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Riemannian Symmetric SuperspacesRiemannian Symmetric Superspaces
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Symmetric spaces

Symmetric space := 

Globally symmetric Riemannian manifold

/ MTHGM ≅⊕ 

)(Lie,)(Lie
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MTHGM x
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≅⊕==

  
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Spontaneous breaking of compact symmetries:   
as the space of the “order parameter”M

Example: (ferro-)magnetic order, 23 SO/SO=M

as the space of the order parameterM
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Generalization: symmetric supermanifolds

What’s a Riemannian symmetric superspace?
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Riemannian symmetric superspaces: definition

),()( ∗ →∧ x MF ionssuperfunct of sections Consider
)()( ∗∧∈ xFxM ψψ valueswithonfunctions i.e.,

))(,( carriesionssuperfunctofalgebrathe:Fact ∧Γ≡ ∗FM

Supermatrix model

.
))(,(

10 sderivationbyrasuperalgebLietheofactionan
pg

 + ⊕=

Supermatrix model…

)(: itswithequippedoldsupermanifthe MDefinition
)Der()Der(:

),(:

superspacesymmetricRiemannianacalledis
)geometry(superinvariant

itswithequippedoldsupermanifthe
→×−− B

M
-

Definition

RSS arise as target spaces of supersymmetric nonlinear sigma models.

.superspacesymmetricRiemannianacalledis
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Example

)di(

)U(U/U1

VVV

M
sr

srsr

⊕

×=
⊥+

+

id itth lf
manifoldGrassmannConsider

),( qphqp −+ signatureofstructure)Hermitian(pseudowith

)dim( 111 rVVVsr =⊕= ⊥+ionsdecompositorthogonalof

)dim(
)U(U/U

),(

000

,0

pVVVh
M

qp

qp
qpqp

=⊕=−
×=

⊥+ionsdecompositorthogonalof
manifoldGrassmanndetermines

g)(p

10 MMM ×=spaceSymmetric

),(Hom),(Hom

),(Hom),(Hom:

1111

0000

VVVV

VVVVMTx
⊥⊥

⊥⊥

⊕⊕

⊕=⊗spaceTangent

),(Hom),(Hom

),(Hom),(Hom:

1001

0110

VVVV

VVVVFx
⊥⊥

⊥⊥

⊕⊕

⊕=bundlevectorofFibre

6/26



Example (continued)
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Important:

Real form          of        carries positive quadratic form. 0MTx
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Table: the Tenfold Way
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M R Z Riemannian symmetric superspaces and their origin in

SB

8/26

M.R.Z., Riemannian symmetric superspaces and their origin in 
random matrix theory, J. Math. Phys. 37 (1996) 4986



Hyperbolic Hubbard-Stratonovich Transformation

• Joint work with Y. Fyodorov and Y. Wei (preprint available upon request)

Hyperbolic Hubbard Stratonovich Transformation

• Fyodorov, J. Phys. Condensed Matter 17 (2005) S1915

• Wei & Fyodorov, J. Phys. A 40 (2007) 13587
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Background & motivation

Consider real symmetric           matricesNN × H
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Background & motivation (continued)
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Next step is Hubbard-Stratonovich decoupling:
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Pruisken-Schäfer domain
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Statement of result
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Corollary
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Idea of proof

Remark. 2005Fyodorov:1== qp
2007Fyodorov,Wei:1,2 == qp

Consider
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Two domains for p = q = 1
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Reorganization of boundary components

boundaryorientedlyconsistenttwogives
piecesboundarytheoftionReorganiza

.FE andplanes
yyg
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Superbosonization

• P. Littelmann, H.-J. Sommers, M.R.Z., Commun. Math. Phys. (in press)

Superbosonization

• J.E. Bunder, K.B. Efetov, V.E. Kravtsov, O.M. Yevtushenko, M.R.Z.,            
J. Stat. Phys. 129 (2007) 809
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Motivation: supersymmetry method
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Special case: commuting variables only
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generalization: see Fyodorov Nucl Phys B 621 (2002) 643

)()(),( g∫∫
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f NN

generalization: see Fyodorov, Nucl. Phys. B 621 (2002) 643
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Special case: Grassmann variables only
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A statement of result
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A statement of result (continued)
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Symmetry argument (heuristic)
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Comments
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Application: Wegner’s N-orbital model, U(N)
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