Brunel University, 19 December 2008

“Angular” matrix integrals

Brunel University, 19 December 2008
J.-B. Zuber

. “Correlation Functions of
Harish-Chandra Integrals over the Orthogonal and the Symplectic Groups”,
J. Stat. Phys. 2007, math-ph/0610049.
On the large N limit of matrix integrals over the orthogonal group,
J. Phys. A 2008, arXiv:0805.0315



Brunel University, 19 December 2008

Matrix integrals

Zg = / DQ expNB Re (tr (QJ)) (0
G

7(6) — / DQ expNp Re (tr (AQBQT)) @)
G

over a compact group G, are frequently encountered in physics (and in
maths) : “Bessel matrix functions” or “angular matrix integrals”.

G = O(N),U(N),Sp(N), with respectively f = 1,2,4.

Invariance under J — QJ€2, and A — QIAQT, B QZBQS, resp.

= Zg expressible as a sum of [[;tr (JJ7)? and Z(°) as a sum of
[[;trAP[];tr BY
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Matrix integrals
Z(;:/DQ exp NP Re (tr (QJ)) (1)
G

7(6) — / DQ expNBJe (ir (AQBQ)) 2)
G
over a compact group G, are frequently encountered in physics (and in
maths) : “Bessel matrix functions”. Mostly studied for G = U(N) (f = 2).
What happens for other groups, e.g. G=O(N) (B=1), Sp(N) (B =4)?

e If A and B are both real skew-symmetric (i.e. in the Lie algebra of o(N)),
resp. both quaternionic antiselfdual (in sp(N)), Z is known exactly from the

work of . Also correlation functions are known

e If A and B are both real symmetric, resp. both quat. selfdual, much more
complicated and elusive,

e if they are neither, ...?

e Expect simplification as N — oo . Universality of (1), (2).
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Zg = /G DQ expNBRe (tr (QJ)) (1)
7(6) — / DQ expNBJe (ir (AQBQ)) 2)
G

Outline of this talk

— Review of (2) in the Harish-Chandra case (A and B in the Lie algebra)
— Correlation functions

— The integral (2) in the symmetric case
— The large N limit of (1) and (2)
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1. The Harish-Chandra integral.
For A and B in the Lie algebra g of G, in fact in a Cartan algebra

exp NPtrAB"
AG(A)AG(B")

79 = / DQ expNBtr (AQBQ") = const. Z 3)
G

we W
AG(A) :=[la>0{x,A), a product over the positive roots, 7 the Weyl group.

More concretely, for G = U(N), take A = diag(a;), B = diag (b;)
7(U) — const, —dete™
- "[li<j(ai—aj)(bi—b;)
and for G = O(N), take A and B both skew-symmetric, block-diagonal form

0 a o
A = diag ( . c(l) ) , B likewise
¢ i=1,--.m

,...,

(0) _ det(2cosh 2Na;b )
VA const. Ao (@Ag (D)

for O(N), N = 2m, with Ao (a) = [1j<ic j<m(ai — a?).
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1. The Harish-Chandra integral
For A and B in the Lie algebra g of G, in fact in a Cartan algebra

exp NPtrAB"
AG(A)AG(B")

76 — / DQ exp NBtr (AQBQ") = const. Z 4)
G

we W
AG(A) :=T[la>0{x,A), a product over the positive roots, 7 the Weyl group.

More concretely, for G = U(N), take A = diag(a;), B = diag (b;)
7(U) — const, —dete ™
- "[li<j(ai—aj)(bi—b;)
and for G = O(N), take A and B both skew-symmetric, block-diagonal form

0  a o
A = diag * , B likewise
—ai 0/,

(0) — det(2sinh2Na;b )
Z CONSt. 4 Ap

for O(N), N = 2m + 1 with Ao (a) = [T | ¢ [T1<i< j<m(af — a3).

i
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1. The Harish-Chandra integral
For A and B in the Lie algebra g of G, in fact in a Cartan algebra

expNPtrABY
AG(A)AG(B")

7\6) = / DQ expNBtr (AQBQT) = const. '} (5)
G

wew
Ac(A) :=Tlg>0(0,A), a product over the positive roots, W’ the Weyl group.

More concretely, for G = U(N), take A = diag(a;), B = diag (b;)
Z(U) — const, dete™ "
Tli<j(ai—a;)(bi—b;)
and for G = Sp(N = 2m), take A and B both quaternionic antiselfdual,

0 ; . .
al) , B likewise
i=1,.m

block-diagonal form A = diag < 0
—a;

det(2sinh2Na;b;)
ASp (a>ASp (b)
N = 2m with Agp(a) = [T @i i <i< jem(aF — a?)-

7Z(0) — const.
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Proofs of this H-C formula
— Heat kernel

7 = t_%dimGfGDQe_%NB“(A_QBQT)z satisfies (N[S% —4V3)Z' =0and

boundary cond Z' — const / dQ.8(A — QBQT). Rewrite in “radial
G

t—0
coordinates” a; using the expression of the Laplacian

l

Vi =A% (A) ZaiA%; (A)9; +angular part = A" (A) ZB?AG (A) +ang.

Thus Z" := Ag(A)Ag(B)Z’ solution of (NBJ; — 5 ¥;07)Z" = 0 and is an
alternate sum over the Weyl group of exp — %N B(a; —bY)>. QED
— Character expansion . . .
— EXxact semi-classical expression
Stationary points of tr (AQBQ") w.r.t. Q satisfy [A, QBQ'] = 0 and are for generic
A and B in g, (distinct eigenvalues), in 1-to-1 correspondence with the elements of
T/, whence the numerator of the H-C formula. Then the Gaussian fluctuations

around each of these stationary points yield the denominator of the H-C formula.
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Correlation functions

What about the associated “correlation functions” of invariant traces

/ DQ ¢ TAQBL [[r (A" QB1Q A2y 9

(still invariant under A — QlAQJ{, B — QZBQ;)

Is there still some localization property?
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Correlation functions

What about the associated “correlation functions” of invariant traces

/ DQ ¢ rAQBL [[er@roBnQfar...) 2

(still invariant under A — Q,AQ!, B — Q2BQ;)

Is there still some localization property? Yes !

—trABY

c T
DIe " TT"F(A+T,BY+T7
AAIABY) Jn, ( )

/DQ e—trAQBQTF(A7 QBQT) =, Z
weW
with b the Borel subalgebra (upper triangular matrices), n. its “derived ideal”
(generated by positive roots) (strictly upper triangular matrices), whence a finite
number of correction terms to the semi-classical approximation.
generalizing

or making more explicit previous expressions
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2. The integral (2) in the symmetric case

7% = / DQ expNBtr (AQBQ")
G

forA=A" and B = B".

For G =U(N), A and B hermitian rather than antihermitian, no difference,
HCIZ formula works.

For G = O(N), A and B real symmetric, ??
For G = Sp(N), A and B quaternionic self-dual. ??

A case much studied in the recent years | Guhr—Kohler "00, Brézin—Hikami
’02-06, Bergere—Eynard °08, Collins—Guionnet—Maurel-Segala ’08]

11
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Many nice features
— finite (semi-classical) expansion and “T-expansion” for 3 an ¢ven integer

Z(G) Z eNBaibG(j) P (A BG) (6)
= BN (A,
sea, Aa)PA(bo)P
with B (A, B) a polynomial of degree /2 in each variable t;; := (a; —a;)(b; — bj),
NB((//)G«[
hence 7'%) = oo A(cSB/ZA(ZJC:)B/Q Po.n (3 )-
— Differential equation : take A and B diagonal

Let K = {(K);;} be the matrix differential operator
Kii:a%"’%z«j#im%aj and for i # j, Kij:—gai%aj and let
Mij = Z<|Qij’2>. Then Z = ZiMij = ZjMij and

ZKi M ji. = NBM;;by no summation over k
J
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YuMy =Y My =Zand };K;;M j;, = (NB) M;iby. Can iterate that equation
to get
ZK;’;.MJ-,C = My (NB)?b?
J
and summing over i and k
() K[) Z=(NB)'uB’Z. (7)
L

N——

a differential operator of order p

Two remarks

1. This solves the following problem :

Define the differential operator D,(d/dA) by

D, (9/0A)eN"AB = NPt BP eNtrAB

If D, acts on invariant functions F(A) = F(QAQT), how to write it in terms

13
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of d/da; ? For G = U(N),

(8/8A)—tr( ) ZBA -

1112 1213

J  d
JA:

and
1

Pr= Aa) (30,) 2@

A(a) = I1;<j(a; — a;) (a non trivial calculation !)

In general, “radial” expression of D), is given by D, =}, ;(K?);;

2. Connection with Calogero

Note that by construction the D), :=} ;; Kp commute.
Consider H, := A(a)B/szA(a) 5/2. Hy=Y,07+ b (1 — —) Yiz 4 e
a a]

the Calogero Hamiltonian, and the H, are the higher conserved quantities.

18

14
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3. Large N limit

Expect things to simplify as N — oo [ Weingarten "7/8]. Look at the “free

energies’ :
1
T L .
We(J.J) —]%ErgomlogZG
and

1
Fo(A,B) = lim — logZ\©)

Then W (X) and F (A, B) are, up to an overall factor, independent of
G=O0O(N), UN)!

(Not true at finite N !)

15



Brunel University, 19 December 2008

More precisely,
1
Wo(J.JT) = 5WU(J.J?‘) (8)

and

1
Fo(A,B) = - Fy(A.B) 9)

Intuitively, counting of # of degrees of freedom : BN? /2 real parameters in
O(N), U(N).

Actual proof relies either on inspection of explicit formulae
(“Harish-Chandra case”), or on the use of differential equations satisfied by
2, resp. Z, which simplify in the N — oo limit.

16
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For Zo = [,y DO expNtr (J.0), follow the steps of

9> Zo
g

eigenvalues A; of the real symmetric matrix J.J':

the trivial identity ) ; = N?8;, Zo is reexpressed in terms of the

2N (0Zo 0Zo Z0 _\p
Zx k( - )+2N N*Zg .

axZ oh;, O o,

Writing as above Zg = e Mo and dropping subdominant terms in the large
N limit, with Wo and W; := NoW /dA; of order 1, we get

2\
4xW2+2W+ Z (W; —W;) =0 (10)
Ai— A
N7
which is precisely the equation satisfied by %WU in . This, together

with appropriate boundary conditions, suffices to complete the proof of (8).
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An explicit expression of Wy 1s known

Jﬂ Z Z troJ.J"

o
n=1okn HP OCP P p)

[ n(2n+ZO€p—3)! 1 —(2p)! p
Wo = (—1) 2) ﬂ(p (p_1)> |

where o - n denotes a partition of n = o;.1 + 0.2 + - - - 4+ 0,,.n and

ro(X) =] ]lv(trxp)%

p=1

18
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For Z(0) = Jon)DOexpNtr (AOBO'), take A and B both skew-symmetric,
or both symmetric.

e A and B both skew-symmetric

O .
block-diagonal form A = diag ( < C(Z)l) ) , B likewise, recall
—d; i=1,m

det(2cosh2Na;b ;)
AO (Cl)AQ (b)

(for O(N = 2m)), with Ao(a) = [Ti<i< j<uda; — a5).

Y4 (0) — const.

Regard A as N x N anti-Hermitian, eigenvalues A; = +ia;, B likewise. Easy
to check that as N — oo,

det (M451) / (det(e2V1) i jem \©
29(A,B) = A(A)A(B) N( Ao(a)Ao(b) ) =@0wn)y
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e A and B both symmetric
Can take them in diagonal form A = diaga;, B = diagb,

Then Bergere-Eynard equation D,Z = (NP)Ptr BP Z (7), in the large N limit,
yields

NOoF©@ 1 1\
Z(B da; +2NZ ) =B (1h

i j#i 44

Hence F(©O) (B = 1) satisfies same set of equations as %F U) (B =2), QED.

20
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Another proof (for A and B symmetric) as a
by-product of the construction of Fg as the unique solution of
flow: B dependence is explicit. (also

)

A Conjecture F(©)(A,B) = 1 F(U)(A, B) extends to A and B generic (neither
symmetric, nor skew-symmetric). Some evidence from power expansion.

Origin of this universality? Diagrammatics ? Relation between
Z= [-dQexpNBRe (tr(QJ)) and Z = [;dQ expNPBRe (tr (AQBQ")) ?

In the case of U(N), yes
For O(N) ?? no such simple relation ...

21
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Heuristic argument: consider the two-matrix integrals

Zops = dA dBe N (V(A)FW(B)=AB) _, o—N>Fxs (12)

real
symmetric

= dA dBe_ZNtr(V(A)""W(B)_AB) ~ e—N2F2CH

ZocH = , (13)

complex
hermitian

over real symm., resp complex Hermitian, matrices. It is “well known” that for large
N, same perturbative expansion of F, up to rescalings and a global factor 2 i.e.

Fycy = 2F)gs (14)

On the other hand, if we diagonalize the matrices A = diag(a;), B = diag (b;), we
see that (12-13) reduce to

Zors = / dadb|A(a)A(b)|e N LV (@) +W (b)) / DOeNrAOBO! (15)
ZZCH — /dadb (A(a>A(b))26—2N2i(V(ai)-|—W(bi))/DUeZNtI'AUBU[ ) (16)

If integrals (15-16) dominated as N — oo by a saddle point configuration, scaling
Fo(A,B) = L Fy(A, B) of angular part consistent with the scaling (14) of the integral.

22
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Particular case where A is of finite rank r. Then in the expansion of
F=Y,, [1(3trAP) H(%tquJ ), terms with a single trace of A dominate.

In the U(N) case (and N — oo) ( )
FO Y L (L earyy,(8)
p=1P

where y,(B) = p-th “non-crossing cumulant” of B

( ).

Application : x The B universality of Fg first pointed out in that finite rank
case

K

23
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Spin glass Hamiltonian with n replicas of N Ising spins

N n
H=) ZG?G?OU Qofrank <n
i,j=1a=1
N——

with a coupling O;;, a real, orthogonal, symmetric matrix with an equal
number of £1 eigenvalues, O =V'.D.V.

Have to compute Z = [y dV exp BtrDVQV"’.

Now according to Marinari, Parisi, Ritort, pretend you integrate over the

unitary group,
compute Y. %tr QPy, (D) =:trG(Q)

and (with some insight .. .) the correct formula 1s %G(ZQ) ...

Proved later by

24
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Conclusion and Open issues

— More explicit formulae for Z, F
— A priori argument for universality, graphical argument ?
— Relations with integrability: D-H localization, finite semi-classical

expansions, Calogero, ...

25



