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Main result

The
eigenvalues
of linear systems of certain partial differential equations
are the Bethe roots of certain massive quantum integrable models
IM
ODE

Lukyanov, Zamolodchikov; Dorey, Faldella, Negro, Tateo;
Adamopoulou, TCD; Ito, Locke



Ordinary Differential Equations

The eigenvalues {E;} of
( d? I(1+1)

g T BT

>¢(x, E,N)=0

satisfy Bethe ansatz equations

i
where w = eM+1
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6-vertex model

The same Bethe ansatz equations encode the ground state of the
6-vertex model with twisted boundary conditions in the
thermodynamic limit

Spectral parameter v ~ E
Anisotropy n = %MLH

2M+2



XXZ model

The same Bethe ansatz equations encode the ground state of the
XXZ model

N
1
Hxxz = - Z ( ofof to J+1 cos2770jzajz+1)
j=1

with twisted boundary conditions
z _ z X .y _ *i2¢( _x Py
ONy1 =01 » OngrEioy,=e (01 :|:IO'1)

in the thermodynamic limit



Massless quantum field theory

The same Bethe ansatz equations encode the primary fields of a
¢ <1 conformal field theory or equivalently the massless limit of
the quantum sine-Gordon model

Central charge c(M) = 1- I?/I,\fl
Highest weight AM, ) = %
Vacuum parameter p = 42,\//,4;14



Massive sine-Gordon model
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Massive model is defined on a cylinder with radius s



A; example: sinh-Gordon / sine-Gordon models
The sinh-Gordon equation in light cone coordinates

D Oam(w, W) — 21w | g=20(w.®) _

With the variable transformation
dw = p(z)'/? dz and dw = p(z)'/? dz

introducing the potential

and
n(w, w) = n(z,z) — log(p(z)p(2)/4

the sinh-Gordon equation becomes

0:01(2,2) — €72 + p(2)p(z) e *1%) = 0




A specific solution of the modified sinh-Gordon equation
Require a unique, real solution of
0.001(2,2) — 149 + p(z)p(z) e 2122) = 0
that is finite everywhere except at p = 0 where
z = pe'®,z = pe”'® with

» Periodicity
ni(P, Qb + TF/M) = 77i(Pa ¢)

» Asymptotic behaviour as p — 0:
n(p, ¢) = llnp+mo+ O(1)

» Asymptotic behaviour as p — oo

n(p, ) = M/2Inp+o(1)



Classical integrability: the Lax pair

Introduce the Lax matrices

1a,n —Ae"
— _ 27z
U(Z7Z7)\)_ <_Ap(z)e’r] éaz,r]>

and s —%8277 A lp(z)e
(2,2,4) = <—)\_1e77 $0:m )
with A = exp(#) the spectral parameter.
The zero curvature condition
[0, +U,0z+ V] =0

is equivalent to

0,0mm(2,2) — 12D 4 p(2)p(z) e 21(27) = 0



The associated linear problem
is
(0:+ U(z,z,\))W =0, (9:4V(z,2,A)¥ =0

where W = (¢1,¢2)T

The solution to the linear system is

) AL/2en/2y), e 2\2(05 + 95n)0)
W(Z,Z, )\) = < e—n/2)\—1/2(8z+8zn)w) > = < )\_1/2677/21/_1

Eliminating 1> we find

[-02 + (920)* — 020 + Np(2)] ¢(2,2) = 0

Similarly

[~0Z + (95n) — 920+ A" 2p(2)]¥(2,2) = 0




Functional relations and Bethe ansatz equations
By studying the solutions of

[02 + (9:m)* — 920 + X*p(2)] ¥(2,2) = 0

for complex z with z considered a parameter we find
Bethe ansatz equations of the form

o] E(/) - w2E (/) E(—]. o /) . w_2S4M/E (/) B
H (EJJ(/) - w_QEkk(/)> ( J EJ(_l < /) = wz/Ek(/I; > _ _w2l+1

j=0

where the eigenvalues Ej(I), Ej(—1—/) depend on the parameters
s, M as
E(/) — SQm)\ZM/(l—i-M)

(and implicitly on /)

The Bethe ansatz equations exactly match those of the
massive quantum integrable sine-Gordon model



Massive to massless

The nonlinear wave equation

[02 + (0.1)* — O2n+ Np(2)] ¢(z,2) = 0

reduces to the Schrodinger equation

[8§+X2M+I(/X—zl) — E]y(x)=0
in the massless limit
z—0 , z~s—=0 , InA—=>
with
x = \VWEM) , p L 2m oM/ M)

reproducing the massless IM/ODE correspondence



The massive IM/ODE for A,-type model

Start with the A, affine Toda field equations
205 0,mi = e2NT2ei1 _ @207 j— 1 p
with 91 (x, t) = m(x, t) and 37 ;7 =0
Make the change of variables
dw = p(z)ndz, dw=p(E)ndz , p(t)=t"M_sM

and

ni(2.2) = mi(2.2) + (n — (21 — 1)) In(p(2)p(2)) /4n
to obtain the modified affine Toda field equations

20;0;m = p(z)p(z) e¥n 2 — 2m2m
20:0,m; = e2Mi=2Mi-1 _ @M1 =21 i=2,...,n—1
20;0,m, = e¥-172m _ p(z)p(z) 2 =21



Classical integrability

The modified affine Toda equations arrise from the zero-curvature
condition V, — Uz + [U, V] = 0 of the linear problem

(0:+ U(z,2,\))W =0, (94 V(z,2,A)¥w =0
with Lax matrices

(U(z,2,))i = 020 65 + A (C(2))5

and
(V(szv )\))U == *82 ni 5,1 + A_l(C(E))j,
_ exp(nj+1 — nj) 0i—1j , Jj=1,...,n—1
C(z i = ]
(@) { p(z) exp(njy1 —nj)di—1j , Jj=n,
where

{1 if i=j modn
ij_

0 otherwise



A specific solution of the modified ATFT

Require a unique, real solution of the modified ATFT that is finite
everywhere except at p = 0 with

» Periodicity
ni(p, & + 21 /nM) = ni(p, ¢)
» Asymptotic behaviour as p — 0:

ni(p, @) = (n—i—gni)inp+ O(1)

» Asymptotic behaviour as p — oc:

ni(ps®) = 3(2i =1 = n)M Inp + o(1)



Associated linear problem
The linear problem

(0:+ U(z,2,\))W =0, (0:+V(z,z,A\)¥=0

has solutions

_ —\"Leni—miv (9, W; 1+ 0mit1Vis1
Vilz,2,0) = { ( oy )

e My
- { —AeT1T 93V — Bz Vi)
Eliminating W1,...,W,_1 or Wy, ..., W, we obtain
(1™ 2Dam) + M"p(2)) 6 = 0,
(1™ Du(m) +A~"p(2)) & = 0
with nt"-order differential operators

Dn(n) = (62 +2 82771) (62 +2 82772) T (82 =+ 282"7n) )
Dn(n) = (0: —20smn) - (0z — 205m2) (0 — 205m1)



Massive to massless

In the massless limit

z—0 , z~s—=0 , InA—>x
with
%) _ _ __90 M noM
xX=zeMil Xx=7Zze M1 | [EF=35"eur
yields

(1)1 Da(g) + p(x, E) )¥(x, E) =0, p(x,E) =x" — E

where

i) = (0~ &1 (1D (o, B2 (025, &)

X X

This is precisely the nt"-order ODE appearing in the massless A,_;
ODE/IM correspondence



Conclusion and outlook

The
eigenvalues
of linear systems of certain partial differential equations
are the Bethe roots of certain massive quantum integrable models
IM
ODE

Reference: Bethe ansatz equations for the classical Ag,l) affine

Toda field theories, P Adamopoulou and C Dunning 2014 J. Phys.
A: Math. Theor. 47 205205

Next steps: Exploit and extend this link between classical and
quantum integrable models



