
Euclidean random matrices for 
waves in random media

S.E. Skipetrov and A. Goetschy
Laboratoire de Physique et Modélisation des Milieux Condensés

CNRS and Université Joseph Fourier, Grenoble



Euclidean matrices



Our motivation: Why study Euclidean matrices?

Classical physics:
An ensemble of randomly placed
point-like scatterers:

- multiple scattering of waves
- Anderson localization
- random lasing or
- nonlinear-optical phenomena

Quantum physics:
An ensemble of randomly
distributed atoms:

- collective spontaneous
emission (superradiance)

- random lasing
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Why the previous results are not sufficient



Motivation: Multiple scattering and Anderson localization
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Motivation: Random lasing

Pinheiro and Sampaio, Phys. Rev. A 73, 013826 (2006)



Motivation: Instability in nonlinear random medium
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Motivation: Collective spontaneous emission
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Motivation: Quantum model for the random laser



Representation of Euclidean matrices



Hermitian matrices: Generalities



Hermitian matrices: Diagrammatic expansion



Self-energy



Self-energy



Free random variable theory
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Free random variable theory
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Free random variable theory
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Application: sinc matrix

S.E. Skipetrov and A. Goetschy, arXiv:1007.1379



Application: sinc matrix
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Our approximation
for Tmn breaks

down



Application: cosc matrix
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Application: cosc matrix, low-density limit
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Application: cosc matrix
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Non-Hermitian matrices: Generalities
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Non-Hermitian matrices: Matrix Green’s function
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Non-Hermitian matrices: Diagrammatic expansion



Non-Hermitian matrices: Results



Borderline of the eigenvalue domain
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“Green’s matrix”: N = 2



“Green’s matrix”: N >> 1, low density



“Green’s matrix”: N >> 1, moderate density



“Green’s matrix”: N >> 1, high density



“Green’s matrix”: N >> 1, very high density



From RMT to scattering theory ... and backwards!

Methods of RMT help to understand the properties
of scattering systems

But can we use our knowledge about wave scattering
to obtain information about the eigenvalue distribution
of the “Green’s matrix” ?

...and the answer is ‘yes’ !



Backward link with the scattering theory

no scattering

single
scattering

double
scattering



Backward link with the scattering theory



Backward link with the scattering theory



Diffusion  theory for the eigenvalue domain



Diffusion  theory for the eigenvalue domain



Diffusion  theory for the eigenvalue domain



Conclusions

An approach is developed to deal with large Hermitian and
non-Hermitian Euclidean random matrices

The approach is applied to matrices that appear in the context of wave
propagation and scattering in random media

A link between the Euclidean RMT and the “standard” scattering
theory (diffusion approximation) is established

The results should be particularly useful to study
random lasers 
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