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@ Introduction : the model (random Gaussian surface)
© Mean number of minima (of the random surface) and RMT (GOE)
© Glass-like transition : analysis of the two phases using large deviations

@ Close to the transition point : Tracy-Widom
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@ Introduction : the model (random Gaussian surface)
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Model : random Gaussian landscape
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Model : random Gaussian landscape

Hamiltonian (energy)

H= \V(Xl,...,XN)/I

S _ -

confining harmonic well ~ random Gaussian potential

V(x) : random Gaussian-distributed field such that :

VD=0 VeV =N F (50 v)
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Model : random Gaussian landscape

Hamiltonian (energy)

H= \V(Xl,...,XN)/I

S _ -

confining harmonic well ~ random Gaussian potential

V(x) : random Gaussian-distributed field such that :

V) =0 . VRV = N7 (5 x—y))

Mean number of Minima (Np,) ?

Expected to depend on curvature  :
® 1 — oo : harmonic well = (M) — 1.
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Model : random Gaussian landscape

Hamiltonian (energy)

H= \V(Xl,...,XN)/I

S _ -

confining harmonic well ~ random Gaussian potential

V(x) : random Gaussian-distributed field such that :

V) =0 . VRV = N7 (5 x—y))

Mean number of Minima (Np,) ?

Expected to depend on curvature  :
® 1 — oo : harmonic well = (M) — 1.
@ 1 — 0 : random potential = (Np,) > 1.
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Glass transition for single particle at zero temperature

N
_ K Z Xi + V(x1,...,xn) | : random energy surface (N dimensions)
k=1

w |

Replica trick analysis (temperature T) = critical value | uc = +/f"(0)|.
[Mézard, Parisi (1991)] [Fyodorov, Sommers (2007)]
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=4 Zxk + V(x1,...,xn) | : random energy surface (N dimensions)
k=1

w |

Replica trick analysis (temperature T) = critical value | uc = +/f"(0)|.
[Mézard, Parisi (1991)] [Fyodorov, Sommers (2007)]

broken replica symmetry replica symmetric phase
GLASSY PHASE
huge number of metastable states
— unusual equilibrium and dynamical

properties (eg ageing...)
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Glass transition for single particle at zero temperature

N
gZxk + V(x1,...,xn) | : random energy surface (N dimensions)
k=1
Replica trick analysis (temperature T) = critical value | uc = +/f"(0)|.

[Mézard, Parisi (1991)] [Fyodorov, Sommers (2007)]

broken replica symmetry replica symmetric phase
GLASSY PHASE
huge number of metastable states
— unusual equilibrium and dynamical

properties (eg ageing...)

‘ (Nm) o< exp (NZ (1)) ‘ as N — oo (Nm) subexponential
with ¥ ,(p) > 0 (=complexity) (Nm) = L as g — 00
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© Mean number of minima (of the random surface) and RMT (GOE)
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Computing the mean number of minima (N,,)

Nm) = /,om(x)de with pm(x) =density of minima.
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Computing the mean number of minima (N,,)

Nm) = /,om(x)de with pm(x) =density of minima.

Recall : H = 25N %24 V(xq,...,xn) with V random Gaussian.
2 2k=1%k

Kac-Rice expression for p, :

N
pm(x) = <|det( H)| 6007 H) Hd(am)>
k=1

v

Celine Nadal (Oxford) Minima of a random landscape 7/25



Computing the mean number of minima (N,,)

War) = [ pml)d"x

Recall : H = 45" | x2 + V(xi,..., xy) with V random Gaussian.

Kac-Rice expression for p, :

with pm(x) =density of minima.

stationary points

o) = { s ()] 20 >

Celine Nadal (Oxford)

Minima of a random landscape



Computing the mean number of minima (N,,)

Nm) = /,om(x)de with pm(x) =density of minima.

Recall : H = 45" | x2 + V(xi,..., xy) with V random Gaussian.

Kac-Rice expression for p, : . .
stationary points

o) = (ot 0,20 017} )

minima

1 if A positive definite matrix

Heaviside : §(A) = { 0 otherwise
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Computing the mean number of minima (N,,)

Nm) = /,om(x)de with pm(x) =density of minima.

Recall : H = 45" | x2 + V(xi,..., xy) with V random Gaussian.

Kac-Rice expression for p, : . .
stationary points

pm(x) = < det —a— \H)I @o >
14

Jacobian minima
(change of variables)

1 if A positive definite matrix

Heaviside : §(A) = { 0 otherwise
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pm(X) = <‘det (a,.% J’H)‘ 0 (a,.% jH) I, s (8k7-l)>v

Translational invariant covariance structure of V
= (0 V 0;0;V) = 0 (at same x) and (9; VO, V) = —§; «f'(0) = §; k0.
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Link with RMT
pm(X) = <‘det (7 J’H)‘ 0 (921) Ty 5(8k7-1)>v
Translational invariant covariance structure of V

= (0 V 0;0;V) = 0 (at same x) and (9; VO, V) = —§; «f'(0) = §; k0.
Thus

2,2

pm(x) = ﬁ e~ (|det (u1d — M)| 0 (u1d — M),

Hessian = 02/ = pld — M with | M;; = 0,0,V |
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pm(X) = <‘det (a,.% J’H)‘ 0 (a,% jH) I, s (8k7-l)>v

Translational invariant covariance structure of V
= (0 V 0;0;V) = 0 (at same x) and (9; VO, V) = —§; «f'(0) = §; k0.
Thus

2,2

20 (|det (u1d — M)| 0 (u1d — M)y,

(X)_é
)= (Vama2) ©

Hessian = 02/ = pld — M with | M;; = 0,0,V |

M = Gaussian random matrix, law independent of x :
(M)

ith 2 = £(0).
(Mo Mij) = with pig = £7(0)

25, @

(07 k6j,1 + 0i 16k + 0 jOk,1)
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pm(X) = <‘det (a,.% J’H)‘ 0 (a,% jH) I, s (8k7-l)>v

Translational invariant covariance structure of V
= (0 V 0;0;V) = 0 (at same x) and (9; VO, V) = —§; «f'(0) = §; k0.
Thus

2,2

20 (|det (u1d — M)| 0 (u1d — M)y,

(X)_é
)= (Vama2) ©

Hessian = 02/ = pld — M with | M;; = 0,0,V |

M = Gaussian random matrix, law independent of x :
(M)

ith 2 = £(0).
(Mo Mij) = with pig = £7(0)

25, @

(07 k6j,1 + 0i 16k + 0 jOk,1)

L

Win) = gy (et (u1d = M)] 0 (uTd — M)}
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Link with standard Gaussian ensembles of matrices

1 - [ter— B ]
(Nm) = o (det (u— M)| 0 (pn — M)),, with P(M)oxe * B
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Link with standard Gaussian ensembles of matrices

1 - [ter— B ]
(Nm) = o (det (u— M)| 0 (pn — M)),, with P(M)oxe * B

Introduce additional Gaussian integration :

+o0
/ dt U — e KN(zt with  zz = pu+ pct

Kn(z) = (|det (z — Mo)| 0(z — Mo) ),

Gaussian Orthogonal Ensemble (GOE) :

P(Mo) = Cy exp {—

}
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From the matrix to the eigenvalues

lz trM02

KN(Z) = < |det (Z — Mo)‘ (9(2 — Mo) >M0 with P(Mo) = Cy e 4t
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From the matrix to the eigenvalues

Kn(2) = (|det (z — Mo)| 6(z — Mo) ), | with P(Mo) = C e 2.2 M

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

1 [z : .
K,V(z):a/ d)\l.../ d)\NH|)\—MH\z—M N
oo _

i<j

[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).
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From the matrix to the eigenvalues

lz trM02

Kn(z) = (|det (z — MO)\@—@M with P(Mo) = Cy e #Z

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

2

1 © . ~az
K@) == [ dae [ daw [T =N []lz— Al e 2
N J—oco —00

i<j i=1

[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).
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From the matrix to the eigenvalues

Kn(z) = ((@et (z — M@o (z—Mo)),, | with P(Mo) = Cy e oy g2

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

1 z z __N_y2
Kn(z) = 5/ d)\l.../ dnv [T 1N = A H\z— Wz
oo _

i<j

[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).
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From the matrix to the eigenvalues

Kn(z) = (|det (z — Mo)| 0(z — Mo) )y, | with (P(Mo) = Cp e g UM

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

1 z z
KN(z):a/ d)\l.../ d)\NH|)\—MH\z—M
- - i<j

[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).
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From the matrix to the eigenvalues

Kn(2) = (|det (z — Mo)| 6(z — Mo) ), | with P(Mo) = C e 2.2 M

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

1 [ 32
K,V(z):a/ d;.. / dm<x — ] H\Z_M “a?
_ oy

[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).
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From the matrix to the eigenvalues

Kn(2) = (|det (z — Mo)| 6(z — Mo) ), | with P(Mo) = C e 2.2 M

@ O(N) invariance of GOE measure
= introduce the eigenvalues \; of My

1 z z N 2
Kn(z) = — dA1... dA A= NI 1z = Al e w2
M@ = [ e [ aw]]I \H\ e
i<j
[Ti<;[Ai = Aj| : Vandermonde determinant (Jacobian).

@ Change of variable :

Kn(2) = 23 Enly) with z = yy/%
/%N(y):/_y d)\l.../_y dxw [T In —)\\H(y N) et
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Relation with maximal eigenvalue of GOE

@ We want to compute :

. y y N a2
/@N(y):/ d)\l.../ div [N =M TJ—r) e =

i<j i=1
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Relation with maximal eigenvalue of GOE

@ We want to compute :
- y y N _ﬁ
HN(Y) :/ d)\l.../ d\y H|)\i _)‘j‘H(y—)\i) e 3
i<j i=1

o For standard GOE, ie P(Mgog) ez "™&ox

A2
P(A1, ..., A\n) = Dy H\)\,- — )\l He—7

i<j
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Relation with maximal eigenvalue of GOE

@ We want to compute :

Fnly) = /d)\l /d)\NHM—MHy Ai)

1<J
o For standard GOE, ie P(Mgog) ez "™&ox
22
P(A1, ..., A\n) = Dy H pYEY He—7
i<j i
Cumulative distribution of maximal eigenvalue for GOE :

PN(Amgy)ZZZ”V"gO)) with  Zy(y / Hd)\ T 1x = Al He +

i<j
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Relation with maximal eigenvalue of GOE

@ We want to compute :

Fnly) = /d)\l /d)\NHM—MHy Ai)

1<J
o For standard GOE, ie P(Mgog) ez "™&ox
22
P(A1, ..., A\n) = Dy H pYEY He—7
i<j i
Cumulative distribution of maximal eigenvalue for GOE :

IPN(Amaxgy):ZZ,:IV((é/O)) with  Zy(y / Hd)\ T 1x = Al He +

i<j

@ Relation with our problem :
dZN(y) _ e y;
dy
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Number of Minima and GOE eigenvalues

_MZk 1Xk+v

Finally ,we get :

N = (%)N By In(u/ne)

2 2
400 L_M(y %_L)
with In(p/pc) = / dye? ? He

—00

d
d_y [PN-i-l()\max < Y)]
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Number of Minima and GOE eigenvalues

_MZk 1Xk+v

Finally ,we get :

N
Wnh = (22) " B it/
number of minima

2 2
400 L_M(y %_L)
with In(p/pc) = / dye? ? He

—00

d
d_y [PN-i-l()\max < Y)]
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Number of Minima and GOE eigenvalues

_MZk 1Xk+v

Finally ,we get :

N
Wnh = () B it/
number of minima {4 curvature (harmonic part)
+o0 ¥_N 2 _p 2
) S-aln/a—i) d
with In(u/pc) = / dy e’ 2( v ) gy En1(Amax < )]
—00
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Number of Minima and GOE eigenvalues

_MZk 1Xk+v

pe = /1"(0)

i V :rand t
Finally ,we get : (V : random part)

N /
Wnh = () B it/
number of minima {4 curvature (harmonic part)
+oo 2_N yi /2 -1 ’ d
with In(/pc) = / dye’ i) gy En1 (e < )]
—00
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Number of Minima and GOE eigenvalues

_MZk 1Xk+v

pe = /1"(0)

i V :rand t
Finally ,we get : (V : random part)

N |
Wnh = () B it/
number of minima {4 curvature (harmonic part)
+oo 2N 2_ B ’ d
with Iy(s/pe) = / dy e’ 2(y ! ”C) — [Prr1(Amax < )]
oo y

/

cumulative distribution of A\, for the GOE
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Outline

© Glass-like transition : analysis of the two phases using large deviations
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Maximal eigenvalue of GOE : large deviations as N — oo

Standard GOE : P(Mgog) e~ 2 tMgop

Average density of eigenvalues Py ()
-7 S N - Tracy-Widom
e - S . N-1/6
/ N
, \
)/ right large
/ left large deviation
/ o
| deviation
I
—V2N 0 V2N A
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Maximal eigenvalue of GOE : large deviations as N — oo

Large deviations of pdf of )\, for GOE
[Dean, Majumdar (2006)]

i L ) Tracy-Widom
[Majumdar, Vergassola (2009)] S~
N N1 /6
N
N\
\
\
right large
left large deviation
deviation
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Maximal eigenvalue of GOE : large deviations as N — oo

Large deviations of pdf of )\, for GOE
[Dean, Majumdar (2006)]

Ty Tracy-wid
[Majumdar, Vergassola (2009)] \\\ e
. N-—1/6
L PN max < ¥)] = Pu(Amax =y = sVN) \ |
et ] 1'1igh§ l?rge
e arge deviation
{ e_NZQ’/)*(S) for s < \/5 deviation
T e M)
e + for s > /2 JoN N
2 4 3
s s s 5s 1 |s+Vs2+6
(s) =% — e — V2 46— Zln |2 Y T2
v-(s) =3 ~ 108 (108+36> R R B

SN o SO o
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Correspondance between A, and our glass transition

N 2 N 2 2
c y?‘? N :C d
<Nm>=<“—> By / dy e ¢ ) gy P (s < )

T~ E\J)“‘ Tracy-Widom
\\\\ N-1/6
Use large deviations of A, + saddle point method A
right large
as N — 0 left large deviation
deviation
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Correspondance between A, and our glass transition

N 2 N 2 2
c TarWan—ae) d
<Nm> = <M_> BN /dy € (y ) d_y [PN—i—l()\max < y)]

)2
T~ ]\,\J)“‘ Tracy-Widom
\\\ N-1/6
Use large deviations of A, + saddle point method Y
right large
as N — 0 left large deviation
deviation

VIN A
diy [Pny(Amax < y)] for GOE ‘ (Nm) for disordered system

y = V2N = (Amax) ‘ 1= pc=+/F(0)
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Correspondance between A, and our glass transition

N v N 2 2
2ou(y/z-m) d
<Nm> = fe BN /dy € : ( " u:) [PN—i—l()\max < }/)]
I dy

T~ I\,\J\)“‘ Tracy-Widom

N-1/6

Use large deviations of A, + saddle point method A
as N — oo left large

right large
deviation

deviation
VIN A
diy [Pny(Amax < y)] for GOE (Nm) for disordered system
Yy = V2N = (Amax) p=pc = +/f"(0)

large deviations : y — v2N = O(v/N) w/pe = O(1)
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Correspondance between A, and our glass transition

N v N 2 2
2ou(y/z-m) d
<Nm> = fe BN /dy € : ( " u:) [PN—i—l()\max < }/)]
I dy

T~ I\,\J\)“‘ Tracy-Widom

N-1/6

Use large deviations of A, + saddle point method A
as N — oo left large

right large
deviation

deviation
VIN A
diy [Pny(Amax < y)] for GOE (Nm) for disordered system
Y = V2N = (A 1= e = /0
large deviations : y — v2N = O(v/N) /e = O(1)
y < V2N : left tail 1 < e - glassy phase
y > V2N : right tail > e
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Glassy phase (logarithmic equivalent for N — co)

N
c 2on(,/z_w) d
<j\/m> = (:u ) By /dy ez 2 (Y N uc) _dy [PN+1(/\max < y)]

Use large deviations of Apax + saddle point method

—N*y_(s) <2
4 By <Y~ ] © or s <2
Y e NY+(s)  for s> /2
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Glassy phase (logarithmic equivalent for N — co)

M|\<

W= (2)" By [y e VI L e <

Use large deviations of Apax + saddle point method

e NU-(9) for s < /2
di [PN(/\max < y)] ~ _N
Y e N(s)  for s> /2

= recover the result of [Fyodorov, Williams (2007)] :

< pc > fhe
B
(N = &) (Nm) ~ O(1)
_ 2 3
Y(m)=—In(m)— 5 +2m—3
glassy phase : random part (V) dominates | harmonic part dominates

critical point pe = +/f"(0)
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A step further (1) : more detailed large deviation results

Large deviations of d% [Pn(Amax < y)] for GOE : y = sv/N, large N

o Left tail : y < V2N, ie s < 2

()‘max < }/)] ~ e_N2¢f(S)+N¢1(S)—¢1 In N—d5(s)

d
— [P
dy[N

cf [Borot, Eynard, Majumdar, Nadal (2011)] : left large deviations of
Amax for GSE (here 8 = 1) using loop equations.
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A step further (1) : more detailed large deviation results

Large deviations of d% [Pn(Amax < ¥)] for GOE : y = sv/N, large N

o Left tail : y < V2N, ie s < 2

di []PN()‘max < y)] ~ e—Nz'lZL(s)—l—Nd)l(s)—(j;l In N—d;(s)
y

cf [Borot, Eynard, Majumdar, Nadal (2011)] : left large deviations of
Amax for GSE (here 8 = 1) using loop equations.

o Right tail : y > 2N, ie s > /2

e—NﬁH—(S)
2T (—2+ ) s+ V212

cf [Borot, Nadal (2012)] : right large deviations for GSE (loop
equations).

d
— [Pn(Amax < ~
& P < )]
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A step further (2) : exact equivalent for both phases

Using previous results and saddle point method, get large N equivalents :
@ Phase where the harmonic potential dominates : 1 > ¢

(Nm) ~ 1| for large N

one single minimum not only for p > pc, but for all g > pc.
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A step further (2) : exact equivalent for both phases

Using previous results and saddle point method, get large N equivalents :

@ Phase where the harmonic potential dominates : 1 > ¢

(Nm) ~ 1| for large N

one single minimum not only for p > pc, but for all g > pc.

@ Glassy phase (where the random potential VV dominates) :

K< fic

(Nom) ~ eSn(p/pe)

for large N

Sn(m)=NX(m)+ VN1 (m)+ NY* 5 (m) + Z3(m)
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A step further (2) : exact equivalent for both phases

Using previous results and saddle point method, get large N equivalents :
@ Phase where the harmonic potential dominates : 1 > ¢

(Nm) ~ 1| for large N

one single minimum not only for p > pc, but for all g > pc.

@ Glassy phase (where the random potential VV dominates) :
K< fic

(Nm) ~ eSn(u/ne) | for large N

Sn(m)=NX(m)+ VN1 (m)+ NY* 5 (m) + Z3(m)

m? 3 .
Y(m)=—In(m)— -5 +2m — > [complexity]
Si(m) = 3VA(A-mP | Ta(m) = 22 (1 m)
1, 1372  Inr 23 3
=- - =z - 1
Ta(m) = —242m+ gm’ + =25+ T 4 Zin n ([t - mln )+ Z¢(-1)
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Outline

@ Close to the transition point : Tracy-Widom
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Close to transition : Tracy-Widom (1)

GOE, fluctuations of A\, close to mean value, ie
Amax — V2N = O(N~1/6) .

T E\\()‘J Tracy-Widom
N-1/6

right large
left large deviation

deviation
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Close to transition : Tracy-Widom (1)

GOE, fluctuations of A\, close to mean value, ie
Amax — V2N = O(N~1/6) .

g E\\()‘J Tracy-Widom

)\max - \/ 2N \\\ N71/6
N| ——— <x| ~Fi(x) as N — o0 N
N~s /\/§ right large
left large deviation

with F1(x) the Tracy-Widom law for 5 = 1. deviation
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Close to transition : Tracy-Widom (1)

GOE, fluctuations of A\, close to mean value, ie

Amax — V2N = O(N~1/6) .

|

N=s /2

V2N

)\max -

< x

>N.7'—1(X) as N — oo

~=~DPx ()

with F1(x) the Tracy-Widom law for 5 = 1.

left large
deviation

Tracy-Widom

N-1/6

right large
deviation

F1(x) = F(x)E(x)
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Close to transition : Tracy-Widom (1)

GOE, fluctuations of A\, close to mean value, ie
Amax — V2N = O(N~1/6) .

g E\\()‘,] Tracy-Widom
)\max - \/ 2N \\\ N71/6
N| ——— <x| ~Fi(x) as N — o0 N
N~s /\/§ right large
- ) left large deviation
with Fi(x) the Tracy-Widom law for 5 = 1. deviation

F1(x) = F(x)E(x)

q(x) solution of Painlevé Il :

q"(x) = 2¢°(x) + xq(x)

3
such that g(x) ~ Ai(x) ~ me_%xz as x — 00.
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Close to transition : Tracy-Widom (2)

Correspondance between GOE and our disordered system :

‘ Amax for GOE ‘ Curvature (disordered system)

Critical point ‘ Ye = V2N ‘ fe = f”(O)




Close to transition : Tracy-Widom (2)

Correspondance between GOE and our disordered system :

‘ Amax for GOE ‘ Curvature (disordered system)
Critical point Ye = V2N e = A/ f”(O)
Close to transition | y — V2N = O(N_1/6) ﬁ =1+ SN=3 + ...
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Close to transition : Tracy-Widom (2)

Correspondance between GOE and our disordered system :

‘ Amax for GOE ‘ Curvature (disordered system)
Critical point Ye = V2N e = A/ f”(O)
Close to transition | y — V2N = O(N_1/6) ﬁ =1+ SN=3 + ...

Transition regime :

(Nm) ~N(5)  for Mﬁ — 14 ON3
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Close to transition : Tracy-Widom (2)

Correspondance between GOE and our disordered system :

‘ Amax for GOE ‘ Curvature (disordered system)
Critical point Ye = V2N e = A/ f”(O)
Close to transition | y — V2N = O(N_1/6) i =1+ SN=3 + ...

Transition regime :

(Nm) ~N(5)  for Mﬁ — 14 ON3

2T ’ *5—£

N(6) = " , 2 Fi(x*) e °7 3
—% [In}"l(x)] ‘ '

xX*

d /
with x* the solution of — — o [ln Fi (X*)} =9
Ix
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FIGURE: Log of the mean number of minima (N,,) (for N = 10000)
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FIGURE: Log of the mean number of minima (N,,) (for N = 10000)
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Phases in disordered system #(x)

In(N,,)

0FNT

L \

\

L \
5[ \ SN(U/NC)

\

Glassy phas® [ < uc\\

(N ~ efgtu/uc) AN

~ \
r \

10F

50

of

FIGURE: Log of the mean number of minima (N,,) (for N = 10000)
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Phases in disordered system #(x)

In(N,,)

0FNT

L \

\
\
\

Glassy phas@p < uc\\
(Nm)

~ @SN/ pe)
€15

10F

50

\
\

L \
5[ N SN (p/ pre)

Phase 1 > jic |

of

Nm) ~ 1

FIGURE: Log of the mean number of minima (N,,) (for N = 10000)
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Phases in disordered system #(x)

In(N,,)

30F T

AN

- S/

\

25

\
\

Glassy phas® [ < uc\\

Close to tran

sition :

(N ~ efggu/uc) \\\ (Nm) ~ N(6) ]
g for Jo =14 gN~1/3
10F h 1
sf In AV (0) 1
Of - Phase 1 > jic |
L \ <Nm> ~ 1
O.éS ‘ 0.‘90 ‘ O.‘95 1.00 ‘ ‘ 1.65 B 1.;.0
1t/ pre

FIGURE: Log of the mean number of minima (N,,) (for N = 10000)
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Matching between different regimes

Intermediate regime : | (NVm) ~ N/(9) | for £2 =1+ 6N~ /3 4
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Matching between different regimes

Intermediate regime : | (NVm) ~ N/(9) | for £2 =1+ 6N~ /3 4
@ Matching with the right tail : § — oo ) 3
—§x§

Right asymptotics of Tracy-Widom : 1 — Fy(x) ~ > as X — 00

4\/Ex%
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Matching between different regimes
ime : | (Nm) ~ N(0) | for L= =1+ SN=/3 4 .

Intermediate regime
@ Matching with the right tail : § — oo
e
Right asymptotics of Tracy-Widom : 1 — Fy(x) ~ 3
4,/ x4

Find x* ~ 62 and recover phase i > /i

Minima of a random landscape
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Matching between different regimes

Intermediate regime : | (NVm) ~ N(9) | for Lo =1+ SN—/3 4

@ Matching with the right tail : § — oo ) 3
e 3%?

Right asymptotics of Tracy-Widom : 1 — Fy(x) ~ ——5 asXx >
4,/ x4

Find x* ~ 62 and recover phase p1 > pic : | (M) ~ 1|

@ Matching with the left tail : § — —oc0 5

e—z—ﬂ\xl3—3—\1/§\xl7

Left asymptotics of TW :  Fy(x) ~ 71 as x — —00
x|
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Matching between different regimes

(Nm) ~ N () for —14+6N"13 4+

@ Matching with the right tail : § — oo

Intermediate regime :

3

e~ 3%
Right asymptotics of Tracy-Widom : 1 — Fy(x) ~ ——5 asXx >
4,/ x4
Find x* ~ 62 and recover phase p1 > pic : | (M) ~ 1|
@ Matching with the left tail : § — —oc0 5
e—Q—ﬂ\XI3—3—\1/§\XI7
Left asymptotics of TW :  Fy(x) ~ 71 ] as x — —00
X|16
Find x* ~ —2v/—24§ and
3 3 7/4
(Now) ~ 228 Vg[8 %+l 257101 4
23 /25
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Matching between different regimes
ime : | (Nm) ~ N(0) | for L= =1+ SN=/3 4 .

Intermediate regime

@ Matching with the right tail

:5—>oo

Right asymptotics of Tracy-Widom

Find x* ~ 62 and

@ Matching with the left tail

Left asymptotics of TW :  Fy(x) ~ 71

1-— fl(X) ~

|
wIN
X
Nlw

as X — o0

N
S
<

Hlw

recover phase 1 > jic i | (Npy) ~ 1|
il: 0 - —o0 5
oAbl
- as X — —00
|x| 16
P 02153 22 513+

3

Find x* ~ —2+/—24 and

23
271 €3

=1+ 5N"5 in glassy phase

Celine Nadal (Oxford)

(Nm) ~22% /74|

Same result when we plug the scaling
1< pic o (Nom) ~ e5n(/1e) (and expand for large N)
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Conclusion

Study of the mean number of minima (N,,) of a random energy
surface :

N
7]
H(x) = 22_:1 2 L V(xq, ..., xn)

Two phases :
o Glassy phase i1 < jic where (N,,) ~ eN(#/ke) for large N.
@ Phase 1 > pc where (Ny,) ~ 1 for large N.

Close to transition point (intermediate regime) :

(Nm) ~N(6) for ﬁ:1_|_5/\/—1/3

fic
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Thank you!
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