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N X N matrix Fzy

f(ri,r;)
f(r; —r;)
f(r; —1;])

[
=

Eigenvalue problem:

An, — eigenvalues
U, = {W’} — eigenvectors
n=1,...,N



Our motivation: Why study Euc‘laeW :

Point-like scatterers or atoms

eiko\ri—rj\
G;i = G(r;,r;) =
1) ( 1 ]) ko|I‘i—I‘j|
. Free-space Green's function:
1,7=1,...N
5 5 Am
N>1 VZG(I',I")—I—IcéG(r,r’):—lC §(r—r')
0
Classical physics: Quantum physics:
An ensemble of randomly placed An ensemble of randomly
point-like scatterers: distributed atoms:
- multiple scattering of waves - collective spontaneous
- Anderson localization emission (superradiance)
- random lasing or - random lasing

- nonlinear-optical phenomena



Previous studies of Eucli

- Mézard, Parisi and Zee, Nucl. Phys. B 559, 689 (1999)
Low- and high-density expansions
A link between p()) and the Fourier transform of f(r,r’)

- Grigera, Martin-Mayor, Parisi and Verrocchio, Phys. Rev. Lett. 87, 085502 (2001)
J. Phys. Cond. Mat. 14, 2167 (2002)
Nature 422, 289 (2003)
Application to phonons in glasses and to the ‘boson peak’ in supercooled
liquids

- Parisi, in Applications of Random Matrices in Physics (2006)
Nice review paper

- Ganter and Schirmacher, arXiv:1003.2514
Higher-order terms (up to p—2) in the high-density expansion
New terms overlooked in the previous works

- Grigera, Martin-Mayor, Parisi, Urbani and Verrocchio, arXiv:1011.2798
Advanced analysis of the high-density expansion
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Multiple scattering and Anaem

Motivation:
eikglr,i—rjl
'T’Iij = ,T(I',(i/rj) ==
kolr; — rl
ko
P (r;) = Yo - Y(r;)
1 A a7 A
_ Field on the Scattering
Incident wave 1th scatterer matrix of the
o(r) scatterer
Incident Field on the
wave 7th scatterer
Anderson N n be y analyzing the
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Rusek, Mostowski and Orlowski, Phys. Rev. A 61, 022704 (2000)
Pinheiro et al., Phys. Rev. E 69, 026605 (2004)
Antezza, Castin and Hutchinson, Phys. Rev. A 82, 043602 (2010)



Motivation: Random
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Amplifying medium

min [ImA] < amplification rate

(physical model behind is questionable...)

Pinheiro and Sampaio, Phys. Rev. A 73, 013826 (2006)



Motivation: Instability in nonlinear rW

ikalr:—r.|
e Vit Jl
C C(rb,rj) ==
kolr; — 1]
ko &
(r:) = %o P (ETIEN
=
Inciden .
c(d)e t wave Intensity-dependent
r . .
¥o scattering matrix: t; = k—”( iy ()2 + 1)
T he ctationarv coliition logecg itg crtahility a2t come A~ — r\(l)
I 1i1cv QLCILIUIICII_y SQUIULIVII TVOGCO 1LOo DLCIUIIIL_y alL oviiliice W (,l’,c
NA T A~ —~ 1 — (2) (1)
IVIUITIPpIE SOIUTIoONS appear at a«a = a7 > ap 7.
(1) (D)
as’ and ag°’ are determined by the eigenvalues of G.

Skipetrov and Maynard, Phys. Rev. Lett. 85, 736 (2000)
Zyuzin and Spivak, Phys. Rev. Lett. 84, 1970 (2000)
Gremaud and Wellens, Phys. Rev. Lett. 104, 133901 (2010)



Motivation: Collective sponWa

e VOItiT gl
Gij = G(r;rj) =
’ 7 kolry — 1y
N
W(t) =Y aj(Dlag--bj--ay)|0)
J=1

+> w@®lay---an)|1y)
k
+ Z Zﬁmn,klal“‘bm“‘bn”’aN>|1k>

2-level atom m<n k
da(t
o M — roate) + ire@an)

Svidzinsky, Chang and Scully, Phys. Rev. A 81, 053821 (2010)



Motivation: Quantum model for the random laser

Co — 'T(I.'c’:ﬁ r") —
g g kolr; — rl
ds;t T n
7 e faem]s
—— n
3-level atom ol
+ Ff(r;,t)
dr;

(1 4+ W) N; + (1 —W;)]

N
ST Gi)s;

jEi
+ F’irl (ri7 t)

dt

— 2 Im

A O T T E
l; = 103)C0;] — |a;)(ai|, ©; = |0;)(a;|:




Representation of Euc‘laeWa

: ol ° N x N matrix Fzy = f(ri,rj)
|
| F=HaTAt
| ©®
: ® _ .
! ° Tom = 2 Sple=iamt £ (p /)e!dnt
/J—.— ——————— - VJv JV
/, * v
- L > Hzm — \/%wm(rz) — \;_eiqm.ri
Eigenmodes of the box: N
1) = _L_oigmr H;,,,) =0
Ym(r) = e (Him)
27 27 2T H, H: )= —0;:0
Am = {f’mx,fmy,fmz} \Him L n) N T
1,7=1,...,N

m,n=1,...,M



Hermitian matrices: W

FW,, = \,W,, Ft =F, )\, — real eigenvaiues

Probability density of eigenvalues \:

1+ N \ N
5 — 1
p(\) = /izé(,\—/\n)\z—(%Ileu__ ) \)
\Nn=1| / \ A1 T At ie— Any
1 1
0(x) = ——Im = e — 0T
™  x+ie
1 :
p(A) = —ImG(z = X+ ie)
s

Green's function (resolvent):

g_()—l/Tr 1\
Z_N& z—F)




Hermitian matrices: DiagramW

1 1 1 1 1.1 1.1.1
6@ = (T ) =y (TG R LR+ )
_ ‘
oz X
e F=nTat

Diagrammatic notation:




Self-energy —

>(2) = /.2 2os\ +

Weight of elements: Diagram selection rule:
TN = :% In the limit N — oo only
those diagrams survive where
L\ =N all doubles arches ~=3X\
- N are compensated by 2\
‘/_X_\_\ — TI’X o~
or 2z X=\




allows to find G(z) and then p(A\) = —(1/7)ImG(z = X+ ie)



Free random vanaW

Definition:
Consider two Hermitian matrices A and B and define

$(A) = lim ~(TrA).

N —o0

A and B are asymptotically free if for all £ and for all
polynomials p;(+) and ¢;(-) with 1 <4 </ such that

¢lpi(A)] = ¢la;(B)] = 0,

we have

¢lp1(A)q1(B) ... pe(A)gq(B)] = 0.

D.V. Voiculescu et al., Free Random Variables (1992)



Free random variag‘em

Question: Given that everything is known about the random
matrices A and B, what can we say about A+ B and A x B?

' . _ 1
Green's function G4(z) = Tr =3
Blue function B3 [gﬁ(z)] =
R function R3(2) = B(z) — 1

142 14z _
S transform SA(z)gA =59 —1==z

Answer: If A and B are asymptotically free (~ independent),
then

Rz, 5(2) = R3(2) + Rp(z) and Sz, 5(z) = S3(2) x Sg(z)

D.V. Voiculescu et al., Free Random Variables (1992)



Free random vanaW

Using the free random variable theory we readily find

1 T

Ba(Upa) = —4 (0 with >2(J —Tr —

PR = - +Ep) ©p = 37| =i
or

1 1 1

e = o o ()1

* z * z
Blue function Green’s function
of the matrix of the matrix T
F=HTHT

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379



L ] ™ v
L
koL > 1
2
Ao = 8
ko
N
P=y

Application: sinc m_

Siﬂ(k‘o|1‘i — I’JD
kolr; — 1]

Y
|
Q

E\

-
I
I
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Diagonal approximation: T = B/« ums

Marchenko-Pastur law:

A 1 1\ " S(\ ‘v/o‘ — Amin) T Qmax = )T
p( )_ (\ _B/) ( )+ 2'71‘,8)\

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379




Probability density p(\)

Application: sinc

1.0

pA3 = 0.01 ]

3=0.07

1 0.03
1 0.02

1 0.01

Eigenvalue A\

0.8}
0.6

0.4:

1 0.00}

. —numerical
-, "~ - Marchenko-Pastur law
1N T T T T T T I-I T l-l T T |3|_|| T |_
Our approximation ~*0 = 10-0
B=7.1
¥ for T, breaks
down
o 5 o 15 20

Eigenvalue A

. Skipetrov and A. Goetschy, arXiv:1007.1379



2
Ao =2
ko
. N
P=y
2.8N
p= 2
(koL)

77 — ReG(rriq rfi) —
17 \* 29+ 7/

Diagonal approximation: Tin = dmn 5

Application: cosc m_

cos(kg|r; — ;)

C=HTHT

kolr; — 1]

XS 1
2 (gm/ko)?—1

1 2 47r3 A3
a(z) = =— —arccoth 6 + \/ 1— p—gz
'Z l
_ 8 p/\% )
1 + 2133 1- 27343 T
X arctan E_ — arctan E__ —
p‘/\o / [)/\\8 2

The Green's function is found from Bg [g@(z)J -

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379



[ ] ™ v
L
koL > 1
2
Ao =2
ko
. N
P=y
2.8N
p= 2
(koL)

Application: cosc matrix, |0W-

3 BA(2) 1 1I 1 — %Hz
1 — N :———I’]
PA < N T 1+ %82
BK1 B>1
1 o1
Ba(z) = Bz + ~ Ba(z) = —i+ ~

Wigner semi-circle law: Cauchy distribution:

_ /4B 11
273 p(A) = 9?14—A2

p(N)

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379



Probability density p(A)

Application: cos_c

140
12f
Lof
08}
0.63—
0.4f
02f

0.0

pA3 = 0.01 1

8 =0.07

Eigenvalue A

0.7

0.0t

0.6
05
0.4}
0.3f
02}
0.1f

—— numerical |
-==-o0ur theory]
N =104

Eigenvalue A

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379



Non-Hermitian matrices: W

FV, =\, FT £ F, )\, — complex eigenvalues

Probability density of eigenvalues \:

/1 X, 19, _
p(A) = <an::15 (>\_>\n)> _;a_gg(z’z)
zZ2= A
2 1 62 _|_
N (R

Green’s function (resolvent):

Y —
/ —

N

g9(z =
Y *N \

R.A. Janik et al., Nucl. Phys. B 501, 603 (1997)



Non-Hermitian matrices: Matrix W

~ _ F 0
FNxN - o= (O p+>
2N x2N

~ 1 # 7 -
6= ()= (% Gu) where z = ( 'f)

\2e —I2/  \Yag Yaq) €z
Green’s function (resolvent):

z_ Pt

g(z)?):i/Tl’ . i F \ iTl’g

N\ G-F)z-FH)+e/ N 74

M e~~~ —~ lad A ea Al AL Al Ay A~ R Nl
LorrcidLor Ol rngrit drid icit clygycriveCLors.
N
—~ 7 \ _ 1 /T‘ / - [ r~2/ \\_ N/—.—/’-.j N\ — S N\
U(z) = —N& (Lim|Ln){({in|dtn)0" (2 — /\n)) = ——w( 17Gqq) (1Y)
T \n=1 / o

R.A. Janik et al., Nucl. Phys. B 501, 603 (1997)
Phys. Rev. E 60, 2699 (1999)



Non-Hermitian matrices: DiagraW

\EG_FQ/ \26 I Ze Ze Ze Ze 2_6

5/ 2Nx2N

The diagrams can be calculated using the properties of the matrix H:
(Him) =0

o\ 1
AnAd knaninAa Anhy +tho laadina (nlanar) AinAarame in tho limit Af N AN
airiu ACCpiriy Uiy winiC iCauiiniy \(pPidaiidi j Uidyirdiiio i i< e Uil v — GO



Non-Hermitian matrlcems.

> (gqq gqq)
Ze — F> Yaa Yq ONx2N

1.5 1.5
) [N TrY%ae §Tr9gq g 92 1
g = —Trblockd = P — T L3
~TrGasy ~TrGs7 5o 92 g
> Y,
S —
(@ —gTt)T 22 2
(|1 — gT)? — 2T|2)
goTTT
M= T2 .
\|+ — g1 1924 |~ ) Reminder:
1 0 . _
p(A) = — —g(z, 2)
m™ 0z _




Borderline of the eigenvalue

Correlator of right and left eigenvectors:
1/ N
2
O(z) = N<Z (Lp|Ln){Rn|Rn)d (z—)\n)> (TrGq7) (Trdg,)
= 0 B - P
el 1 1. ( T
= g2 N \|1-gT?)
g> =20 < .
RS UHE S
N g N \1 —gT}
In the r-representation
= P [ 3. [ Byl f@r) 2
= — r r
) g2 V/V /v 11— pgf(r, r’)‘
1 — l_i__g/,ﬁ /43’ f(rr')?
. =z vIive v 1— pgf(r,r’)

J.T. Chalker and B. Mehlig, Phys. Rev. Lett. 81, 3367 (1998)
R.A. Janik et al., Phys. Rev. E 60, 2699 (1999)



“Green’s matrix™ N =

: ) elkolri—r;|
o, — G\, ;) = —
J © ol N
G _’fn, — )\n\l_}n _ i
R superradiant |
0.5r branch T T
~<
c 0.0 -
t=1,...N ~037 subradiant ]
[ branch
_1.01-—._. A R E S T SO SR NN S SO SR T S S S S
—1.0 —-0.5 0.0 0.5 1.0

Re A\



“Green’s matrix”: N>>1, IOWW

55 — J(r-.rf;
(/J N\ () J
G_’n:Anu_}n
R
i=1,...N
Ao = 27 /kg
O N
6:_ 2
8 (koR)

1
L

c 0.0

|

—-0.2

-0.4
nume

ﬁcalp(A)

0
A
theory

our

_‘6 AT INY S NSNS T S NN S TN RO S L
—-0.6 =04 —-0.2 0.0
Re A\

0.2

04 0.6



“Green’s matrix

i=1,...N

27 [ ko
9 N

8 (koR)?

A0

Re A\



N >>

“Green’s matrix

X WI




“Green’s matrix™ N >> !W

ikff\|1‘.:—1‘,:|
e YiTt J
.= G(r;.r;) = N— 104 1 A
vy A 2 J 7 k‘ . 4LV = 41UV = 4L, VM
o|ri r]|
| | T T T T |
GWn = AnWn 100} :

&

Im A\
(@)
o

o

-
| L
1

Z. — 17 o« o o N : % j :
Ao = 27 /kg ol S~ e ]

g=2_ N ~60 —40 -20 0 20 40 60
8 (koR)? Re X




From RMT to scattering theory ... anW

Methods of RMT help to understand the properties
of scattering systems

But can we use our knowledge about wave scattering
to obtain information about the eigenvalue distribution
of the “Green’s matrix” ?

...and the answer is ‘yes’ !



Backward link with the scaW

°
. .
° ol
°
°
® o o

Ensemble of N
randomly

distributed point-like
scatterers with a
scattering matrix ¢

e”f0|1’z‘—1“j|
Gij = G(I‘Z‘,I'j) = 3 |I‘ - | free-space
S Green's
function

Green’s function of Helmholtz equation:

We set —kg/4m =1
to simplify notation

G(r;,r;) = G(r; r;) noscattering
AN v/ JI N\ v/ JI
z\r .
+ > G(ry,1p) t G(rg,r;) IN9°
- N\ TR \" K2 ]/ scattering
k=1
N
I N v v Y+ v v+ v
> U\Xy,TL) Ut U\TL,I']) L U\I'],T5)
‘ ' v v v v J
kl=1 double_
@ o
I
1—-tG G1-t




Backward link with the sca!!eW

(-vronn'c fiin+tinn Nnf Halmhanalyr> AaAatnit+inn:

. \JI CC' S TUulicLivil Ul T1i1clhiiiiivicte Tyudadtiivii.
. G 1
o ° .I'Z g_ —

1 — tG G~
. —
o . ° Average Intensity: Izj = (Qw(jzﬂ
o

Sum over ¢ and average over j:.
Ensemble of N

y A 1
randomly J] = — \° r / _ _
distributed point-like I A e e | N (ca Ra
scatterers with a 1 1

. . — _Tr - — —
scattering matrix t N <[t - G—l][t . (G_l)"'] + €2>

add €2 — 01 in the denominator

Outside the domain of existence of eigenvelues of G—1:

7 _—ie_l__/ 1 \_h el —
2="5 T\poenr-@nFe) =0 ) =0




Backward link with the sca!W

® Outside the domain Inside the domain
® 0 of existence of of existence of
° eigenvelues of G—1 eigenvelues of G—1
® o o° el =0 el >0
Ensemble of N \ -
~

randomly
distributed point-like
scatterers with a
scattering matrix ¢

1 N
i—1
2V}

1

I Aivvarnoc a+ theo Anmain hniindary
A ulVblbe AL LI Uviitiidliii uuunucu_y

Condition I — oo defines the boundary of
the domain of existence of eigenvalues of
d

)

mpiex plan =t a
m N /+
.l./ v

A —
~




Diffusion theory for the eigean

Scattering mean free path: ¢ = 4%

R

Extinction length: flex = plfﬁnt

Absorption/amplification length: & = 2 — ¢

Ensemble of N

randomly Macrosocpic absorption/amplification length:
distributed point-like L2 = %

scatterers with a

scattering matrix ¢ Diffusion equation for the average intensity:
- 1
‘\7217(“.‘3;\) — —<I(r,r;) = 0(r —r;)
s J’ 72 * J’ s J’
Z 1 a
1 L
bI= Boundary conditions in a sphere:
L; = I(r;,r; 2 1
v (r;,15) I(r,r;) =0 for r = _/ 57
31455
3R




Diffusion theory for the elgean

R
Diffusion equation for the average intensity:
1
V2I(r, r;) — L—gl(r, r;) =6(r —r;)
Boundary conditions in a sphere:
2 1
Ensemble of N I(r,r;) =0 for r = _/
31428
randomly " 3R
distributed point-like
scatterers with a Solution diverges for 5
scattering matrix t 3p2 ~|2
2|4 = %5 (1+1Imz) (14 2' | 3
i,j=1 optical thickness by = 123
9O N
I;j = I(rj, ;) B =

" 8(koR)2



Diffusion theory for the eige

0,6 T T LI T 3 157 1 T
I ' p>\o = 0.01]
04 ] 10| ]
02F ] ,
i | 0.5} 1
j i 0.0 ]
i ~05] ]
_0‘6_. P TS T T RO S R S R .‘. 1 P I \_ _107 B \-..‘.7.. T N R R R R S R R P
206 -04 -02 00 02 04 06 ~10 -05 00 05 1.0
3 !
ol ,:
1 i
0f :
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Conclusions —

An approach is developed to deal with large Hermitian and
non-Hermitian Euclidean random matrices

The approach is applied to matrices that appear in the context of wave
propagation and scattering in random media

A link between the Euclidean RMT and the “standard” scattering
theory (diffusion approximation) is established

The results should be particularly useful to study
random lasers @

3-level atom
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