


Universal spectral statistics

classical chaos⇒ universal statistics of quantum energy levels,
in agreement with random matrix theory

(Bohigas, Giannoni, Schmit 1984)

level density ρ(E) =
∑

n δ(E − En)
n-point correlation function

Rn(ε1, ε2, . . . εn) = 〈ρ(E + ε1)ρ(E + ε2) . . . ρ(E + εn)〉E

for chaotic systems without time reversal invariance
agreement with prediction from Gaussian Unitary Ensemble

Rn(ε1, ε2, . . . εn) = det
[

sin(π(εj − εk )

π(εj − εk )

]
j,k

e.g. R2(ε1, ε2) = 1−
[

sin(π(ε1−ε2))
π(ε1−ε2)

]2
=1− 1

2π(ε1−ε2) + cos(2π(ε1−ε2))
2π(ε1−ε2)

non-oscillatory and oscillatory contributions
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Why universality?

Gutzwiller’s trace formula

ρ(E) ∼ ρ̄︸︷︷︸
Weyl term ≡ 1

+ Re
∑

per. orbits γ
Aγ︸︷︷︸

stability amplitude

eiSγ/~︸ ︷︷ ︸
action

Two-point correlation function

R2(ε1, ε2) ∼ 1 + Re
∑
γ,γ′

〈
AγA∗γ′e

i(Sγ(E+ε1)−Sγ′ (E+ε2))/~
〉

E

⇒ need pairs of orbits with small action difference

Diagonal approximation: γ′ = γ
(Berry; Hannay & Ozorio de Almeida)

get only non-oscillatory term R2(ε1, ε2) = 1− 1
2π(ε1−ε2)
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Improved semiclassics
(Riemann-Siegel lookalike formula)



Idea

Incorporate more quantum mechanics!

represent level density through spectral determinant det(E − H)

use that det(E − H) ∈ R for E ∈ R
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Conventional semiclassics for det(E − H)

det(E − H) = e−iπE︸ ︷︷ ︸
Weyl factor

×
∑

A

FA(−1)nAeiSA(E)/~

︸ ︷︷ ︸
sum over sets of classical orbits

Derivation:
Gutzwiller formula for tr 1

E−H

det(E − H) = exp tr ln(E − H) = exp
(∫

tr 1
E−H

)
expand exponential
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Riemann-Siegel lookalike formula

det(E − H) = e−iπE︸ ︷︷ ︸
Weyl factor

×
∑

A (TA<TH/2)

FA(−1)nAeiSA(E)/~
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sum over sets of classical orbits
shorter than TH/2 = π~ρ

+ c.c.

(Berry & Keating 1990)

Derivation:
use that det(E − H) = det(E − H)∗

relation between long and short orbits
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Level density

expressed through determinant:

ρ(E + ε) ∝ Im Tr
1

E + ε− H

∝ Im
∂

∂ε

det(E + η − H)

det(E + ε− H)

∣∣
η=ε

with Riemann-Siegel lookalike:

ρ(E + ε) ∝ ∂

∂ε

∑
σ=±1,τ=±1

[
eiπ(σ(E+ε)−τ(E+η))σ

∑
A,B

F (σ)
A F (τ)

B (−1)nB e
i
~ (σSA(E+ε)+τSB(E+η))

]∣∣
η=ε

here F (+1)
A = FA, F (−1)

A = F ∗A
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n-point correlations



n-point correlation function

Rn(ε1 . . . , εn) ∝ ∂nZ
∂ε1 . . . ∂εn

∣∣
η=ε

Z =
n∏

j=1

∑
σj =±1,τj =±1

[
eiπ(σj (E+εj )−τj (E+ηj ))σj

]
∑
Aj ,Bj

F (σj )

Aj
F (τj )

Bj
(−1)

nBj e
i
~

(
σj SAj

(E+εj )+τj SBj
(E+ηj )

)

semiclassical limit: only keep terms without rapid oscillations for
E →∞, ~→ 0:∑

j σj =
∑

j τj

orbit actions must contribute with positive and with negative sign
e.g.: orbit can be included in one Aj with σj = 1 and one Bk with
τk = −1
(diagonal approximation)
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Diagonal approximation

e.g.: orbits included in one Aj with σj = 1 and one Bk with τk = −1∑
Γ=Aj∩Bk

|FΓ|2(−1)nΓeiTΓ(εj−ηk )/~

can be written in terms of inverse dynamical zeta function

ζ(s) =
∑

Γ

|FΓ|2(−1)nΓe−sTΓ = exp

(
−
∑
γ

|Fγ |2e−sTγ

)
∼ s

altogether:

Z ∝
∑

σj ,τj (
∑

j σj =
∑

j τj )

eiπ(
∑

j σjεj−
∑

j τjηj )

 n∏
j=1

σj

 ∏σj =1,τk =−1(εj − ηk )
∏
τj =1,σk =−1(ηj − εk )∏

σj =1,σk =−1(εj − εk )
∏
τj =1,τk =−1(ηj − ηk )
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Result

This gives

Rn(ε1, ε2, . . . εn) = det
[

sin(π(εj − εk )

π(εj − εk )

]
j,k

,

Why? Equivalent to GUE/CUE expression (Conrey & Snaith 2008):

Rn(ε1, . . . , εn) =
∑

K +L+M={1,2,··· ,n}

∏
α∈A,β∈B

∂

∂α

∂

∂β

∑
S⊂A,T⊂B
|S|=|T |

e−
∑
α∈S α−

∑
β∈T β

∏
α∈S̄+T−
δ∈D

(α + δ)
∏

β∈T̄ +S−
γ∈C

(β + γ)∏
α∈S̄+T−
β∈T̄ +S−

(α + β)
∏

γ∈C
δ∈D

(γ + δ)

A = {iεj |j ∈ K}, B = {−iεj |j ∈ L}, C = {iηj |j ∈ K}, D = {−iηj |j ∈ L}

Originally derived to compare RMT & number theory!
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This gives

Rn(ε1, ε2, . . . εn) = det
[

sin(π(εj − εk )

π(εj − εk )

]
j,k

,

Why? Equivalent to GUE/CUE expression (Conrey & Snaith 2008):

Rn(ε1, . . . , εn) =
∑

K +L+M={1,2,··· ,n}

∏
α∈A,β∈B

∂

∂α

∂

∂β

∑
S⊂A,T⊂B
|S|=|T |

e−
∑
α∈S α−

∑
β∈T β

∏
α∈S̄+T−
δ∈D

(α + δ)
∏

β∈T̄ +S−
γ∈C

(β + γ)∏
α∈S̄+T−
β∈T̄ +S−

(α + β)
∏

γ∈C
δ∈D

(γ + δ)
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Beyond universality

Diagonal approximation for n = 2 (Keating & SM 2007)

Z ∼ eiπ(ε1−ε2+η1−η2) (ε1 − η2)(η1 − ε2)

(ε1 − ε2)(η1 − η2)

ζ(−i/~)ζ(−i/~)

ζ(−i/~)ζ(−i/~)
+ {η1 ↔ η2}

ζ(s)−1 =
∑

Γ

|FΓ|2e−sTΓ

agreement with Bogolmolny & Keating 1996
finite ~
long wires:

ζ(s) ∼
√

s sinh
(

const
√

s
diffusion time

Heisenberg time

)
(Braun, SM, Haake 2008)
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Time-reversal invariant systems

Diagonal approximation not sufficient

⇒ need correlations between orbits (so far for n = 2)

(Sieber & Richter 2001)

See Jack Kuipers’ talk
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Conclusions

chaotic systems have universal spectral statistics

n-point correlation functions for systems without time reversal
invariance agree with determinant formula from GUE

use Riemann-Siegel lookalike (improved semiclassical
approximation incorporating that det(E − H) ∈ R)

and diagonal approximation

also get corrections for finite ~, long wires
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