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The interest in Non-Hermitian Hamiltonians was revived by 

the numerical observation [1] that the it is possible to obtain real 

spectra  for the Hamiltonian 

        PT Symmetry 

        Pseudo-Hermiticity 

 The most general polynomial Non-Hermitian Hamiltonian maximally

cubic in the position and momentum quantum operators,
 x and p, can be expressed as 

Isomorphism: 

Passage time between two orthogonal states

Normalized 

Eigenvectors

The Hamiltonian H is Hermitian with respect to a new metric [3]:

The passage time is equal to  the lower bound for Hermitian systems

minimal passage time:

Tuneable passage time [5]

The metric can be constructed from

Symmetry operator 

The Hamiltonian may be re-expressed using the correspondence:

differential equation for the function

and can be reduced to some very interesting cases, such as the 

Swanson Hamiltonian or the Reggeon single-site lattice model 

(expressed in terms of creation and annihilation operators) [4].

The  Hermitian counterpart can be constructed from

real eigenenergies

PT symmetry is a sufficient [2] but not necessary condition for the 

reality of the spectrum.

Perturbative Solutions:

Exact Solutions:

Symmetry Operator:   for the Swanson Hamiltonian 

where 

Hermitian

Non-Hermitian

Real eigenvalues

Complex eigenvalues

Isospectral 
partners

on a meaningful domain. 
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Stokes lines

Anti-unitary:

Invariance under simultaneous parity and time-reversal transformations:

• Unbroken PT-Symmetry:

complex conjugate pairs

• Broken PT-Symmetry:

Pseudo-Hermiticity

Similarity transformation:

Ambiguity in the construction of the metric.

        Introduction         Metrics for a general cubic Hamiltonian

scalar functions multiplied 

according to Moyal products

operator functions in

 and

        Quantum Brachistochrone Problem

Lower bound for fixed

• Hermitian time evolution:

• Non-Hermitian time evolution:

Similarity Transformation:

New Metric:

• Non-Hermitian dissipative systems [6]:

Real characteristic frequency

Complex characteristic frequency

Figure: Difference 
between the Right-  and 
Left-hand sides of the 
equation above for fixed 
values of             . The 
parameters     and    
vary accordingly.

Non-Hermitian Hamiltonians may allow one to explore:

• New models with real eigenvalues

• New phenomena that do exist in Hermitian quantum physics.
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Possible parameterizations:


