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» Painlevé transcendents and their appearance in physics

E. Picard
(1889)

Rational function of its arguments —

All movable singularities are restricted to poles
(no movable branch points)

(a) linear 2nd order DEs N2 4 o
= (b) Weierstrass DE ) oo
(c) Riccati DE y' = a(z)y® + b(x)y + c(z)

P. Painlevé (1900,1902)
Painlevé equations P, - Py, B. Gambier (1905)
nonlinear special functions R. Fuchs (1910)
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ol (totr)” — vive (o1)” + o (4ot — 1)(omn — to) — e (11 —1r)° =0

" ’ ' 112
P (tJV)Q — [Jv — toy + Q(UV)Q + (o + 1+ 12 + Iig)O'V]
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+4(vo + ov)(v1 +oy)(v2 + ov)(vs +oyv) =0

a’&\%
O ae®
(o0 et . . P. Painlevé (1900,1902)
Q‘OQ [ Pamll.eve equat.lcins P; n Py ] B. Gambier (1905)
nonlinear special functions R. Fuchs (1910)

P. Clarkson, Painleve equations - nonlinear special functions, J. Comp. Appl. Math. 153, 127 (2003)
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* 2D Ising model 7; A

2D /‘ -
Hi(nt : - _JZ (Jj,k T k+1 + Tk Jj—l—l,k) }$_
7.k

T. Wu, B. McCoy, C. Tracy, and E. Barouch (1976)

R
(O'UUO'MN}‘ " = F* ([GIII]: r= —) (1./4.0)
T—Tg T T) =
R:(ﬁ!fg—l—f\rgjl.fg_}oo ' 5( ) 6( ) |1 . T/TC|

) i
tanh(J/T.) = V2 — 1 111
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I'he committee also recognizes the earlier work
e 2D Isin of Craig Tracy with Wu, McCoy, and Barouch, in
: which Painlevé functions appeared for the first
time in exactly solvable statistical mechanical
H.(QD} 4 models. In addition, the committee recognizes
int ——— . . -
the seminal contributions of Harold Widom to the
asymptotic analysis of Toeplitz determinants and
theirvarious operatortheoreticgeneralizations.
T. Wu, B
(oooo }‘ F* ([cr J5 7 1 ) (T./4.0)
000 M N = I 7 = e , c/4
TT &(1) §(T) = Y
R=(M24N2)1/2_, ' |1 — T/TC|

tanh(J/T.) = V2 — 1
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=
e Impenetrable Bose gas ¢ — o g
c 5
H=-Y —=+g)» 0z 2z ~ 7~ 7 =i
AR (2 = 25) o / ©
j=1 J 1<jg g
FIG. 1. The geometry and size of trapped 1D gases in a two-

dimensional optical lattice. The spacing between the 1D tubes
in the horizontal and vertical direction is 413 nm.

M. Jimbo, T. Miwa, Y. Méri, and M. Sato (1980)

M. Girardeau (1960)
A. Lenard (1964)

L
QN(ZB):N/ dzo - dzy V' (x,20, -+, 28) W(0,20, -, 2n)
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— XD




Applied Mathematics

H i T Integrable Theory of Quantum Transport ...
ol @

» Preface:

1710 2171130 120
Holon Institute of Technology

» Painlevé transcendents and their appearance in physics

* Growth models in (1+1)D (oriented digital boiling)
hep1(z) = max {he(x — 1), he(2) + 22t} || ho(a) = { 0 ifz=0

—oo otherwise

J. Gravner, C. Tracy, and H. Widom (2001) Ex.t ~ Ber(p)
e Universal regime of shape fluctuations
G e g (jf‘)
3 ......... ! ’ ! r— oo, t — oo, p < Pec = 1 - I,/t < 1
s )e ]
5 3 4 5 6 7 : :
: L hi(x) — cqt
i N N EE B R Prob( t( )1 L <3) :FQ([O‘II];S)
0 : Cgt KB
) 0 1 2 3 B! 5 6 7 '
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e Growth mode

)

h-t_|_1(:1?) = m: 0 if 2 =20
-0 otherwise
J. Gravner, C. Tra ~ Ber(p)
g — 'Tuctuations
L i K I o/t <1
als)el
5 & 4 5 G 7 : :
1 T h.t(;r.) — cqt
IS K KX K K Prob ( Cgtug < s | = Fy ([O'II] ; S)
0 1 2 3 4 5 [§ 7 '
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» Painlevé transcendents in quantum transport problems

M NL+Ngr M Np+Ngr
Htot = Z (‘p;chHkEwé’ + Z XI};EFXO: —+ Z Z (’d),{cwjkach + X;W;'cxwk)
k=1 a=1 k=1 o=l
mmm CVity mems = Jeads T m—— COUPlING

II0AIISI JYSTY J

Left reservoir W

© S. ObEI’hOlZEI‘, Universitit Bazel Landauer Conductance
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M NL+Ngr M Np+Ngr
Htot = Z (‘p;chHkEwé’ + Z XI};EFXO: —+ Z Z (’d),{cwjkach + X;W;'cxwk)
k=1 a=1 k=1 o=l
mm CVity mems = Jeads T m—— COUPlING

uantum regime
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TD > T |«

II0AIISI JYSTY J

Left reservoir W

Ehrenfest time ——

— Electron dwell time

Landauer conductance
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2

(t0)* = [ov — tol +2(0%)? + (NL + Nr)od ]~ + 4(o%)* (0% + NL) (04 + Ni) = 0

Main Result

II0AIISI JYSTY J

Left reservoir W

ke(g) = ((G/Go)")

Landauer conductance <«
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M
Hiot = Z @blHﬁeE’i’bE +

k=1

Ni,+Ngr M

> xherxa+ )
a=1 k=1

Np+Ngr

Z (IPI@VVMXQ + XLW};M/};@)

a=1

— cavil’y ———

m—— COUPIING s

mmm Jeads -
L

Scattering matrix approach

G/Go = tr (013623*)

Cl _ I[_NL CQ _ OJVL
OIVR :[LJVR

G =dI/dV

II0AIISII JYSTY J

Left reservoir W

Landauer conductance
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» Landauer conductance and its cumulants: Known results
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M NL+Ngr M Np+Ng
Htot — Z "b;z'}'fkf'ibf + Z XIEEFXO: + Z Z (lpl._wjkach + XLWEQIP;(-)
k=1 a=1 k=1 a=1

S € CUE(NL —+ NR) @am | BPC

Scattering matrix approach

G/Go = tr (013623*)

Cl _ I[_NL CQ _ OJVL
OIVR :[LJVR

G =dI/dV

II0AIISII JYSTY J

Left reservoir W

Landauer conductance
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NpL+Ngr M Np+Ng
Htot — Z 77% kawf + Z XQEFXCH + Z Z (Z/JAV\’F;QXQ + Xawk'at/)k)
k=1 1 a=1
S ¢ CUE(NL + NR) Semiclassical arguments:
Bliimel & Smilansky (1990)

Scattering matrix approach

Microscopic justification:
Brouwer (1995)

G/Go = tr (013623*)

Early (exact) calculation

" 0 of moments/cumulants:
Cr= | Co=| " Baranger & Mello (1994)
OIVR :[LJVR

1st & 2nd cumulants
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o NGO S c CUR(N N
<g>—n!% TN € (NL + Nr)

exponential T—\ Semiclassical arguments:
growth !! Blimel & Smilansky (1990)
All moments
Novaes (2008) Microscopic justification:
S - Brouwer (1995)
ymmetric
functions
v Early (exact) calculation
3rd & 4th cymulants of moments/cumulants: .
Savin, Sommers & Baranger & Mello (1994)

Selberg integral - | Wieczorek (2007) 1st & 214 cumulants
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» Integrable theory of quantum transport (Landauer conductance)

N1y +Ng M Np+Np
Htot = Z ”d){ HLE'PE + Z chgFXa + Z Z (dj,{wkaXa + Xctwkcxd)k‘)
ki=1 k=1 «a=1

S € CUE(NL -+ NR) @am | BPC
|

Scattering matrix approach

G/Go = tr (C1SC28T)

Cl _ ﬂjVL CQ — O_NL
O.NR HJVR

G = dI/dV

II0AIISI JYSTY J

Left reservoir W

Landauer conductance
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: Cumulant generating
Ful(z) = <€_ztr (5C157C2) > function
SEC[TE(JVL+1VR) n — Il'li]_’l(NL, NR)

Itzykson-Zuber formula, but:
high degeneracy of C-matrices BPC

!
S — Ny x NL tNL X Np
!

G = dI/dV

II0AIISI JYSTY J

Left reservoir W

Truncate!
(Zyczkowski & Sommers, 2000)

Landauer conductance
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: Cumulant generating
Fn(z) = <€_ztr (5€18 Cg)> function
SECURK(N,+Np) n — Il'lil’l(NL, NR)
Itzykson-Zuber formula, but: l v = |NL — Ng|
high degeneracy of C-matrices

! — T
S "Ny, x Ny, tNL X Ngr J n(Z) — <€ wtr (¢ )>
/
I'Nr x Nr l ENR XNy,

Fnl(z) x f [ d7; 75 exp(—2T;) - AL(T)
(0,1)7 j— T— —— &=

S e CUE(NL + NR)

Truncate!
(Zyczkowski & Sommers, 2000)
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Cumulant generating

f.n(z) _ <€—ztr (SC13'C2)> function
SECUE(Ny+NR) n = min(Nz, Nr)

Folz) = exp (/Oz V(1) — NLNR)

t

/= ‘NL — NR‘

A

Gap formation
probability
e n L (LUE)
Fnlz) oz ) f H dA; NS e - AT () Tracy &
(0,2)™ ;—1 Widom (1994)

\ 4

Fn(z) x / H d1; T exp(—=zT}) - AZ(T)
(0,1)7 j— T— — <—

S e CUE(NL + NR)




Applied Mathematics

HIT

1710 2171130 120
Holon Institute of Technology

Integrable Theory of Quantum Transport ...

» Landauer Conductance ...

» Integrable theory of quantum transport (Landauer conductance)

<€—ztr (scls'i'c2)>

Se C[TE(JVL —}—iVR )

Cumulant generating
function

\ 4
o
——
©
R
I
)
o
T
AN
O\N
Sl
o~

ov(z)

ov(t) —t NLNR)

@ ——ml
o
o
B
—~
']
~—
|
[~]
—
N
—
o~

= NLNgr

I R (CEOY

== ((G/Go)")

Main Result

H ! ! ! 2 ! ! !
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NL+NR

k=1

M
Hiot = Z ?PI,'HM?M + Zl Xherxa + kz_l

Jﬂ‘f

NL+NR

Z ('J/’I@V"’k—ax.m + XLW}Z@%L’&)

a=1

m— CaQVily meme == ]eads

-

m—— COUPlING

\ 4

TD > TE

uantum regime

&
Bl

Ehrenfest time ——

— Electron dwell time

II0AIISI JYSTY J

Left reservoir W

Landauer conductance




Applied Mathematics

H i T Integrable Theory of Quantum Transport ...
ol ®

» New:

1710 2171130 120
Holon Institute of Technology

Painlevé transcendents in quantum transport problems

2

(t0)* = [ov — tol +2(0%)? + (NL + Nr)od ]~ + 4(o%)* (0% + NL) (04 + Ni) = 0

Main Result

II0AIISI JYSTY J

Left reservoir W

ke(g) = ((G/Go)")

Landauer conductance <«




Applied Mathematics

H i T Integrable Theory of Quantum Transport ...
ol @

» New:

1710 2171130 120
Holon Institute of Technology
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* Conductance cumulants obey a nonlinear recurrence equation

i—1

[(NL+ Np)* = 571G+ Drspale) = 2D (B0+1)(G — 0 (ff) Ker1(9)%-e(9)
[=0 '

— (NL+Nr)(2f = 1) jri(g) = 50 — D = 2) 55-1(9)

NLNR K1(9)

T N | S W N

-: ke(g) = Pr(r1(g9); NL + Nr)

N \N
(g"y=n! E [ [;33\[11;])\ ~ exp (m&n/g) Novaes (2008)
An NN
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e Entire conductance distribution function follows from the Toda Lattice

Fu(2) Fil(2) — (Fi(2))? = varn(g) Fa-1(2) Frs1(2)

Folz) =0 v+ 1)! e 2
Fi(z) = (zrﬂ—l) 1—e zﬁ

1 e Conductance probability
A density function
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» Consequences / further results

* Asymptotic analysis of conductance cumulants

* Asymptotic analysis of conductance distribution (deviations from the
Gaussian law)

* Statistics of the noise power as a function of bias voltage and the
temperature

* Joint statistics of Landauer conductance and the
noise power
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14 f ! ! 2 ! ! !
(tcw)2 — [ov —toy + 2(0)? + (NL + Nr)ov]™ + 4(oy)* (o + Ni)(oy + Nr) =0

Main Result

Uv(Z) = NLNR

1 (—2)"
P, T Z N0 ((G/Go)"Y)

A

II0AIISI JYSTY J

Left reservoir W

ke(g) = ((G/Go)")

Landauer conductance <«
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P(S) x [dﬁ‘-t (]1 — 58*) det (]1 _ ngﬂ —(NL+NR)

* Non-ideal contacts (Poisson kernel)

* Lossy quantum transport (electrons escaping through the third lead)
* Full counting statistics

* Other symmetry classes (=1 and 3=4)




