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Universal spectral statistics

classical chaos=- universal statistics of quantum energy levels,

in agreement with random matrix theory
(Bohigas, Giannoni, Schmit 1984)

level density p(E) = ), 0(E — Ep)
n-point correlation function

Rn(et,€2,...€n) = (p(E 4+ €1)p(E + €2)...p(E +€n))E

for chaotic systems without time reversal invariance
agreement with prediction from Gaussian Unitary Ensemble

Rn(€1 ,€2, ... Gn) = det |:Sm(ﬂ-(€j_6k):|
m(€j — €k) ik
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Why universality?

Gutzwiller’s trace formula

pE)~ 75  +Re >~ A, e/S/h
Weylterm =1 Per. 0mits 7 giapjiity amplitude action

Two-point correlation function

Ro(e1,€2) ~ 1+ReZ<A7Afy,e’(37(5+61)*Sv’(E+62))/h>

el E

= need pairs of orbits with small action difference

Diagonal approximation: 7' =
(Berry; Hannay & Ozorio de Almeida)

get only [AGARGSGIllAIORY] term R(e1, ep) = 1 — e
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det(E — H) = e ImE % Z Fa(— )nAeISA E)/h
Weyl factor
sum over sets of classical orbits

Derivation:
@ Gutzwiller formula for tr =15

@ det(E — H) = exptrin(E — H) = exp (f trﬁ)
@ expand exponential
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Riemann-Siegel lookalike formula

det(E = H) = e_iﬂ-E X Z FA(—1)nAeiSA(E)/h
Weyl factor A(Ta<Tn/2)

sum over sets of classical orbits
shorter than Ty/2 = nhp

(Berry & Keating 1990)

+ c.c.

Derivation:
@ use that det(E — H) = det(E — H)*
@ relation between long and short orbits
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Level density

expressed through determinant:

0 del(E+ - H)

Oe det(E +¢— H) ‘77:5

with Riemann-Siegel lookalike:

AE+e) S [erlelErITE),
o==x1,7==+1

Z F)S‘U) FéT)(71 )nge%(a'SA(E—i-e)—O—TSB(E—i-’r/))] ’
AB

De

n=¢

here F{'Y = Fa, FSV = F;
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semiclassical limit: only keep terms without rapid oscillations for

E — oo, h — 0:

@ orbit actions must contribute with positive and with negative sign

e.g.: orbit can be included in one A; with o; = 1 and one By with

T = —1
(diagonal approximation)
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Diagonal approximation
e.g.: orbits included in one A; with o; = 1 and one By with 7 = —1

Z |Fr ’2(_1 ) e/Tr(ej=mk)/h
F:AjﬂBk

can be written in terms of inverse dynamical zeta function

C(s) = D IFrfP(=1)"e =T = exp (— ) \erze—sﬂ) ~s
r Y
altogether:

7 Z /™ () jej=22; 7))
0j,Tj (Z, U/:Zj 7'/')

(H ) TLoy—t et (& = 1) Tyt et () — k)
gj

j=1 Ho—j:1 ,oxk=—1 (Ej - €k) HT/-:‘I T=—1 (77/ o nk)
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Result

This gives

Rn(eq,€e2,...€n) = det |:S|n(77(€/—€k)] o
m(g —ek) ]k

Why? Equivalent to GUE/CUE expression (Conrey & Snaith 2008):

0 0 _ e
Rn(eq,...,en) = Z H 5098 Z e Xacs @ 2perh
K+L+M={1,2,--- ,\n} a€A,BEB SEST\;'I"%IB

HaengT— (a + 5) Hﬂeng— (/8 + '7)
Ha€$+T* (04 + ﬁ) Hggg (7 + 5)

BET+S™

A={iglie K}, B={-igljel}, C={mljeK}, D={-mljel} |

Originally derived to compare RMT & number theory!
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Diagonal approximation not sufficient

= need correlations between orbits (so far for n = 2)

(Sieber & Richter 2001)

See Jack Kuipers'’ talk
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Conclusions

@ chaotic systems have universal spectral statistics

@ n-point correlation functions for systems without time reversal
invariance agree with determinant formula from GUE

@ use Riemann-Siegel lookalike (improved semiclassical
approximation incorporating that det(E — H) € R)

@ and diagonal approximation

@ also get corrections for finite , long wires



	Introduction
	Improved semiclassics
	n-point correlations
	Outlook

