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as L — o0 ?




Entanglement

entropy in
quantum ?pin The problem
chains with

finite range

interaction e Consider a one-dimensional quantum spin chain:
Francescg N ) ) ’

Mezzadri \ / T / \ /

. an

The problem \

\
l
¢ Look at the ground state |[W,)(W,| (T = 0: phase
transition in the thermodynamic limit.)
e Questions we can ask:

o What is the entropy of the entanglement between A and B
as L —o0?

e What is the correlation between two spins at different
sites?



Entanglement
entropy in

quantum spin The problem

chains with
finite range

interaction e Consider a one-dimensional quantum spin chain:

Francesco /

Mezzadri \ : ““f T / \
N /o

The problem \

|
|
¢ Look at the ground state |[W,)(W,| (T = 0: phase
transition in the thermodynamic limit.)
e Questions we can ask:
o What is the entropy of the entanglement between A and B
as L —o0?
e What is the correlation between two spins at different
sites?
e Many others.




Entanglement
entropy in
quantum spin
chains with
finite range
interaction

Francesco
Mezzadri

The problem

The problem

Consider a one-dimensional quantum spin chain:

AN A Vo
\ /] A |

Look at the ground state |W,)(W,| (T = 0: phase
transition in the thermodynamic limit.)

Questions we can ask:

o What is the entropy of the entanglement between A and B
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o What is the entropy of the entanglement between A and B
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e What is the correlation between two spins at different
sites?

e Many others.

If the model is: a) integrable;
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transition in the thermodynamic limit.)
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o What is the entropy of the entanglement between A and B
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e What is the correlation between two spins at different
sites?
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If the model is: a) integrable; b) the interaction is
translation invariant.
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Look at the ground state |W,)(W,| (T = 0: phase
transition in the thermodynamic limit.)

Questions we can ask:

o What is the entropy of the entanglement between A and B
as L — o0 ?

e What is the correlation between two spins at different
sites?

e Many others.

If the model is: a) integrable; b) the interaction is
translation invariant.

Many physical quantities can be computed in terms of
matrices with a Toeplitz structure.
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The problem

Consider a one-dimensional quantum spin chain:

N A A U B
N S

Look at the ground state |W,)(W,| (T = 0: phase
transition in the thermodynamic limit.)

Questions we can ask:

o What is the entropy of the entanglement between A and B
as L — o0 ?

e What is the correlation between two spins at different
sites?

e Many others.

If the model is: a) integrable; b) the interaction is
translation invariant.

Many physical quantities can be computed in terms of
matrices with a Toeplitz structure. (In general
block-Toeplitz matrices.)
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e Consider Hamiltonians that can be transformed into

e M—1
The problem Hy =« Z bJTAjfkbk + Z(bj ijkbl — bijkbk)
k=0
M-1
—2Y" blb;.
=0

e |n terms of Pauli determinants it becomes

k—1
(6%
H, = -5 Z (Aj_k + ’yBj_k)afoﬁ H of
0<j<k<M-1 I=j+1
k—1 M—1
+(Aik = 1Bik)o) o | 11 of > ot



The problem

(O @ (=»

«E»

Q>



The problem
e Jin and Korepin (2004):

«4O0r «F)r « =)

«E)»

DA



Entanglement
entropy in
quantum spin
chains with
finite range
interaction

Francesco
Mezzadri

The problem

The problem

e Jin and Korepin (2004): Spatial isotropy (v = 0), next
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model, Toeplitz determinants).
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neighbour interaction and translation invariance (XX
model, Toeplitz determinants).

Keating and Mezzadri (2004): Spatial isotropy (v = 0),
finite range interaction, translation invariance and
reflection symmetries <=- averages over the classical
compact groups (Toeplitz + Hankel determinants.)

Its, Jin and Korepin (2006): Spatial anisotropy (v # 0),
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The problem

Jin and Korepin (2004): Spatial isotropy (v = 0), next
neighbour interaction and translation invariance (XX
model, Toeplitz determinants).

Keating and Mezzadri (2004): Spatial isotropy (v = 0),
finite range interaction, translation invariance and
reflection symmetries <=- averages over the classical
compact groups (Toeplitz + Hankel determinants.)

Its, Jin and Korepin (2006): Spatial anisotropy (v # 0),
next neighbour interaction and translation invariance. (XY
model, block-Toeplitz determinants.)

Its, Mezzadri and Mo (2007): Spatial anisotropy (v # 0),
finite range interaction and translation invariance.
(Block-Toeplitz determinants.)
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e The entropy of the entanglement can be written as

S(pa) = lim

1
lim — e(l1+¢ M)

e—0+ | L—oo 4T I(e)

d
xi

dA

log (DL(A)(A2 . 1)—L) dr |,
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e The entropy of the entanglement can be written as

S(pa) = lim

where

e(x,v)

d
Xi

dA

X+ v
2

. 1
||m —
e—0t [ L—oo 471

og

X+ v

e(l1+¢ M)

r(e)

X —UV

log (DL()\)()\2 . 1)—L) dr |,
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Dy () is the determinant of the block-Toeplitz matrix

B B.1 -+ By Bi_g

B: By -+ B3 By
Tl = | ..

BL> B3 By B

Bi-1 Bi-2 B Bo

where
1 -1
Bl=— ¢ ®(z)z7'""dz
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Dy () is the determinant of the block-Toeplitz matrix

B B.1 -+ By Bi_g

B By -+ Bxor Brg
Tl = | ..

B> B3 By B_;

Bi—1 Bi> B Bo

where
B,:i ®(z)z " tdz
27Ti St
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2n
20\ _ Z—Z
g(Z)_Hl—Z'Z
j=1 J

Remarks:
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e g(z) depends on the Hamiltonian, whose physical
properties are encoded in the 2n roots z;.



Entanglement
entropy in
quantum spin
chains with
finite range
interaction

Francesco
Mezzadri

Spin chains
and
block-Toeplitz
determinants

Spin chains and block-Toeplitz
determinants

Remarks:

e g(z) depends on the Hamiltonian, whose physical
properties are encoded in the 2n roots z;.

e 1 is the length of the interaction.
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determinants

Remarks:

e g(z) depends on the Hamiltonian, whose physical

properties are encoded in the 2n roots z;.
e 1 is the length of the interaction.

e Define

{/\1,)\2,...,)\4,,} = {21,...,22,,,21_1,...

2y}
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e The branch cuts of g(z) are the segments

Y= [Aai—inA2i], i=1,...,2n

e g(z) has discontinuities g (z) = —g_(2), z€%;
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Remarks:

e The branch cuts of g(z) are the segments

Y= [Aai—inA2i], i=1,...,2n

e g(z) has discontinuities g (z) = —g_(2), z€%;
¢ g(z) lives on the hyperelliptic curve

4n

L:w?= H(z—)\,-).

i=1
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Remarks:

e The branch cuts of g(z) are the segments

Yi=[Xizis\oi], i=1,..

¢ g(z) has discontinuities g4 (z) = —g—(2),
¢ g(z) lives on the hyperelliptic curve

4n

L:w?= H(z—)\,-).

i=1

e The genus of L is g =2n— 1.

.,2n

zZEY;
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e Define # : C8 — C associated to L by

e [1is a g x g symmetric matrix (period matrix) that
depends on the Hamiltonian through the branch cuts of L.



Entanglement
entropy in
quantum spin
chains with
finite range
interaction

Francesco
Mezzadri

Statement of
results

Statement of results

e Define # : C8 — C associated to L by

e [1is a g x g symmetric matrix (period matrix) that
depends on the Hamiltonian through the branch cuts of L.

Theorem. (AR lIts, FM and MY Mo, 2007)

As L — oo the von Neumann entropy is

S(ea) =3 | 1og 0 (BO)E + 9@({ gﬁ(x) e - 3)

2
where € is a 2n — 1 vector whose last n entries are 1 and the
first n — 1 entries are 0 and 7 depends on L.

d,
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Theorem. (AR Its, FM and MY Mo, 2007)

Let the m pairs of roots J;, Xj_l, j=1,...,m, approach
together towards the unit circle such that the limiting values of
A, Xj_l are distinct from those of \j, X;l if j # k, then the
entanglement entropy is asymptotic to
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e How do we compute such formulae?
e The symbol ®(z) = (_g?i(z) gl.(f)> admits the
Wiener-Hopf factorization:

O(2) = U (2)U-(2) = V_(2) V4 (2),
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_ ix  g(z) :
e The symbol ®(z) = (-g*l(z) N > admits the
Wiener-Hopf factorization:
detarmingnts ®(z2) = Uy (2)U-(2) = V_(2)V4(2),
and the RH
problem

where Ui (z) and Vi (z) are analytic inside/outside the
unit circle and
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the RH problem

Theorem (Widom, 1974)

2\

L log Du(Y) = 5L
+% 8 tr | (UL(2)UZ4(2) + Vi (2) Vi(2) 07(2) | dz+r (),
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Theorem (Widom, 1974)

d 2\

1
oo [t [(u;(z) Url(2) + Vi Y(2)Vi(2)) d)_l(z)} dz+r(N\),

Si
where
c

|rL(>\)|§Wp , Ae{AeR: |\ >14¢e>0}, L>1
and

1 <p<min{|A]:|\]>1}
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Block-Toeplitz determinants and
the RH problem

e [t turns out that

V_(2)
Vi(2)

sU_ (2)7103

3U(2) ros(A - 1),

(o
(o

e We also have

®(z) = Q(2)AQ(2)™

\#£ £l
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V_(Z) = 0'3U_(Z)7103
Vi(2) = 03U (2) tos(A2 = 1), X#+1
Block-Toeplitz
determinants ) We also have
and the RH
problem

Qz) = (g(iZ) _gi(2)> y A= (Agl )\31>
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e Let us define

S(2) = U-(2)Q(2)A Y, 2| > 1,
S(2) = Up(2)7Q(2), 2| < 1.
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Spin chains 1
;’\Ei(k Toeplitz S(Z) = U_(Z)Q(Z)Ai ’ ‘Z’ 2 ]'7
determinants 71
Statement of S(z) = U+(Z) Q(z)7 ‘Z’ S 1
results
Block-Toeplitz
determinants
b e S(z) is the unique solution of the Riemann-Hilbert problem
Summary

Si(z) = S_(2)o1, zeY, i=1,...,n

S (z2)=S (2NNt z€X;, i=n+1,...,2n
lim S(z) = lim Q(z)A™L.
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