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Wishart matrices in real life

Wishart matrix: WWT, W e RNMixNe cNixNo e xNe
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What do we know about
uncorrelated Wishart matrices?

P(W) = exp[—tr WWT]

Determinantal (3 = 2) or Pfaffian (8 = 1, 4) point
processes?

[Tdet(WWT — X\;1)
[Tdet(WWT — k1)

and k-point correlation functions

Level density?

Yes: Marcenko-Pastur distribution

Local Statistics?

Yes: Sine-kernel (bulk),

Airy-kernel (soft edge) — Tracy-Widom distribution,
Bessel-kernel (hard edge)

Yes: for averages of




What do we know about
correlated Wishart matrices?

P(W) = exp[—tr C; ' WC; W]

» Determinantal (5 = 2) or Pfaffian (5 = 1, 4) point
processes?
Yes: forthe case 5 =2, Co = 1
otherwise we don’t know
» Level density?
Yes: for the case 8 =1 and C; = 1 and
fors=2and Cy,Co # 1
otherwise we didn’t know
» Local Statistics?
Yes: for the case 5 =2 and C, = 1
otherwise we don’t know (problems partially circumvented)



Outline of this talk

» Distribution of the smallest eigenvalue (uncorrelated)
» Correlated Wishart matrices
» Outlook: What is with non-Gaussian ensembles?



Distribution of the smallest eigenvalue
(uncorrelated)

Smallest painting of the world, “Mona Lisa" on a hair by Georgia Institute of Technology (image from

huffingtonpost.co.uk)



Distribution of the Smallest Eigenvalue

Emin(s) = aSP(Oa S)
P(0,s) = /d[W]P(W)@[WWT — 1]
Laguerre ensemble P(W) o det” WWT e~ WW1/(20%).

B =1: Epin(s) oxx sv=1)/2g=Ns
x <o|et<V-1>/2(WWT + s1|)>

W: (N—1)x (N-+2)

: Emin(S) oc s7e~NS (det’(WWT + s1

2
4: Epin(s) ox s2T1g=Ns
x <det”+1/2( WW' + s1)det’/2 WWT>

)>W:(N—1)><(N+1)

B
B
W:2(N—1)x2(N—1)

oo R
O s

Well known results for: 5 = 2 and v arbitrary; 5 = 1 and v odd



E.i, for 5 =2
Emin(s) o sve Ndet {Lf\’,’jjﬁb(—s)}

E.i. for 5 =1, odd v (integer power of det)

Eun(s) ox s @ 0/2e bt [(a— b)cffL 2,0 Y (-2s)]

L‘,f,a) is the modified Laguerre polynomial in monic normalization

Nagao, Forrester®®, for N — oo with v fixed by Damgaard, Nishigaki, Wettig98, Damgaard, Nishigakioo



E.i. for 5 =1, evenv

The square root is a problem! (?)

det”/2(WW' + s1)
Vdet(WWT + s1)

Emin(s) o S(u—1)/Ze—NS< >
W: (N—1)x(N+2)

Edelman’s Approach®’

Enmin(s) = s"V2e"Ns [1y(a,, b, 5)Q,(s) + U(&,, b, 5)Q,(S)]

» Q,(s) and Q,(s) polynomials given via a recursion
» U(a, b, x) is Tricomi’s confluent hypergeometric function
» simple expressions for v = 0,2

Main idea: Recursion in /!



E.in for 5 =1, even v
The square root is a problem! (?)
det”/2(WW' + s1
Vdet(WWT + st

L 22N det”/2(WW1 + s1
Vdet(WTW + st

Emin(s) x S(1/—1)/29—Ns < >
1 (N—1)x(N+2)

).

"
(v+2)/2 o~—Ns v/2 t
x S e det WwWwr + s1

<\/det(WTW+s1)>W< ( )>

)
)
)
)
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Combination of orthogonal polynomial theory and SUSY is the solution!

Redefinition of the two-point weight:

X1 Xp@™ X172
V(X1 +8)(x + 9)

di(x1, x2) = sign(x1 — X2) dxq dxz




De Bruijn Integral

2k
Z5m) = e { / du(xaxb)} Now(x) T det(x — riton)
’ =1

1 -
P (52— 1) 22D (g, )]

Agk(/{) 1<a,b<2k

with antisymmetric two point measure:

du(x1, x2) = —du(xe, x1)



Examples

real Wishart (8 = 1):
du(x1, X2) = sign(Xy — X2) (X1 x2)" /21 % dx; dxp

quaternion Wishart (8 = 4):
du(x1, x2) = (X1%2)2 e 17%(9,, — 0y,)8(x1 — X2)dxqdxo
complex Wishart (8 = 2):

(X‘{V — XéV)Z v a—Xi—X
d,u(X1,X2) = 7(X1 Xg) e "2 dxydxo
X1 — Xo

Also the complex case fits into this framework!

(x) - xﬁ)?]

Aon(x) = + det [xgﬂ = +Pr |
-

And our case:

" ) X1 Xp@ X17%2
di(x1, x2) = sign(x1 — X2)

V(X1 +8)(x + 9)

dxqdxo



E... for 5 =1, evenv
» normalization constant:

<det‘1/2(WTW+s1I)> x /OO dxe‘st
w 0 (1 + x)(N=-1)/2

N+2 5
“(z ’2’3)

» skew-orthogonal polynomials of even order 2j:

UG+3.3s
dety1 - wwh)) = @2y U2z e o)
U(+33s) 7

fi

U(a, b, x) is Tricomi’s confluent hypergeometric function



E.i. for 5 =1,v € 4N
Distribution of the smallest eigenvalue:

N+2§s
2 2

Emin(s) o S(V+2)/26_NSZ/[ <

m

x Pf [ag11a§21 (81 — 82) <det( WWT + s;1)det(WWT + sp1 )>

Sq :SQZS]

Two point partition function:
» either as a sum of skew-orthogonal polynomials or as

W:jx(j+3)

<det(WWT + 511)det(WW' + 51 )>
m

X / dX/ dMHaaI(U)e—sx—i-trdlag(a,51,32752)U
U (”3, g, CSE(4)

x<f+1)/2det 2y det/?1(1 + U)det'/2((1 + x)1 + U)
(1 + x)i/2+2
New result for finite » and N!

(Akemann, Guhr, Kieburg, Wegner, Wirtz'4)




Smallest Eigenvalue Distr. (5 = 4)

Em@yx&H%Jm@mwvﬂwwusmmﬁﬂwwww

Microscopic universality with dynamical fermions
M.E. Berbenni-Bitsch?, S. Meyer!, and T. Wettig?

2
A2a+3 __A i T(AIIHII) ) (7)

P(Amin) = @+ Do £3) min

where T(z) =1+ Y02 | agz? with

Z H OL+2]*Z
a+2j—i+4
l(n)<a+1 (h.5)€n

1
N e R S e Er

Here, x denotes a partition of the integer d, I(x) its
length, |k| its weight, and &’ the conjugate partition.
In Eq. (8), a partition x is identified with its diagram,
k={s=(i7);1 <i<Ik),1 <j<r;}. The Taylor
series for T'(x) is rapidly convergent, and the curves for
Ny = 2 and 4 can easily be computed to any desired
accuracy.



Correlated Wishart matrices

“The Three Wise Apes" (image from thomasbrasch-wordpress.com)



The RMT Model

P(W) x exp[—tr C~'WWT]/det"®(N+)
Empirical correlation matrix: C = UAUT = Udiag(A+, ..., Ay)UT

Y e !
0

(Bouchaud, Potters, Laloux (2005))



For3=2

Harish-Chandra, ltzykson-Zuber integral:

p(x) o det”xAﬁ,(x)/ dpitaar(U) exp[—tr AT Ux U] /detN+V A
U(N)

det” xAp(x) det [e=*/ ]
detNtYAAN(AT)

The jpdf can be calculated! = Everything is calculated!?

» level density (Alfano, Tulino, Lozano, Verdu®4):
det /\ab72 /\afuf1 efy//\a An(A
p(y) x ae |: yy+bf1/r[y+ b] 0 :| / N( )

» gap probability for smallest eigenvalue (Forrester®’):
—tr —N—l/—b S
P(0, s)  e~'S/M det [L‘(Vlrbq ) </\a>] /AN(s//\)



No group integral for 5 = 1.4

Harish-Chandra integral (known):

/ dpittaar (U) exp[—tr A~ UxUT]
G
A~ and x in the Lie algebra of the group G

ltzykson-Zuber integral (unknown for 5 = 1,4):

/ djittaar (U) €xp[—tr A~ UxUT]
G

A~ and x in a co-set corresponding to the group G
s =1: A~" and x real symmetric
3 =4: A" and x quaternion self-dual

“SUSY" circumvents group integrals!



For 5 =1
» level density (Recher, Kieburg, Guhr, Zirnbauer'?)

Finite sum of products of two decoupling one-fold integrals

» gap probability for the smallest eigenvalue (Wirtz, Guhr'4)

Yields always a (v — 1) x (v — 1) or v x v Pfaffian!
But: The kernel depends on all A;

» level density: two-sided correlations (Waltner, Wirtz, Guhr'4)
Finite sum of four-fold integrals

Expressions drastically simplify
when A is double degenerate!



For 5 =1

Gap probability for the largest eigenvalue (Wirtz, Kieburg, Guhr'4):

P(s,0) / d[W]e sTA~ wwt ©(1 — WIw)
| R (V) det™I72(7/s)

Ingham-Siegel integral = Heaviside ©-function:

1 eztrH
P(s, / dlH
(8,00) o det(N+V 20/9) Jsmn oy Get®™ 21 1 1)
H 1
L detH — (s/A, + 1))

Yields always an (N + v) x (N + v) Pfaffian!
But: The kernel depends on all A;

More details in the poster presentation by Tim Wirtz!



Outlook

“Outlook” by Peter Quidley (image from theoilpaintingsaless.com)



What is with nhon-Gaussian ensembles?

pA)
» Laguerre: ; o
» P(W) = exp[—tr WIC' W] .
» non-compact support — Jacobi
» all moments exist | — Lorentz
» Jacobi:
» P(W) =

det’(1 — WiCc—'w)
x0O(1 — Wic—w)
» compact support ol
» all moments exist

» Lorentz (Cauchy):
1 ar

W =
» PW) = evd s wic—w)
» non-compact support
» not all moments exist 0

(Bouchaud, Potters, Laloux (2005))



More Mathematical Challenges and Fun

Meijer G-ensemble = Product of rectangular matrices

Statistics of the Wishart matrix:

WW' = Wy Wa - - Wy CW,, - - Wi W]

» What is the level density with a fixed correlation matrix C?

» What are the distributions of the smallest eigenvalues at
the hard edge (also for C = 1)?

New universality class! — Meijer G-kernel

» What happens when the W’'s are correlated with each
other?



Thank you for your attention!
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