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Cavity Method
• Given a single instance of the matrix 𝐽 and considering the grand canonical ensemble of the vectors 𝒗 ∈

R𝑁(equivalent to the canonical one for large N), the marginal distribution of the  𝑖-th component is

where 𝑃(𝑖) 𝒗 𝜕𝑖 is the cavity probability distribution and 𝜕𝑖 indicates the neighbourhood of 𝑖. Tree-like 
approximation holds for very sparse connectivity: removing the node 𝑖 makes the branches departing from it
independent

.

• Marginalizing corresponds to "removing" the node 𝑖 from the network. With the 
same reasoning applied to the network in which the node 𝑖 has been already
removed, a self-consistent equation can be derived for the cavity marginal
distribution 𝑃𝑗

(𝑖)
𝑣 𝑗

• The above self-consistent equation is solved by a non-zero mean Gaussian ansatz

where the coefficients 𝜔𝑗
𝑖

and ℎ𝑗
𝑖

are called cavity fields. They are determined by the
update rules:                                                                                                 

.

In turn, the single-site marginal 𝑃𝑖 𝑣𝑖 can also be expressed as a non-zero mean Gaussian whose coefficients
are given by 

. 

• In the limit 𝛽 → ∞ , the single site marginal 𝑃𝑖 𝑣𝑖 converges to the distribution of the component  𝑣1𝑖 of the first 
eigenvector of the matrix 𝐽

.    

• In the thermodynamic limit 𝑁 → ∞, we consider a collection of infinitely large single-instance matrices 𝐽. The cavity
fields and marginal coefficients updates translate into stochastic iterations for the joint pdf of cavity fields and joint 
pdf of marginal coefficients
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where 𝑝 𝑠 is the degree distribution with mean 𝑐 and 𝐾ℓ is a set of i.i.d random variables, each drawn from 𝑝(𝐾), 
i.e. the pdf of the weights 𝐾𝑖𝑗 of the matrix entries 𝐽𝑖𝑗 = 𝑐𝑖𝑗𝐾𝑖𝑗.  Convergence is attained when 𝜆 = 𝜆1.

• The distribution of the first eigenvector component is

with .                                               

Cavity single instance

Erdős–Rényi Adjacency matrix, with 𝑐 = 4. Top: 𝜆 = 𝜆1 when the largest eigenvalue 𝛾∗ of the Non-Backtracking

operator 𝐵 becomes 1. 𝐵 is defined as 𝐵 𝑖,𝑗 ,(𝑘,ℓ) =
𝐽𝑗ℓ

𝜔𝑗
(ℓ) if 𝑗 = 𝑘 ∧ 𝑖 ≠ ℓ and 0 otherwise; it appears in the ℎ𝑗

(𝑖)
's 

update. Bottom: normalized histogram of the components of the largest eigenvector 𝒗1 obtained via cavity method 

against the same eigenvector 𝒗1
𝑑𝑖𝑎𝑔

computed via direct diagonalization of the same matrix.

Abstract
We develop a formalism to compute the statistics of the largest eigenpair of weighted sparse graphs with Poissonian connectivity and a bounded maximal degree. By framing the problem in terms of optimization of a quadratic form on the
sphere and introducing a fictitious temperature, we employ the cavity and replica methods to find the solution in terms of self-consistent equations for auxiliary probability density functions, which can be solved by population dynamics. This
derivation allows us to identify and disentangle the individual contributions to the top eigenvector's components coming from nodes of different degree and is in perfect agreement with numerical diagonalization of large matrices.

Replica Method 

• Starting from the partition function 𝑍(𝛽, 𝐽) of the canonical ensemble of vectors 𝒗 ∈ R𝑁, the typical largest
eigenvalue is expressed as 𝜆1 = lim

𝛽→∞

2

𝛽𝑁
ln 𝑍 𝛽, 𝐽 , where the overline indicates the ensemble average.

Applying the replica trick ln 𝑍 𝛽, 𝐽 = lim
𝑛→0

1

𝑛
ln 𝑍𝑛 𝛽, 𝐽 and introducing the order parameter 𝜙 and its conjugate 𝜙, 

the average replicated partition function can be written in a form suitable for a saddle-point approximation

,
where Ԧ𝑣 ∈ R𝑛 is a vector in the replica space.

• Replica-symmetric ansatz [2]: at the saddle point we assume that 𝜆𝑎 = 𝜆 ∀𝑎 = 1,… , 𝑛 and that

where ,   

.                                         

• The stationarity conditions w.r.t. 𝜙, 𝜙 and 𝜆 yield respectively

,

where the shortcut d𝜋 𝜔, ℎ = dωdℎ 𝜋(𝜔, ℎ) has been used. Inserting ො𝜋(ෝ𝜔, ℎ) into 𝜋 𝜔, ℎ , one finds the exact
same self-consistent equation found in cavity for 𝑞 𝜔, ℎ ! Moreover, evaluating the action 𝑆𝑛 at the saddle point, 
one finds that 𝜆1 = i𝜆∗ = 𝜆 ∈ ℝ. Note: the degree distribution 𝑝(𝑠) can be replaced by any other with finite mean.

• The density of the top eigenvector components is defined as

,

where the angular brackets indicate the thermal averaging and the overline indicate the ensemble averaging.
The evaluation of  𝜌𝛽 𝑢 entails the same replica calculation which has been performed for 𝜆1. Moreover, the 
explicit expression for 𝜌𝛽 𝑢 appears naturally in the eigenvalue calculation when looking at the single-site term of 
the action, 𝑆4. Eventually, one finds

,

where the distribution 𝜋 𝜔, ℎ is exactly the same appearing in the eigenvalue computation, satisfying the above
relation.

Statistical Mechanics formulation
• We consider sparse random 𝑁 × 𝑁 symmetric matrices with real i.i.d entries 𝐽𝑖𝑗 = 𝑐𝑖𝑗𝐾𝑖𝑗, where 𝑐𝑖𝑗 represents the 

connectivity matrix, i.e. an adjacency matrix of a graph, and 𝐾𝑖𝑗 encodes the bond weights. We consider Poissonian

highly sparse connectivity, such that the probability of two nodes being connected is equal to 𝑝 = Τ𝑐 𝑁 , with the 
mean degree 𝑐 a finite constant. The maximum degree is 𝑠𝑚𝑎𝑥. The bond weights are i.i.d. drawn from a parent pdf 
𝑝(𝐾). Such a matrix admits real eigenvalues, the largest being 𝜆1 with the corresponding eigenvector 𝒗1.

• The goal of this work is to set up a formalism based on the statistical mechanics of disordered systems to find the 
average or typical value of the largest eigenvalue 𝜆1 and the density of the corresponding top eigenvector's 
components 𝜌 𝑢 in the limit 𝑁 → ∞.

• The search for the largest eigenpair can be formulated as a constrained optimization problem over a sphere of radius 
𝑁 as in [1]

min
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−
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2
𝒗, 𝐽𝒗 = min

𝒗 =𝑁
𝐻(𝒗) = 𝑁𝜆1 .

• For any fixed matrix 𝐽, this minimum can be computed by introducing a fictitious canonical ensemble of vectors 𝒗 ∈
R𝑁, whose Gibbs-Boltzmann distribution at inverse temperature 𝛽 is

𝑃𝛽 𝒗 =
1

𝑍(𝛽, 𝐽)
exp

𝛽

2
𝒗, 𝐽𝒗 𝛿 𝒗 2 −𝑁 .

• In the zero temperature limit 𝛽 → ∞, only the ground "state" of the systems is populated, corresponding to 𝒗1.
• To deal with this distribution, we employ both the replica and cavity method, showing that these two conceptually 

different techniques lead to the same solution. The partition function 𝑍(𝛽, 𝐽) is the starting point of the replica 
treatment.

• Alternatively, one could start from a 'soft constraint' version of the same distribution, which will prove more 
convenient as a starting point for the analysis based on the cavity method.
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Results
Thermodynamic limit: Population Dynamics

Erdős–Rényi connectivity with 𝑐 = 4. A population of size 𝑁𝑃 = 106 has been considered. The maximum degree is 𝑠𝑚𝑎𝑥 = 17.
On the left, the distribution 𝜌 𝑢 obtained with Pop Dyn against results from direct diagonalization of 5000 matrices 2000x2000.
On the right, the distribution 𝜌 𝑢 obtained with Pop Dyn in thick blue line and the degree contributions s = 0,1,2,3,…

On the left panel, the marginal distribution 𝜋 𝜔 in thick dashed blue line with the degree contributions. In this case, every peak
corresponds to a certain degree, increasing from right to left. On the right panel, the marginal pdf 𝜋(ℎ) with degree contributions.
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