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Wishart matrices in real life
Wishart matrix: WW †, W ∈ RN1×N2 ,CN1×N2 ,HN1×N2

Lattice QCD
(image by Göckeler, Hehl, Rakow, Schäfer, Wettig (1998))

Financial Market
(image by Bouchaud, Potters, Laloux (2005))
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What do we know about
uncorrelated Wishart matrices?

P(W ) = exp[−tr WW †]

I Determinantal (β = 2) or Pfaffian (β = 1,4) point
processes?

Yes: for averages of
∏

det(WW † − λj11)∏
det(WW † − κj11)

and k -point correlation functions
I Level density?

Yes: Marcenko-Pastur distribution
I Local Statistics?

Yes: Sine-kernel (bulk),
Airy-kernel (soft edge)→ Tracy-Widom distribution,
Bessel-kernel (hard edge)



What do we know about
correlated Wishart matrices?

P(W ) = exp[−tr C−1
2 WC−1

1 W †]

I Determinantal (β = 2) or Pfaffian (β = 1,4) point
processes?
Yes: for the case β = 2, C2 = 11
otherwise we don’t know

I Level density?
Yes: for the case β = 1 and C2 = 11 and
for β = 2 and C1,C2 6= 11
otherwise we didn’t know

I Local Statistics?
Yes: for the case β = 2 and C2 = 11
otherwise we don’t know (problems partially circumvented)



Outline of this talk

I Distribution of the smallest eigenvalue (uncorrelated)
I Correlated Wishart matrices
I Outlook: What is with non-Gaussian ensembles?



Distribution of the smallest eigenvalue
(uncorrelated)

Smallest painting of the world, “Mona Lisa" on a hair by Georgia Institute of Technology (image from

huffingtonpost.co.uk)



Distribution of the Smallest Eigenvalue

Emin(s) = ∂sP(0, s)

P(0, s) =

∫
d [W ]P(W )Θ[WW † − s11]

Laguerre ensemble P(W ) ∝ detγ WW † e−tr WW †/(2σ2):

β = 1: Emin(s) ∝ s(ν−1)/2e−Ns

×
〈

det(ν−1)/2(WW † + s11)
〉

W : (N−1)×(N+2)

β = 2: Emin(s) ∝ sνe−Ns 〈detν(WW † + s11)
〉

W : (N−1)×(N+1)

β = 4: Emin(s) ∝ s2ν+1e−Ns

×
〈

detν+1/2(WW † + s11)det3/2WW †
〉

W : 2(N−1)×2(N−1)

R

 0 s

Well known results for: β = 2 and ν arbitrary; β = 1 and ν odd



Emin for β = 2

Emin(s) ∝ s−νe−Ns det
[
L(b−a−2)

N+ν+a−b(−s)
]

Emin for β = 1, odd ν (integer power of det)

Emin(s) ∝ s−(9ν+1)/2e−NsPf
[
(a− b)L(2ν−a−b−4)

N+a+b+1 (−2s)
]

L(α)
n is the modified Laguerre polynomial in monic normalization

Nagao, Forrester98, for N →∞ with ν fixed by Damgaard, Nishigaki, Wettig98 , Damgaard, Nishigaki00



Emin for β = 1, even ν

The square root is a problem! (?)

Emin(s) ∝ s(ν−1)/2e−Ns

〈
detν/2(WW † + s11)√

det(WW † + s11)

〉

W : (N−1)×(N+2)

Edelman’s Approach91

Emin(s) = s(ν−1)/2e−Ns [U(aν ,bν , s)Qν(s) + U(a′ν ,b
′
ν , s)Q′ν(s)

]

I Qν(s) and Q′ν(s) polynomials given via a recursion
I U(a,b, x) is Tricomi’s confluent hypergeometric function
I simple expressions for ν = 0,2

Main idea: Recursion in ν!



Emin for β = 1, even ν

The square root is a problem! (?)

Emin(s) ∝ s(ν−1)/2e−Ns

〈
detν/2(WW † + s11)√

det(WW † + s11)

〉

W : (N−1)×(N+2)

∝ s(ν+2)/2e−Ns

〈
detν/2(WW † + s11)√

det(W †W + s11)

〉

W

∝ s(ν+2)/2e−Ns

〈
1√

det(W †W + s11)

〉

W

〈
detν/2(WW † + s11)

〉
µ̂

Combination of orthogonal polynomial theory and SUSY is the solution!

Redefinition of the two-point weight:

d µ̂(x1, x2) = sign(x1 − x2)
x1x2e−x1−x2

√
(x1 + s)(x2 + s)

dx1dx2



De Bruijn Integral

Z (2N)
2k (κ) = Pf

[∫
dµ(xa, xb)

]
∆2N(x)

2k∏

l=1

det(x − κl112N)

∝ 1
∆2k (κ)

Pf
[
(κa − κb)Z (2(N+k−1))

2 (κa, κb)
]

1≤a,b≤2k

with antisymmetric two point measure:

dµ(x1, x2) = −dµ(x2, x1)



Examples

I real Wishart (β = 1):
dµ(x1, x2) = sign(x1 − x2)(x1x2)(ν−1)/2e−x1−x2dx1dx2

I quaternion Wishart (β = 4):
dµ(x1, x2) = (x1x2)2ν+1e−x1−x2(∂x1 − ∂x2)δ(x1 − x2)dx1dx2

I complex Wishart (β = 2):

dµ(x1, x2) =
(xN

1 − xN
2 )2

x1 − x2
(x1x2)νe−x1−x2dx1dx2

Also the complex case fits into this framework!

∆2N(x) = ±det
[
xb−1

a

]
= ±Pf

[
(xN

a − xN
b )2

xa − xb

]

I And our case:

d µ̂(x1, x2) = sign(x1 − x2)
x1x2e−x1−x2

√
(x1 + s)(x2 + s)

dx1dx2



Emin for β = 1, even ν

I normalization constant:

〈
det−1/2(W †W + s11)

〉
W
∝

∫ ∞

0
dxe−sx xN/2

(1 + x)(N−1)/2

∝ U
(

N + 2
2

,
5
2
, s
)

I skew-orthogonal polynomials of even order 2j :

〈
det(y11−WW †)

〉
µ̂

= L(2)
2j (2y)− 2j

U
(
j + 3

2 ,
3
2 , s
)

U
(
j + 3

2 ,
5
2 , s
)L(2)

2j−1(2y)

U(a,b, x) is Tricomi’s confluent hypergeometric function



Emin for β = 1, ν ∈ 4N
Distribution of the smallest eigenvalue:

Emin(s) ∝ s(ν+2)/2e−NsU
(

N + 2
2

,
5
2
, s
)

×Pf

[
∂a−1

s1
∂b−1

s2
(s1 − s2)

〈
det(WW † + s111)det(WW † + s211)

〉
µ̂

∣∣∣∣
s1=s2=s

]

Two point partition function:
I either as a sum of skew-orthogonal polynomials or as
〈

det(WW † + s111)det(WW † + s211)
〉W :j×(j+3)

µ̂

∝ 1

U
(

j+3
2 , 5

2 , s
)
∫ ∞

0
dx
∫

CSE(4)
dµHaar(U)e−sx+tr diag(s1,s1,s2,s2)U

×x (j+1)/2det−j/2U detj/2+1(11 + U)det1/2((1 + x)11 + U)

(1 + x)j/2+2

New result for finite ν and N!
(Akemann, Guhr, Kieburg, Wegner, Wirtz14)



Smallest Eigenvalue Distr. (β = 4)
Emin(s) ∝ s2ν+1e−Ns

〈
detν+1/2(WW † + s11)det3/2WW †

〉
W
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Microscopic universality with dynamical fermions

M.E. Berbenni-Bitsch1, S. Meyer1, and T. Wettig2

1Fachbereich Physik – Theoretische Physik, Universität Kaiserslautern, D-67663 Kaiserslautern, Germany
2Institut für Theoretische Physik, Technische Universität München, D-85747 Garching, Germany

(September 24, 2013)

It has recently been demonstrated in quenched lattice simulations that the distribution of the low-
lying eigenvalues of the QCD Dirac operator is universal and described by random-matrix theory.
We present first evidence that this universality continues to hold in the presence of dynamical
quarks. Data from a lattice simulation with gauge group SU(2) and dynamical staggered fermions
are compared to the predictions of the chiral symplectic ensemble of random-matrix theory with
massive dynamical quarks. Good agreement is found in this exploratory study. We also discuss
implications of our results.

PACS numbers: 11.15.Ha, 05.45.+b, 11.30.Rd, 12.38.Gc

It was conjectured a few years ago [1,2] that the mi-
croscopic spectral properties of the QCD Dirac opera-
tor, in particular the distribution of the low-lying eigen-
values, are universal and can be obtained in effective
theories that are much simpler than QCD. This con-
jecture rests on the observation [3] that in the range
1/Λ ! V 1/4 ! 1/mπ, where Λ is a typical hadronic
scale, V is the space-time volume, and mπ is the pion
mass, the mass dependence of the finite-volume partition
function of QCD is completely determined by global sym-
metries. Thus, the spectral properties of the Dirac oper-
ator on the “microscopic” scale ∼ 1/(V Σ), where Σ is the
absolute value of the chiral condensate, can be computed
in effective theories with only the global symmetries as
input, such as the framework of effective Lagrangians [1]
or chiral random-matrix theory (RMT) [2].

The global spectral density of the Euclidean Dirac op-
erator D/ = ∂/ + igA/ is given by ρ(λ) = 〈∑n δ(λ− λn)〉A,

where the λn are the eigenvalues of iD/ and the aver-
age is over all gauge field configurations A weighted by
exp(−SQCD). The Banks-Casher formula, Σ = πρ(0)/V
[4], relates the spectral density at zero virtuality to the
chiral condensate. If chiral symmetry is spontaneously
broken, this relation implies that the spacing of the low-
lying eigenvalues is ∼ 1/(V Σ), rather than ∼ 1/V 1/4 as
in the case of the non-interacting Dirac operator. Thus,
the distribution of the low-lying eigenvalues is of great
interest for a better understanding of the phenomenon of
spontaneous chiral symmetry breaking.

It has recently been shown that the microscopic spec-
tral properties of the staggered lattice Dirac operator in
quenched SU(2) are indeed universal and described by
chiral RMT [5,6]. However, for a better understanding
of hadronic properties it is important to go beyond the
quenched approximation. One of the problems that arises
in unquenched lattice simulations is that one cannot go
to arbitrarily small quark masses. An important point
is how small the masses of the dynamical quarks have to
be so that they are really dynamical, i.e., lead to results
that are different from those obtained in the quenched
approximation. In this context, the main question that

will be addressed in this work is the following. What is
the effect of light dynamical quarks with masses of order
∼ 1/(V Σ) on the low-lying spectrum of the Dirac opera-
tor, and can this effect be described by results obtained
in chiral RMT? The answer to these questions together
with the analytical information available from RMT leads
to a better understanding of the mass and energy scales
in the problem and has important technical implications
with regard to extrapolations to various limits (chiral,
thermodynamic, continuum) that are difficult to take on
the lattice. Moreover, analytical knowledge of the dis-
tribution of the smallest eigenvalues may be interesting
from an algorithmic point of view.

We will mainly be concerned with the distribution of
the smallest positive eigenvalue, P (λmin), and with the
microscopic spectral density, ρs(z), defined by [2]

ρs(z) = lim
V →∞

1

V Σ
ρ

( z

V Σ

)
. (1)

This definition amounts to a magnification of the region
of low-lying eigenvalues by a factor of V Σ and leads to
the resolution of individual eigenvalues. The claim is
that the quantities P (λmin) and ρs(z) are universal (see
Ref. [5] for a summary of existing evidence) and can be
computed exactly in an effective theory. We will con-
centrate on chiral RMT although identical results could
also be obtained from the finite-volume partition function
computed from an effective Lagrangian [7,8].

Let us recall how the random-matrix model is con-
structed. In a chiral basis, the weight function of full
QCD with Nf flavors can be written as

e−SQCD = e−Sgl

Nf∏

f=1

det

[
mf iT
iT † mf

]
, (2)

where Sgl is the gluonic action, T is a matrix representing
iD/, and the mf are the masses of the dynamical quarks.
We now replace T by a random matrix W with N rows
and N + ν columns (|ν| ! N). The dimensionless space-
time volume can be identified with 2N , and ν plays the

1

role of the topological charge. The symmetry properties
of W depend on the gauge group and on the represen-
tation of the fermions [9]. We will be concerned with
staggered fermions in SU(2) for which the elements of W
are real quaternions. This is the chiral symplectic ensem-
ble (chSE). The average over gauge field configurations
is replaced by an average over random matrices, i.e., the
factor e−Sgl is replaced by a convenient distribution of
the matrix W , often a simple Gaussian, but the results
are insensitive to this choice [10–12]. For the present
work, the second factor in Eq. (2) is more interesting. In
terms of the eigenvalues of W , it reads for the chSE [9]

Nf∏

f=1

det(WW † + m2
f ) ∝ |∆(λ2)|4

∏

n

λ4ν+3
n

Nf∏

f=1

(λ2
n + m2

f )

(3)

in a sector of topological charge ν, where ∆ is the Vander-
monde determinant. Thus, in the random-matrix model
the fermion determinants can be taken into account with-
out further assumptions. From Eq. (3) it is intuitively
clear that the presence of the fermion determinants will
affect the microscopic spectral quantities only if the mf

are on the order of the smallest eigenvalue or, in other
words, on the order of the mean level spacing near zero
[2,13]. Thus, we require mf ∼ 1/(V Σ) to observe an ef-
fect on P (λmin) and ρs(z). For quark masses much larger
than this, we should simply obtain agreement with the
RMT-results computed in the quenched approximation.
This was already observed in Ref. [14] where the lattice
data of Ref. [15] were analyzed.

RMT-predictions for the microscopic spectral quanti-
ties in the presence of massive dynamical quarks have
recently been computed for the chiral unitary ensem-
ble [16,17] (see also [13]) and the unitary ensemble [18].
However, we want to compare lattice data with random-
matrix predictions for the chSE. In this case, closed ana-
lytical expressions are at present only known in the chiral
limit [19–21]. Analytical work for the massive case is in
progress, but in the meantime we have computed the
RMT-predictions for the chSE with massive quarks nu-
merically using the methods of Ref. [20]. Essentially, one
has to do an iterative computation of skew-orthogonal
polynomials which obey orthogonality relations deter-
mined by a weight function involving the fermion deter-
minants. To avoid cancellation problems, we have used
a multi-precision package [22]. The calculation was done
with matrices W of finite dimension N up to N = 100.
The remaining finite-N effects can be estimated from a
calculation in the chiral limit and are on the order of 1%.

We now summarize some RMT-results for the chSE in
the chiral limit which we will need in the following. With
α = Nf + 2|ν|, we have [20,23,6]

ρs(z) = z
[
J2

α(2z) − Jα+1(2z)Jα−1(2z)
]

−1

2
Jα(2z)

∫ 2z

0

dtJα(t) , (4)

where J denotes the Bessel function. Rescaling λmin by
V Σ as in Eq. (1), we have for Nf = ν = 0 [19]

P (λmin) =

√
π

2
λ

3/2
minI3/2(λmin) e− 1

2λ2
min , (5)

where I is the modified Bessel function. Further analyti-
cal results for P (λmin) are known if α is odd, i.e., for odd
Nf . For example, we have for Nf = 1 and ν = 0 [21]

P (λmin) =
1

2
λmin[2I2(2λmin) − I0(2λmin) + 1] e− 1

2λ2
min .

(6)

We shall also need P (λmin) for Nf = 2 and 4 which in the
absence of closed analytical expressions can perhaps most
easily be obtained from results computed by Kaneko [24].
The essential ingredients are the zonal polynomials at the
symmetric point. We obtain after some algebra

P (λmin) =
2

(α+ 1)!(α+ 3)!
λ2α+3

min e− 1
2λ2

minT (λ2
min) , (7)

where T (x) = 1 +
∑∞

d=1 ad xd with

ad =
∑

|κ|=d
l(κ)≤α+1

∏

(i,j)∈κ

α+2j−i

α+2j−i+4

× 1

[κ′
j−i+2(κi−j)+1][κ′

j−i+2(κi−j)+2]
. (8)

Here, κ denotes a partition of the integer d, l(κ) its
length, |κ| its weight, and κ′ the conjugate partition.
In Eq. (8), a partition κ is identified with its diagram,
κ = {s = (i, j); 1 ≤ i ≤ l(κ), 1 ≤ j ≤ κi}. The Taylor
series for T (x) is rapidly convergent, and the curves for
Nf = 2 and 4 can easily be computed to any desired
accuracy.

The RMT-results for P (λmin) and ρs(z) are sensitive
to the topological charge ν. Thus, they are only univer-
sal in a given sector of topological charge. In the con-
tinuum limit, the overall result for a given quantity is a
weighted average over these sectors. RMT can predict
the quantity for definite ν but cannot predict the corre-
sponding weights. In Ref. [5] it was found that for values
of β = 4/g2 up to 2.4 the quenched SU(2) lattice data
were consistent with ν = 0. Here, we only consider val-
ues of β in the strong-coupling region, thus everything
should be described by the RMT-results for ν = 0. We
will not address the question of topology in the following.

Our lattice simulations were performed with gauge
group SU(2) and staggered fermions on an 84 lattice. The
boundary conditions were periodic for the gauge fields
and periodic in space and anti-periodic in Euclidean time
for the fermions. A hybrid Monte Carlo algorithm [25,26]
was used to generate a large number of independent con-
figurations. For the diagonalization of −D/2 we have
employed the Cullum-Willoughby version of the Lanc-
zos algorithm [27]. The complete spectra where checked

2



Correlated Wishart matrices

“The Three Wise Apes" (image from thomasbrasch-wordpress.com)



The RMT Model

P(W ) ∝ exp[−tr C−1WW †]/detγ(β)(N+ν)C

Empirical correlation matrix: C = UΛU† = Udiag(Λ1, . . . ,ΛN)U†

R

 0

(Bouchaud, Potters, Laloux (2005))



For β = 2

Harish-Chandra, Itzykson-Zuber integral:

p(x) ∝ detνx∆2
N(x)

∫

U (N)
dµHaar(U) exp[−tr Λ−1UxU†]/detN+νΛ

∝ detνx∆N(x) det
[
e−xb/Λa

]

detN+νΛ∆N(Λ−1)

The jpdf can be calculated! ⇒ Everything is calculated!?

I level density (Alfano, Tulino, Lozano, Verdu04):

ρ(y) ∝ det
[

Λa
b−2 Λa

−ν−1e−y/Λa

yν+b−1/Γ[ν + b] 0

]/
∆N(Λ)

I gap probability for smallest eigenvalue (Forrester07):

P(0, s) ∝ e−tr s/Λ det
[
L(1−N−ν−b)
ν+b−1

(
s

Λa

)]/
∆N(s/Λ)



No group integral for β = 1,4

Harish-Chandra integral (known):
∫

G
dµHaar(U) exp[−tr Λ−1UxU†]

Λ−1 and x in the Lie algebra of the group G

Itzykson-Zuber integral (unknown for β = 1,4):
∫

G
dµHaar(U) exp[−tr Λ−1UxU†]

Λ−1 and x in a co-set corresponding to the group G

β = 1: Λ−1 and x real symmetric
β = 4: Λ−1 and x quaternion self-dual

“SUSY" circumvents group integrals!



For β = 1

I level density (Recher, Kieburg, Guhr, Zirnbauer10)

Finite sum of products of two decoupling one-fold integrals

I gap probability for the smallest eigenvalue (Wirtz, Guhr14)

Yields always a (ν − 1)× (ν − 1) or ν × ν Pfaffian!
But: The kernel depends on all Λj

I level density: two-sided correlations (Waltner, Wirtz, Guhr14)

Finite sum of four-fold integrals

Expressions drastically simplify
when Λ is double degenerate!



For β = 1

Gap probability for the largest eigenvalue (Wirtz, Kieburg, Guhr14):

P(s,∞) ∝
∫

RN×(N+ν)
d [W ]e−s tr Λ−1WW † Θ(11−W †W )

det(N+ν)/2(Λ/s)

Ingham-Siegel integral = Heaviside Θ-function:

P(s,∞) ∝ 1
det(N+ν)/2(Λ/s)

∫

Sym(N+ν)
d [H]

eıtr H

det(N+ν−1)/2(ıH + 11)

×
N∏

j=1

1√
det(ıH − (s/Λj + 1)11)

Yields always an (N + ν)× (N + ν) Pfaffian!
But: The kernel depends on all Λj

More details in the poster presentation by Tim Wirtz!



Outlook

“Outlook" by Peter Quidley (image from theoilpaintingsaless.com)



What is with non-Gaussian ensembles?

I Laguerre:
I P(W ) = exp[−tr W †C−1W ]
I non-compact support
I all moments exist

I Jacobi:
I P(W ) =

detγ(11−W †C−1W )
×Θ(11−W †C−1W )

I compact support
I all moments exist

I Lorentz (Cauchy):

I P(W ) =
1

detγ(11 + W †C−1W )
I non-compact support
I not all moments exist

0.5 1 1.5
Λ

1

2

3

ΡHΛL

Lorentz

Jacobi

Gauss

(Bouchaud, Potters, Laloux (2005))



More Mathematical Challenges and Fun

Meijer G-ensemble = Product of rectangular matrices

Statistics of the Wishart matrix:

WW † = W1W2 · · ·WMCW †
M · · ·W

†
2 W †

1

I What is the level density with a fixed correlation matrix C?
I What are the distributions of the smallest eigenvalues at

the hard edge (also for C = 11)?

New universality class! → Meijer G-kernel

I What happens when the Wj ’s are correlated with each
other?
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