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Motivation and goals

• Motivation

– Chiral Matrix Models (MM) with complex eigenvalues

provide analytical predictions for Lattice QCD with

chemical potential. Comparison successfull on the level

of spectral density [1].

– Predictions for individual eigenvalue distributions (IED)

are highly desirable - easier to measure on the Lattice,

less statistics needed.

– Interesting problem from the theoretical point of view.

• Questions to address

– Define a notion of ordering of complex eigenvalues

– Compute k-th IED for chiral Matrix Models

– Compare with the Lattice QCD data

• What is known

– In chiral Matrix Models the k-th eigenvalue distributions

are explicitly known[2]

– The spacing distribution for complex eigenvalues has

been computed [3] for the β = 2 Ginibre case. But, this

corresponds to the maximal non-hermiticity and a

different symmetry class



Eigenvalue distributions for complex
eigenvalues

• k - point correlation functions for N complex eigenvalues:

Rk(z1, ..., zk) =
N !

(N − k)!
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• Ordering problem: how to order complex eigenvalues?

• The solution [4]: Consider any 1-parametric family of

mutually nonintersecting closed contours ∂J [η] which span

C+.The contour for fixed η is parametrised as ∂J(z(τ)) with

z(τ) ≡ x(τ) + iy(τ)).

• Then define the k-th eigenvalue distribution pJ
k (η, τ) as the

probability that k − 1 eigenvalues are inside J , one is at the

point z(τ) on the boundary ∂J [η], and the rest N − k are

in the complement J̄ :
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• The eigenvalue ordering is induced by the entire contour

family. The {η, τ} play the role of generalised polar

coordinates.



• All pk-s can be expressed through densities (Fredholm

determinant expansion). For instance

p1(τ) = ρ1(z(τ)) −

∫

J

d2z1 ρ2(z1, z(τ))

+
1

2!

∫

J

d2z1

∫

J

d2z2ρ3(z1, z2, z(τ)) + . . .

• The choice of the contour family becomes part of the

definition of the quantities we measure (pk). Different

contour families will lead in general to different pk’s.

• However, one relation always trivially holds:

N
∑

k=1

pk(z) = R1(z)

• In general, to practically compute pk-s we truncate the

Fredholm expansion to the first few terms. In the case of

real eigenvalues, this was found before [5] to be an excellent

approximation.

• For certain types of contours (circles, ellipses), computations

are simpler.



Results from chiral RMT
1.Non-Hermitian Chiral 2-matrix model

• The specific matrix model we use is the 2-matrix model for

QCD with a barion chemical potential µ, defined in [6]:

Zν = N
Z

dAdBwG(A)wG(B)
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0

@
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A , wG(A) = exp{−NTr[A2]}

where ν is the (integer) topological charge, D is the Dirac

operator, and A and B are complex (N + ν) ×N matrices.

• The resulting Dirac eigenvalue representation has a

non-gaussian weight:
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• The polynomials orthogonal on C with this weight are

Laguerres:

Pk(z) =
“µ2 − 1

N

”k
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• The exact spectral microscopic kernel of the model reads for

Nf = 0 [7, 6]

Ks(x, y) =
|xy|ν+1

2πα2(xy∗)ν

r

Kν

“ |x|2
2α2

”

Kν

“ |y|2
2α2

”

×

×e
Re(x2+y2)

4α2

Z 1

0

e−α2tJν(x
√

t)Jν(y∗
√

t).

• The microscopic limit is taken as:

ρS(ξ1, ..., ξn) = lim
N→∞

1
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N
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• The regime of weak non-hermiticity [8]:

α2 = 2Nµ2− fixed,N → ∞

• The k-point functions can be expressed as determinants of

the kernel [9, 6].

• In the limit α → 0 we have

ρν(z) = δ(Im(z))ρnuchGUE(Re(z))

• In the limit: µ = 1, N → ∞(α → ∞) (strong

non-hermiticity) - rotational invariance:

ρν(z) = |z|2Kν(|z|2)Iν(|z|2)



2. Exact results at strong non-hermiticity

• For Nf = 0 the probability that the domain J is free from

the eigenvalues (modulo exact zero modes) is given by

E0[J ] =
1

Z

Z

C/J

dz1...dzN

N
Y
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• For µ = 1, the measure is rotationally invariant:

w(z) ≡ w(|z|) = |z|2ν+2Kν(N |z|2)

• This symmetry allows us [10] to obtain an exact expression:

E0(R) =

N
Y

k=0
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where we introduced an incomplete Bessel function:

I [k]
ν (x) =

k
X

n=0

(x/2)2n+ν

n!(n + ν)!

• Similar expressions for all Ek -s can be written. The

eigenvalue distributions are then computed with

pk(R) = − ∂

∂R2

k−1
X

n=0

En(R)

n!

• Note that this case corresponds to circular contours J and

we have a well-defined radial ordering





Figure 1: The distributions of the first 8 eigenvalues, their sum

(yellow) and the spectral density (purple) for topological charge ν = 0

(top) and ν = 1 (bottom). They are normalized to 1 with the measure

2rdr



3. Fredholm determinant expansion at weak

non-hermiticity

• Weak non-hermiticity corresponds to finite α = 2Nµ2. For

finite volume (N in RMT),µ is also finite. This is the case on

the Lattice.

• Our approach in this case is based on the formula

p1(τ) = ρ1(x(τ), y(τ)) −
Z

J

d2λρ2(λ, x(τ) + iy(τ)) +

+
1

2

Z

J×J

d2λ1d
2λ2ρ3(λ1, λ2, x(τ) + iy(τ)) − ...

• In practice we compute it up to the ρ3 term. The

convergence is very fast.

• Motivation: this procedure was carried out before for µ = 0

case [5] , where exact results are known [2], and the fast

convergence was observed.

• For the µ 6= 0 case (2-dimensional), we have to specify the

family of contours. We considered ellipses:

Re(z) = η cos(φ) , Im(z) =
a

b
η sin(φ),

where a and b are fixed for a given contour family, while a

given contour is characterized by the ”radius” η, 0 ≤ η ≤ b.





Figure 2: Left: The density ρ1(ξ), and distributions p1(ξ) and p2(ξ),for

an elliptic family of J[η] parametrized as (Im(ξ))2 +1/25(Re(ξ))2) = η2,

0 ≤ η ≤ 10, all for ν = 0 and α = 0.174. Right: counterparts for the

µ = 0 case:the density (Blue), the exact p1(ξ) (Green), and approximate

p1(ξ) (Red). Its rise for larger ξ is an artifact of the approximation;

bottom:exact p2(ξ) (Green),and approximate p2(ξ) (Red). The approxi-

mation clearly breaks down when p2(ξ) becomes negative.





Figure 3: Results obtained via the truncated Fredholm determi-

nant expansion (first 3 terms) for the first eigenvalue distribution, for

increasing non-hermiticity. The spectral density is plotted to guide

the eye. Top: weakest non-hermiticity (α = 0.591). Middle: weak

non-hermiticity (α = 1.109). Bottom: intermediate non-hermiticity

(α = 1.683). Here we start seeing the onset of radial symmetry.



Comparison of Lattice results and chRMT

predictions

• Our comparison is based on the recently proposed lattice

Dirac operator for µ 6= 0 [1], which has good chiral

properties

• To have a good statistics, we compare the first eigenvalue

distribution integrated over the polar angle φ

P1(η) =

Z π

−π

dφ p1(η, φ)

• From the lattice side, the Monte-Carlo simulation is

performed to obtain en ensemble of gauge field

configurations. (typically few thousands). For each

configuration, the Dirac operator is diagonalized.

• For lattice data, binning in η is performed, according to the

definition of ellipses (or other contours we choose)

• The parameters of the MM Σ and µ were fixed by a fit to

the spectral density. Thus, our comparison is parameter-free.



• Weakest non-hermiticity (µ = 0.1)

• Weak non-hermiticity (µ = 0.2)



• Stronger non-hermiticity (µ = 0.3)

• Even stronger non-hermiticity (µ = 1.0) and comparison

with exact results



Conclusions

• Ordering of complex eigenvalues is possible with respect to a

given family of mutually non-intersecting contours in the

complex plane

• Known relations between spectral correlation functions and

individual eigenvalue distributions can be generalised to

complex eigenvalues

• In the case of strong non-hermiticity, we obtained exact

analytical predictions in chRMT, for all pk

• Truncated Fredholm determinant expansion works very well

for weak non-hermiticity, as was expected from the µ = 0

case

• The chRMT predictions are in excellent agreement with the

Lattice results
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