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The problem

• Consider a one-dimensional quantum spin chain:

A B

• Look at the ground state |Ψg〉〈Ψg| (T = 0: phase
transition in the thermodynamic limit.)

• Questions we can ask:
• What is the entropy of the entanglement between A and B

as L→∞ ?
• What is the correlation between two spins at different

sites?
• Many others.

• If the model is: a) integrable; b) the interaction is
translation invariant.

• Many physical quantities can be computed in terms of
matrices with a Toeplitz structure. (In general
block-Toeplitz matrices.)
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The problem

• Consider Hamiltonians that can be transformed into

Hα = α

M−1∑
j ,k=0

b†j Aj−kbk +
γ

2

(
b†j Bj−kb†k − bjBj−kbk

)
− 2

M−1∑
j=0

b†j bj .

• In terms of Pauli determinants it becomes

Hα = −α
2

∑
0≤j≤k≤M−1

(Aj−k + γBj−k)σx
j σ

x
k

 k−1∏
l=j+1

σz
l


+ (Aj−k − γBj−k)σy

j σ
y
k

 k−1∏
l=j+1

σz
l

− M−1∑
j=0

σz
j .
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The problem

• Jin and Korepin (2004): Spatial isotropy (γ = 0), next
neighbour interaction and translation invariance (XX
model, Toeplitz determinants).

• Keating and Mezzadri (2004): Spatial isotropy (γ = 0),
finite range interaction, translation invariance and
reflection symmetries ⇐⇒ averages over the classical
compact groups (Toeplitz + Hankel determinants.)

• Its, Jin and Korepin (2006): Spatial anisotropy (γ 6= 0),
next neighbour interaction and translation invariance. (XY
model, block-Toeplitz determinants.)

• Its, Mezzadri and Mo (2007): Spatial anisotropy (γ 6= 0),
finite range interaction and translation invariance.
(Block-Toeplitz determinants.)
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Spin chains and block-Toeplitz
determinants

• The entropy of the entanglement can be written as

S(ρA) = lim
ε→0+

[
lim

L→∞
1

4πi

∮
Γ(ε)

e(1 + ε, λ)

× d

dλ
log
(
DL(λ)(λ2 − 1)−L

)
dλ

]
,

where

e(x , ν) = −x + ν

2
log

(
x + ν

2

)
− x − ν

2
log

(
x − ν

2

)
.
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6 A. R. Its, F. Mezzadri and M. Y. Mo

λ-plane

Re(λ)

Im(λ)

Γ(ε)

R =∞

Γ′

1 1 + ε1− ε −1

r = ε/2 r = ε/2 r = ε/2r = ε/2r = ε/2

Figure 1: The contour Γ(ε) of the integral in equation (2.1). The bold lines (−∞,−1− ε)
and (1 + ε,∞) are the cuts of the integrand e(1 + ε, λ). The zeros of DL(λ) are located on
the bold line (−1, 1).

2 Statement of results

Following [14] and [13], we will identify the limiting von Neumann entropy for the systems
that we study with the double limit

S(ρA) = lim
ε→0+

[
lim

L→∞
1

4πi

∮
Γ(ε)

e(1 + ε, λ)
d

dλ
log

(
DL(λ)(λ2 − 1)−L

)
dλ

]
. (2.1)

In the above formula Γ(ε) is the contour in figure 1, DL(λ) is the determinant of the
block-Toeplitz matrix TL[Φ] with symbol (1.5) and

e(x, ν) := −x + ν

2
log

(
x + ν

2

)
− x− ν

2
log

(
x− ν

2

)
. (2.2)

The explicit Hamiltonians for the family of spin systems that we consider and their con-
nection to formula (2.1) will be discussed in detail in sections 3 and 4.

One of the main objectives of this paper is to compute the double limit (2.1), which, as
we shall see, can be expressed as an integral of multi-dimensional theta functions defined
on Riemann surfaces. Thus, in order to state our main results, we need to introduce some
definitions and notation.

Let us rewrite the function (1.6) as

g2(z) =
2n∏

j=1

z − zj

1− zjz
, (2.3)
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TL[Φ] =
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B0 B−1 · · · B2−L B1−L

B1 B0 · · · B3−L B2−L

. . . . . . . . . . . . . . . . . . . . . .
BL−2 BL−3 · · · B0 B−1

BL−1 BL−2 · · · B1 B0



where

Bl =
1

2πi

∮
S1

Φ(z)z−l−1dz

Φ(z) =

(
iλ g(z)

−g−1(z) iλ
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z − zj

1− zjz
.

Remarks:

• g(z) depends on the Hamiltonian, whose physical
properties are encoded in the 2n roots zj .

• n is the length of the interaction.

• Define

{λ1, λ2, . . . , λ4n} = {z1, . . . , z2n, z
−1
1 , . . . , z−1

2n }.
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Remarks:

• The branch cuts of g(z) are the segments

Σi = [λ2i−i , λ2i ] , i = 1, . . . , 2n

• g(z) has discontinuities g+(z) = −g−(z), z ∈ Σi

• g(z) lives on the hyperelliptic curve

L : w2 =
4n∏
i=1

(z − λi ).

• The genus of L is g = 2n − 1.
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• Define θ : Cg −→ C associated to L by

θ(−→s ) :=
∑
−→n ∈Zg

e iπ−→n ·Π−→n −2πi−→s ·−→n .

• Π is a g × g symmetric matrix (period matrix) that
depends on the Hamiltonian through the branch cuts of L.

Theorem. (AR Its, FM and MY Mo, 2007)

As L→∞ the von Neumann entropy is

S(ρA) =
1

2

∫ ∞
1

log
θ
(
β(λ)−→e + τ

2

)
θ
(
β(λ)−→e − τ

2

)
θ2
(
τ
2

) dλ,

where −→e is a 2n − 1 vector whose last n entries are 1 and the
first n − 1 entries are 0 and τ depends on L.
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• What happens at a phase transition?

Remember that

{λ1, λ2, . . . , λ4n} = {z1, . . . , z2n, z
−1
1 , . . . , z−1

2n }.

• Since the zjs are roots of a polynomial with real coefficient10 A. R. Its, F. Mezzadri and M. Y. Mo

λj

1/λj

λj

1/λj

Figure 3: The location of one of the roots (2.4), say λj determines the positions of other
three: λj, 1/λj and 1/λj

From the integral (2.1) it is evident that in order to prove theorems 1 and 2 we need an
explicit asymptotic formula for the determinant DL(λ). Indeed, the following proposition
gives us an asymptotic representation for the determinants of block-Toeplitz matrices whose
symbols belong to the family defined in equations (1.5) and (1.6).

Proposition 1. Let Ωε be the set

Ωε := {λ ∈ R : |λ| ≥ 1 + ε}. (2.17)

Then the Toeplitz determinant DL(λ) admits the following asymptotic representation, which
is uniform in λ ∈ Ωε:

DL(λ) = (1− λ2)L θ
(
β(λ)−→e + τ

2

)
θ
(
β(λ)−→e − τ

2

)
θ2

(
τ
2

) (
1 + O

(
ρ−L

))
, L→∞, (2.18)

Here ρ is any real number satisfying the inequality

1 < ρ< min{|λj| : |λj| > 1}.

Remark 1. The first factor in the right hand side of equation (2.18) corresponds to the
“trivial” factor, G[Φ] of the general Widom’s formula (5.1), which we discuss in detail in
section 5, while the ratio of the theta functions provides an explicit expression of the most
interesting part of the formula — Widom’s pre-factor E[Φ] ≡ det (T∞[Φ]T∞[Φ−1]), which
is given in formula (5.2).
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Theorem. (AR Its, FM and MY Mo, 2007)

Let the m pairs of roots λj , λ
−1
j , j = 1, . . . ,m, approach

together towards the unit circle such that the limiting values of

λj , λ
−1
j are distinct from those of λk , λ

−1
k if j 6= k , then the

entanglement entropy is asymptotic to

S(ρA) = −1

6

m∑
j=1

log
∣∣∣λj − λ−1

j

∣∣∣+ O(1),

λj → λ
−1
j , j = 1, . . . ,m.
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• How do we compute such formulae?

• The symbol Φ(z) =
(

iλ g(z)

−g−1(z) iλ

)
admits the

Wiener-Hopf factorization:

Φ(z) = U+(z)U−(z) = V−(z)V+(z),

where U±(z) and V±(z) are analytic inside/outside the
unit circle and

U−(∞) = V−(∞) = I .
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Theorem (Widom, 1974)

d

dλ
log DL(λ) = − 2λ

1− λ2
L

+
1

2π

∫
S1

tr
[(

U ′+(z)U−1
+ (z) + V−1

+ (z)V ′+(z)
)

Φ−1(z)
]
dz+rL(λ),

where

|rL(λ)| ≤ C

|λ|3 ρ
−L, λ ∈ {λ ∈ R : |λ| ≥ 1 + ε, ε > 0} , L ≥ 1

and
1 < ρ < min {|λj | : |λj | > 1}
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• It turns out that

V−(z) = σ3U−(z)−1σ3

V+(z) = σ3U+(z)−1σ3(λ2 − 1), λ 6= ±1

• We also have

Φ(z) = Q(z)ΛQ(z)−1,

where

Q(z) =

(
g(z) −g(z)

i i

)
, Λ = i

(
λ+ 1 0

0 λ− 1

)
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V+(z) = σ3U+(z)−1σ3(λ2 − 1), λ 6= ±1

• We also have

Φ(z) = Q(z)ΛQ(z)−1,

where

Q(z) =

(
g(z) −g(z)

i i

)
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• Let us define

S(z) = U−(z)Q(z)Λ−1, |z | ≥ 1,

S(z) = U+(z)−1Q(z), |z | ≤ 1.

• S(z) is the unique solution of the Riemann-Hilbert problem

S+(z) = S−(z)σ1, z ∈ Σi , i = 1, . . . , n

S+(z) = S−(z)Λσ1Λ−1 z ∈ Σi , i = n + 1, . . . , 2n

lim
z→∞ S(z) = lim

z→∞Q(z)Λ−1.
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In order to compute the entropy of entanglement we need:

1 to solve the previous RH problem for S(z) in terms of θ
functions, and thus obtain the matrices U±(z) and V±(z);

2 to insert U± and V±(z) into Widom’s formula

d

dλ
log DL(λ) = − 2λ

1− λ2
L

+
1

2π

∫
S1

tr
[(

U ′+(z)U−1
+ (z) + V−1

+ (z)V ′+(z)
)

Φ−1(z)
]
dz ;

3 to integrate

S(ρA) = lim
ε→0+

[
lim

L→∞
1

4πi

∮
Γ(ε)

e(1 + ε, λ)

× d

dλ
log
(
DL(λ)(λ2 − 1)−L

)
dλ

]
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The critical case (phase
transitions)

• Pairs of roots of g(z) approach the unit circle.10 A. R. Its, F. Mezzadri and M. Y. Mo

λj

1/λj

λj

1/λj

Figure 3: The location of one of the roots (2.4), say λj determines the positions of other
three: λj, 1/λj and 1/λj

From the integral (2.1) it is evident that in order to prove theorems 1 and 2 we need an
explicit asymptotic formula for the determinant DL(λ). Indeed, the following proposition
gives us an asymptotic representation for the determinants of block-Toeplitz matrices whose
symbols belong to the family defined in equations (1.5) and (1.6).

Proposition 1. Let Ωε be the set

Ωε := {λ ∈ R : |λ| ≥ 1 + ε}. (2.17)

Then the Toeplitz determinant DL(λ) admits the following asymptotic representation, which
is uniform in λ ∈ Ωε:

DL(λ) = (1− λ2)L θ
(
β(λ)−→e + τ

2

)
θ
(
β(λ)−→e − τ

2

)
θ2

(
τ
2

) (
1 + O

(
ρ−L

))
, L→∞, (2.18)

Here ρ is any real number satisfying the inequality

1 < ρ< min{|λj| : |λj| > 1}.

Remark 1. The first factor in the right hand side of equation (2.18) corresponds to the
“trivial” factor, G[Φ] of the general Widom’s formula (5.1), which we discuss in detail in
section 5, while the ratio of the theta functions provides an explicit expression of the most
interesting part of the formula — Widom’s pre-factor E[Φ] ≡ det (T∞[Φ]T∞[Φ−1]), which
is given in formula (5.2).

• The period matrix Π in

θ(−→s ) :=
∑
−→n ∈Zg

e iπ−→n ·Π−→n −2iπ−→s ·−→n .

becomes degenerate.

• θ(−→s ) becomes singular.
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• We computed the entropy of the entanglement of the
ground state of integrable quantum spin chains with finite
range and translation invariant interaction.

• At the core of the computation is the evaluation of
block-Toeplitz determinants.

• Such determinants are computed by solving a RH problem.

• At phase transition we observe logarithmic divergences
that generalize previous results.

AR Its, F Mezzadri and MY Mo. Entanglement entropy in
quantum spin chains with finite range interaction.
arXiv:0708.0161v1.
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