = x2

2 ⇔ w(λ) = e−λ
2

xi ⇔ λi

At the soft edge, typical scale wN ∼ N−1/6

Ksoft
1 (u, v) =

Ai(u) Ai′(v)−Ai′(u) Ai(v)

u− v

The behaviour is Universal for smooth
potentials V (x) ∼ xp with a scale

wN ∝ V (re)−1/3 [1]
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LUE AND HARD EDGE

V (x) = x2

2 + α(α+1)
2x2 , x > 0⇔ w(λ) = λαe−λ

x2
i ⇔ λi

At the hard edge, ν = α+ 1/2

Kν
J (u, v) =

√
uv
u Jν+1(u) Jν(v)− vJν+1(v) Jν(u)

u2 − v2

⇐ α→∞ α→ 0⇒
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JUE AND HARD EDGE

V (x) =

{
0 , |x| ≤ 1

+∞ otherwise
⇔ w(λ) =

√
λ(1− λ)

1
2 + 1

2 sin
(
πxi

2

)
⇔ λi

At the hard edge: [2]

Ke
1(u, v) =

sin(u− v)

π(u− v)
− sin(u+ v)

π(u+ v)

(see also [3] for other boundary conditions)
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INVERSE POWER LAW POTENTIALS

We consider the inverse power law potential V (x) =
α(α+ 1)

2xγ
with γ > 0.

For 0 ≤ γ < 1, the potential cannot trap N fermions.

For γ ≥ 1, as the potential energy has to be finite 〈V̂ 〉 =
∑
k

∫∞
−∞ dx|φk(x)|2V (x) <∞, φk(0) = 0 .

The behaviour at the edge depends on the value of γ: [2]

• For 1 ≤ γ < 2, same behaviour as for the hard box
→ The kernel close to the hard edge in x = 0 is Ke

1

• For γ = 2, critical case, same behaviour as LUE with ν = α+ 1/2
→ The kernel close to the hard edge in x = 0 is Kν

J

• For γ > 2, a gap opens between x = 0 and the edge of the density
→ The kernel at the edge of the density in re > 0 is Ksoft

1

FERMIONS AND GENERAL JUE
Any JUE ensemble can be realised

w(λ) = λa(1− λ)b

⇔ V (x) = 4a2−1
32 sin2(x/2)

+ 4b2−1
32 cos2(x/2) , x ∈ [0, π]

1−cos(xi)
2 ⇔ λi [2]

ROTATING FERMIONS→ GINUE
In d = 2, the complex GinUE can be realised

taking the one-particle Hamiltonian [4]

Ĥ =
p̂2
x + p̂2

y

2m
+

1

2
mω2(x̂2 + ŷ2)− ΩL̂z

The complex positions z = x+ iy of the fermions
behave as GinUE eigenvalues for 0 < 1− Ω

ω < 2
N

→ talk by S.N. Majumdar


