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Introduction : Real random polynomials

Real Kac’s polynomials

n-1 a; = independent Gaussian
Kn(x) = Z ax' random variables,
i=0 Ea =0
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Introduction : Real random polynomials

Real Kac’s polynomials

n-1 a; = independent Gaussian
Kn(x) = Z ajx' random variables,
i=0 Ea =0
Real roots

N, = expected number of roots on the real axis (M.Kac '43)

2
Np ~ —logn
s
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n-1 a; = independent Gaussian
Kn(x) = Z ax' random variables,
i=0 Ea =0
Real roots

N, = expected number of roots on the real axis (M.Kac '43)
2
Nn ~ =logn
T

: Erdos, Maslova, Edelman, Kostlan, Bleher, Fyodorov...
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Introduction : of Kac’s polynomials
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RANDOM POLYNOMIALS HAVING FEW OR NO REAL ZEROS

AMIR DEMBO, BIORN POONEN, QI-MAN SHAO, AND OFER ZEITOUNI

do(n) = Probability that K,,(x) has no real root in [0, 1] J

go(n) ocn™”
with v =0.19(1) (Numericg
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Introduction : Persistence proba. in stat. physics

Persistence probability po(t)
@ X(t) = stochastic random variable evolving in time t, EX(t) =0

@ Persistence probability
po(t) = Proba. that X has not changed sign up to time t
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Introduction : Persistence proba. in stat. physics

Persistence probability po(t)
@ X(t) = stochastic random variable evolving in time t, EX(t) =0

@ Persistence probability
Po(t) = Proba. that X has not changed sign up to time t

Persistence in physical systems

@ coarsening spin field at low T

@ reaction-diffusion 1

@ height of a fluctuating interface Po(t) o< t—o
@ diffusion field J

9o ...
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Motivations : persistence for the diffusion equation

Diffusion equation with random initial conditions

Ahp(x,t) = V2p(x,1) Single length scale
E ¢(x,0)p(x’,0) = 6%(x — x') Ut) oc t/?
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Motivations : persistence for the diffusion equation

Diffusion equation with random initial conditions

do(x,t) = V2p(x,1) Single length scale
E $(x, 0)¢(x’, 0) = 6%(x — x') ((t) o tH/?

Persistence po(t, L) for a d-dim. system of linear size L
po(t,L) = Proba. that ¢(x,t) has not changed sign up to t

S.N. Majumdar, C. Sire, A.J. Bray and Cornell, PRL'96

B. Derrida, V. Hakim and R. Zeitak, PRL'96
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Motivations : persistence for the diffusion equation

Diffusion equation with random initial conditions

Ko(x,1) = V2p(x,t) Single length scale
E ¢(x,0)¢(x’,0) = 64(x — x’) £(t) o t1/2

Persistence po(t, L) for a d-dim. system of linear size L

po(t, L) = Proba. that ¢(x,t) has not changed sign up to t

L= 32

L= 64

t—0(d) L=128

L = 256
)
s

10 100 1000 10000
t
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Motivations : persistence for the diffusion equation

Diffusion equation with random initial conditions

Aod(x,1) = V2p(x,t) Single length scale
E $(x, 0)¢(x’, 0) = 6%(x — x) ((t) o tH/?

Persistence po(t, L) for a d-dim. system of linear size L
po(t,L) = Proba. that ¢(x,t) has not changed sign up to t

Po(t, L) oc L2 @h(t/L?)

0(1) = 0.1207
f(2) = 0.1875 , Numerics
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Purpose : a link between random polynomials
& diffusion equation

Generalized Kac’s polynomials

n—1 _ a; = independent Gaussian
Kn(x)=ao+ ) ai * X! random variables,
i=1 Ea =0

Proba. of no real root Persistence of diffusion

do(n) oc n~°( Po(t, L) oc L2/
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0 Mapping to a Gaussian Stationnary Process (GSP)
@ The case of diffusion equation
@ The case of random polynomials
@ Numerical check

9 Probability of k-zero crossings
@ Generalization to k zero crossings for diffusion and polynomials
@ Large deviation function
@ Generating function

e Conclusion
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e Mapping to a Gaussian Stationnary Process (GSP)
@ The case of diffusion equation
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Persistence of diffusion equation

ao(x,t) = V2o(x,t) o0 =/|y|<deyG(x —Y,)¢(y,0)

E ¢(x,0)p(x’,0) = 8 (x —x') G(x,t) = (47rt)_% exp (—x?/4t)

G.Schehr (LPT Orsay) Stat. of the nP" of zero crossings... 9/35



Persistence of diffusion equation

ao(x.t) = V2o(x,t) 20 :/|y|<deyG(X -y, t)é(y,0)

E¢(x,000(c',0) = 0%(X =X') o 3 aet) S exp (—x2/at)

Mapping of ¢(x,t) to a Gaussian stationnary process

O Normalized process X (t) = %
%
_t / 2
EX (t)X (t/) ~ (4(I+t’)2> , LKL
1, t,t > L2

Q New time variable T = logt

EX(T)X(T') = [cosh(T —T")/2)] /2
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Persistence for a Gaussian stationnary process (GSP)

@ X(T) is a GSP with correlations

EX(T)X(T/) = a(T—T’)
a(T) (cosK(T /2))~9/2

@ Persistence probability Py(T)
@ Slepian’s Lemma

For T>1 a(T)oexp(—3T) = Po(T) xexp(—0(d)T) J

@ Reverting backtot = exp (T)

po(t,L) ~t70@ 1 «t <« L?
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Persistence of diffusion equation

@ Normalized process X (t) = %

INIS

_t / 2
EX(I)X(t/) ~ (4(t+t’)2> , LtU<L
17 t’t’:§> L2

Po(t.L)

10 100 1000 10000
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Persistence of diffusion equation

@ Normalized process X (t) = W

d
4 ; 2
EX(t)X(t") ~ <4m> , Lt<L
1, t’t/ > L2
t,L) oc L=2@h(t/L? h(u) ~ JU~ U
Po(t, L) (t/L%) W~ hees | us1
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e Mapping to a Gaussian Stationnary Process (GSP)

@ The case of random polynomials
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Real roots of generalized Kac’s polynomials

_ 1 .
Kn(x) =ao+ ) aild=2/4x! :

i=1

Averaged density of real roots

pa(x) = E[K;(x)[6(Kn(x))]

Real roots concentrate around x = +1

pn(£1) ~ Agn Ay = 2V4/d+4)

m(d +2)
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Real roots of generalized Kac’s polynomials

n—1

o) = 20+ @D

Poo(X) =

(Li_1-a/2(x®)(1 + Liz_q/2(x?)) — Li%4 5(x?))

1
2

m|X[(1 4 Lig_q/2(x?))

2 15 -1 -05 0 05 1 15 2
X

G.Schehr (LPT Orsay)
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Real roots of generalized Kac’s polynomials

1 1 .
Kn(x) =ao+ ) _aild~2/x! ;

i=1

Expected number of real roots in [0, 1] : Kac-Rice formula

EN,[0 1]—/1 (x) dx iﬁlo n
n 9 - 0 pn 27_(_ 2 g
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Probability of no real root for K,(x)

i I I

Dembo et al. '02
| It Statistical independance of K, (x)

a 15 I “\

I I in the 4 sub-intervals
1

Jit
r ‘q \ / Q\ o
N J LJ \ — Focus on the interval [0, 1]

2 -15 -1 05 0 05 1 15 2
X

= |
| \

2

Po(X,n) = Proba. that Kq(x) has no real root in [0, X] |
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Probability of no real root for K,(x)

@ Two-point correlator

n—-1
Cn(X,y) = EKn(x)Kn(y) = Y i€@2/2(xy)
i=0
@ Normalization
Cn(X,y) = CnEXaY) 1
(Cn(x,x))2(Cn(y,y))2

@ Change of variable

\ \

25 ‘ ‘

2 ‘ \ 1
i I x=1-1  t>1

a 15 Iil il t

1 \“ “\ ““ “\

0

2 -15 -1 05 0 05 1 15 2

G.Schehr (LPT Orsay) Stat. of the nP®" of zero crossings... 15/35



Probability of no real root for K,(x)

Normalized correlator in the scaling limit

@ Scaling limit
N
t>1 , n>1 Kkeeping t:ﬁ fixed

@ Cy(t,t') — C(t,1") with the asymptotic behaviors

= d
Ci) ~ {(4(@2,)2)“ ’

1,
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Persistence of diffusion equation (reminder)

ao(x,t) = V2o(x,t) P01 :/ddyG(x —y)#(y,0)

Eg(x,06(<,0) =X =X) g1y 1)~ (amt)~3 exp (—x?/at)

Mapping of ¢(x,t) to a Gaussian stationnary process

O Normalized process X (t) = %

d
_tr 4 / 2
EX(t)X(t/) ~ (4(t+t’)2> 5 t,t < L
1, t,t' > L2

Q Persistence probability po(t, L)

Po(t, L) o« L=2"Dh(t/L?)
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Probability of no real root for K,(x)

d
- - tt’ 4
C(t,t') ~ {(4(f+ff)2) ’
1,

Po(x,n) = Proba. that K,(x) has no real root in [0, X]

Scaling form for Py (X, n)

Po(x,n) o< n~*@h(n(1 — x))

= cst u<i
h(u) ~ ’
() {u"(d) st
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Probability of no real root for K,(x)

Scaling form for Po(x, n)

Po(x,n) & n~*@h(n(1 — x))

u@ . us1

_ st
h(u)m{c . u<1

do(n) = Probability that K,(x) has no real root in [0, 1] J

go(n) = P(1,n) ~ n~%@)
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e Mapping to a Gaussian Stationnary Process (GSP)

@ Numerical check
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Numerical check of the scaling form

Numerical computation of Py(x,n) ford = 2

n= 128
n= 256
n= 512
n=1024
=
X
o
o
1e-04 0.001 0.01 0.1

1-x
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Numerical check of the scaling form

Numerical computation of Py(x,n) ford = 2

g
D
=
=
S
)
o
1l n= 128
n= 256
n= 512
‘ ‘ n= ‘1024 ‘
0.01 0.1 1 10 100

n(1-x)

Po(x,n) & n~*@h(n(1 — x))
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Numerical check of the exponent

Numerical computation of P(1,n) oc n—%(4)

Po(1,n)

0.1

aoooo
= U

o
obhWwWNE

100 1000
n

In agreement with the exponent 6(d) found for diffusion
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Q Probability of k-zero crossings
@ Generalization to k zero crossings for diffusion and polynomials
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Generalization to k zero crossings

@ Real polynomials

n—1
Kn(x) =ao+ Y _ aild~2/x!
i—1

gk(n) = Proba. that K, (x) has exactly k real roots J

@ Diffusion equation

Bp(x,t) = VZp(X, 1)
Ep(x,0)¢(x’,0) = 69(x —x)

pk(t,L) = Proba. that ¢(x,t) crosses zero k times up to t J

G.Schehr (LPT Orsay) Stat. of the nP" of zero crossings... 24135



Q Probability of k-zero crossings

@ Large deviation function
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Scaling form for GSP : large deviation function

X(T) is a GSP with EX (T)X(T’) = [seci(T — T')/2)]%/?

P« (T) = Proba. that X(T) crosses 0 exactly k timesupto T J

logPu(T) =Ty (%)

¢(x) is a large deviation function
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Q Probability of k-zero crossings

@ Generating function
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Generating function

@ Generating function S.N. Majumdar, A.J. Bray, PRL'98

P(z,T) = isz(k,T) ~ exp(—0(z)T)
k=0

where 6(z) depends continuously on z
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Generating function

@ Generating function S.N. Majumdar, A.J. Bray, PRL'98

P(z,T) = isz(k,T) ~ exp(—0(z)T)
k=0

where 6(z) depends continuously on z

@ Assuming the proposed scaling form for P(k, T)

A R B k.
P(z,T) = kZ:Oz exp( Tgo<pT>>
o< exp (—Minyo [¢(x) — px log z])
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Generating function

@ Generating function S.N. Majumdar, A.J. Bray, PRL’'98

P(z,T) = isz(k,T) ~ exp(—0(2)T)
k=0

where A(z) depends continuously on z

@ Assuming the proposed scaling form for P(k, T)

n i k
_ k _
P(z,T) = kEZOz exp( Te <pT>>
o exp (—=Miny.o [p(x) — px logz])
@ Inverting the Legendre transform

p(x) = Maxo<,<2[px logz + 4(z)]
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Application to the integrated Brownian motion

@ Integrated Brownian motion (“Random acceleration process”)
W(t) = Brownian motion

X(t) = /O V(s)ds

@ Generating function T.W. Burkhardt '01

P(z,T) = izkp(k,T) ~ exp(—0(2)T)
k=0

~ 1 6 . (Z
= — E— — <
0(z) 2 (1 TFArcSm (2)> , 0<z<2
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Application to the integrated Brownian motion

@ Integrated Brownian motion (“Random acceleration process”)

W(t) = Brownian motion
t

X(t) = / W(s)ds
0

@ Exact result

I0g Pi(T) = ~Tep (%) .

21
o(x) = \/gxl og <\/X27X—3> % (1_ EArCS'n(\/x;?»
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Probability of k-zero crossings for diffusion equation

8t¢(xvt) = V2¢(X,t)
E ¢(x,0)p(x’,0) = 6% (x — x')

pk(t,L) = Proba. that ¢(x,t) crosses zero k times up to t ]

p(t,L) ~t <'°|;t> , t<L?
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Application to random polynomials

@ Large deviation function for random polynomials

n—1
Kn(x) =ao+ Y _ aild=2/4x!
i—1

gk(n) = Proba. that K,(x) has exactly k real roots in [0, 1] J

gk (n) n‘X(ﬁ)
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Conclusion

@ A link between diffusion equation and random polynomials

Proba. of no real root Persistence of diffusion
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Conclusion

@ Po(x,n) = Proba. that K,(x) has no real root in [0, X]
Po(x,n) o« n~@h(n(1 — x))

@ gk(n) = Proba. that K,(x) has exactly k real roots in [0, 1]

Qk(n) o< n~(wsr)
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@ Extension to other class of polynomials
n ai i
Wi (x) = ; i
n
Ba(X) = > & <?>Xi
i=0

@ Extension to real eigenvalues of real random matrices
i.e. Ginibre’s matrices (c.f. Akemann, Kanzieper)
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A heuristic argument

@ Diffusion equation

J(x=01) = (4nt) 972 /0<.x|<deX exp (— ) 6(x,0)

gl/2
- 47rt)d/2/ ar 30 e wi)

_ g-172 —i(d 1) i/ d
W(r) Sq Allrn_”n)0 AT <|X|<r+Ard X ¢(x,0)

EW(r)v(r') = 4(r —r’)
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A heuristic argument

@ Diffusion equation

(X =0,t) duu 4 e”

EVuWu) = 6&u—u)
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A heuristic argument

@ Diffusion equation

L2 d-2 _u .
(X =0,t) duu 4 e t Y(u)
0

EWVu)Wu) = 6&u—u)

d—2
@ Random polynomials : Kn(X) =ap + > i  &i 4 x'

N.d—2 i
K(1-1/t) ~ ap+» i 4 e ta
i=1
n d—2 _u
~ duu 4 e ta(u)

Ea(u)a(u’) = 5?u—u’)
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