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@ quasi one-dimensional trap or waveguide for ultra-cold atoms

@ network of optical fibres
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Waves on metric graphs

@ linear waves: quantum graphs
Schrodinger/Helmholtz equation, Dirac equation,
Bogoliubov-de Gennes equation.

@ nonlinear waves: nonlinear quantum graph (?)
Nonlinear Schroédinger/Gross-Pitaevski, Burger's,
Korteweg-de Vries, Sine-Gordon
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The stationary NLSE in one dimension

—U"(x) + gl () Pe(x) = Ev(x)

@ coupling constant g
may be positive (repulsive) or negative (attractive)

@ 'energy’ E

@ integrable, stationary solutions are known (Carr et al , PRA
2001)
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Classical dynamics picture for NLSE for £ > 0

= VEx, P(x) = 1/’2gE|r(7')e"9(T)7 o

NLSE is generated by Lagrangian

[ — P2+ r262 r2+ort
N 2 2

conjugate momenta
o p= % = r: radial momentum
o /= % = r20: angular momentum (conserved)
@ angular momentum — flux

* / :
W = 25 (p + i)
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Classical dynamics picture for NLSE for £ > 0

= VEx, P(x) = 1/’2gE|r(7')e"9(T)7 o= %

NLSE is generated by Lagrangian

[ — P2+ r262 r2+ort
N 2 2

conjugate momenta

_ oL _ ;. ;
@ p = g = : radial momentum
° /= % = r?0: angular momentum (conserved)
@ angular momentum — flux

s _ 2E3/2 :

Pyt = 2] (rp+it)

o If £ =0 one may choose 9 to be real
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Integration of the stationary NLSE
Two constants of motion

2

(=r%9 gHam:%“"Veff(rag)

with effective potential

. 22 2 4
Veﬁ‘(r,g):?‘}‘%—g%

dr

1
ToT= / V2(H — Ver(r: 0))

1
0 — 6o :f/ r2\/2(H — Veff(r;g))dr
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Amplitude dependence — attractive case

¢ = 0: — real solution

One parameter: lp = Elmax (|¢)(x)[?) = max (r?)
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Amplitude dependence — repulsive case
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NLSE on a metric graph

@ vertices i =1,2,...,V

@ edges may either be finite bonds b = (/,j) that connect two
vertices / and j
or infinite leads / = (i, 00) that start a vertex i and go to
infinity.

@ metric: each bond b has a coordinate 0 < x, < L, < 00 and
each lead a coordinate 0 < x; < o0

@ wave function V(x) = {1p(xp), ¥i(x1)} solve NLSE on the
bonds and leads

@ one may choose the coupling constant g differently on each
edge.
If g =0 on an edge we call the edge (bond, lead) linear.
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Matching conditions

o Consider one vertex with v incident edges
and coordinates xy, x2, ..., Xy
such that x; = 0 at the vertex and g; = gj = g.

o Continuity:

$i(0) = 9(0) = vo
@ Generalised Robin-type condition
D i(0) = Ao
i=1

where X\ is real — vertex potential strength
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Flux conservation

Robin-type matching conditions in terms of the classical dynamics

picture (with 1o = \/2E/|g|roe’®)
\/EZ <rJ + iqéj) et = \rpe®
j=1

where the left-hand side is evaluated at the vertex x; = 0 (7; = 0).
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Flux conservation

Robin-type matching conditions in terms of the classical dynamics

picture (with 1o = \/2E/|g|roe’®)
\/EZ <rJ + irjéJ-) et = \rpe®
j=1

where the left-hand side is evaluated at the vertex x; = 0 (7; = 0).
v p B A
E ) =——=
= VE

j=1

Sum of fluxes (outgoing) at each vertex vanishes.



The nonlinear Schrédinger equation on metric graphs

How to find the solution?

Consider a finite graph with V' vertices and B bonds (no leads)
and fix an energy E > 0.



The nonlinear Schrédinger equation on metric graphs

How to find the solution?

Consider a finite graph with V' vertices and B bonds (no leads)
and fix an energy E > 0.

The wave function 15(xp) on bond b is characterised by two
parameters (e.g. {p, Exam,b)



The nonlinear Schrédinger equation on metric graphs A 5‘
How to find the solution?

Consider a finite graph with V' vertices and B bonds (no leads)
and fix an energy E > 0.

The wave function 15(xp) on bond b is characterised by two
parameters (e.g. {p, Exam,b)
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Classical picture: find trajectories that connect to two points
in configuration space in a given time.
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How to find the solution?

Consider a finite graph with V' vertices and B bonds (no leads)
and fix an energy E > 0.
The wave function 15(xp) on bond b is characterised by two
parameters (e.g. {p, Exam,b)
© Given a set of V complex numbers ¢; = find ¢, and EHam, b
such that @Db(Xb = 0) = ¢; and ﬂ)b(Lb) = gbj.
Classical picture: find trajectories that connect to two points
in configuration space in a given time.
© The Robin-type matching conditions are then a set of v
equations for v unknowns ¢;.
Each solution {¢;} yields a wave function W on the nonlinear
graph.
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Normalisation and quantisation

@ NLSE solutions V¥ at a given energy E > 0 usually exist for
arbitrary energy.

@ W cannot be normalised arbitrarily — the value
Ly ,
S [ una = n
b 0

@ Fixing N implies energy quantisation.

@ For N — 0 the equations reduce to simple matrix equations
and yield an explicit secular equation.
This may be exploited numerically and analytically.
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Star graphs

@ Only one vertex and no fluxes
—>€b:Oand l/Jb:'LﬁZ

@ For fixed normalisation the Robin-type matching condition
yields a secular equation for the 'spectrum’
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Scattering from a nonlinear graph

@ The physical relevance of the 'spectrum’ is questionable apart
from the ground state energy

@ in a fibre optics application one may consider to inject a laser
beam into a fibre network and measure response or transport

@ model this by adding linear (g = 0) leads which are attached
to some vertex of a (otherwise finite) nonlinear quantum graph

@ solution follows basically the same steps as for a finite graph

@ scattering coefficients depends on intensities of incoming
waves

@ at low intensities the first order is given by the scattering
matrix of the corresponding linear quantum graph
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Scattering phase and delay

One lead attached to a star graph with incoming wave at energy
E = k?

Pread(X) = 2\/Zcos(kx +4/2) (1)

Scattering phase: 0 = d(/, k)

delay time: %
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Multistabilities & hysteresis

s0




The nonlinear Schrédinger equation on metric graphs

Outlook

(]

transport in one-dimensional (periodic) graphs such as the
chain, or a comb

(]

Ground state energy for BEC in a non-trivial trap, e.g. in
figure eight shape

(chaotic) scattering from nonlinear quantum graphs

theory for time-dependent NLSE on graphs

solitons in a non-linear graph



