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Painlevé equations are non linear second order ODE
d’w dw —
—=F(z,w,— |, z € C,
dz? dz

F(z, w,w;) is rational in z, w, w,

the solutions w(z; c1, ¢;) satisfy

© Painlevé-Kowalevski property: w(z; c1, ¢2) have no critical
points that depend on c¢1, o.

@ For generic ¢1, &, w(z; c1, c2) are new functions, Painlevé
Transcendents.
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Painlevé transcendents in Random Matrix Theory:

Example: (Sy, Py) group of permutations 7 of 1,2,..., N with

uniform probability distribution Py(7) = 7.
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Painlevé transcendents in Random Matrix Theory:

Example: (Sy, Py) group of permutations 7 of 1,2,..., N with
uniform probability distribution Py(7) = 7.
Let /y(m) =length of the longest subsequence of 7.

fim Prob(MT —2VN _ exp{—/too(t—z)wz(z)dz}

N—oo N1/6

W(Z) Satisﬁes PI I (Baik, Deift, Johansson 1999).
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Painlevé transcendents in Random Matrix Theory:

Example: (Sy, Py) group of permutations 7 of 1,2,..., N with
uniform probability distribution Py(7) = 7.
Let /y(m) =length of the longest subsequence of 7.

fim Prob(MT —2VN _ exp{—/too(t—z)wz(z)dz}

N—oo N1/6

W(Z) Satisﬁes PI I (Baik, Deift, Johansson 1999).

Fredholm determinants are expressed via special solutions of
PainleVé eq Uations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester

Only special solutions appear in this way
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Today: Quantisation and representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

@ The monodromy manifold admits a Poisson bracket and can
be quantised.

@ These quantum algebras admit representations on the space
of Laurent polynomials.

@ The eigenspaces in this representation are spanned by
g-orthogonal polynomials (g-Askey scheme).
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q-AS key SCheme Koekoek, Lesky, Swarttou!
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Painlevé equations and g-Askey polynomials M M. arXiv-1307 6140
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Other results

( | Riemann ‘Monodmmy quantisation [ askey ‘@ Cerednik
Pl [ Hilbert | manifold _Wilson algebra ¢, ¢,

AN

Confluence Painlevé equations,
Confluence monodromy manifolds, Rubtsov and M.M. arxiv:1212.6723

Confluence Askey Wilson algebra,

Confluence Cherednik algebra = seven new algebras. mwm.

arXiv:1307.6140
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Askey Wilson polynomials

g-Pochhammer symbol: (a; )« := I_IJ’-‘;Ol(l —ad)
(a1, .-, ar @)k = (a1; 9)k(a2; @)k - - - (ar: 9)x

g-hypergeometric function:

oo

ai,d2,...,adr (317327"'aar;q)k k

— q, X | = X .
rr 1< bl,...,br,1 9 > Z (bl,...,brfl;q)k
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Askey Wilson polynomials

g-Pochhammer symbol: (a; )« := I_IJ’-‘;Ol(l —ad)
(a1, .-, ar @)k = (a1; 9)k(a2; @)k - - - (ar: 9)x

g-hypergeometric function:
ai,a a > (a1, a ar; q)k
1,d2,...,dr 1,d2,.-.,4dr, k
_ 1q,x | = x".
rr 1< bl,...,br,1 9 > Z (bl,...,brfl;q)k

Askey-Wilson polynomials:

_ _ q7".q"'abed, az, 2z
p,,(z,a,b,c,d| q) T 4(’03( ab, ac, ad P
ntl  _p p—1 —1.
B (q7",q" tabcd,az,az™*; q)k
- pare (ab, ac, ad; q)« .
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Facts about Askey Wilson polynomials

@ They are special cases of Macdonald polynomials.

@ Their algebraic structure is controlled by the Cherednik
algebra of type ¢ C.

@ They contain all other basic hypergeometric polinomyals as
degenerations.
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Facts about Askey Wilson polynomials

@ They are special cases of Macdonald polynomials.

@ Their algebraic structure is controlled by the Cherednik
algebra of type ¢ C.

@ They contain all other basic hypergeometric polinomyals as
degenerations.

Open question: what algebras control all other elements of the
g-Askey scheme?

Marta Mazzocco



Quantum algebra results

@ For each Painlevé equation, a new quantum algebra and its
representation theory is introduced.
@ These algebras control some elements of the g-Askey scheme.

Askey-Wilson
Zyi
Zy
Big q-Jacobi  Continuous dual ¢-Haun
Big ¢-Laguerre Al Salam-Chihara
Ziv Zin
Little ¢ Laguerre Continuous big ¢-Hermite
D7
21 27
Little g-Laguerre with a = 0 Continuous ¢-Hermite
Z Zhy

M.M. arXiv:1307.6140
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Cherednik algebra of type CiCy crenic 52, soni s

Algebra generated by Vg, V4, Vg, Vi:

(Vo — ko)(Vo + ko't
(Vi — ki) (Vi + kit
(\70 — uo)(\70 + Uy
(\71 — Ul)(\71 + ul_l

ViViVoVo = g /2,

)=0
)=0
Y=o
)=0

ko, k1, ug, u1 scalars.
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Representation theory:

Cherednik algebra on Laurent polynomials

A3 e G ok P Y O G o 0

z2—1 z z2—1

Vo[f] = qko—%—&-\/a(uo—%)zf (g) _ [(ko_i)—hf(uo_%)] f(z)

z2—1 z2—1

1+
spherical sub—algebra on symmetric Laurent polynomials.
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Spherical sub-algebra:

1+V;

generated by: e = T
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Spherical sub-algebra:

1+\71
1+uf'
Xi=e (\{1V1 + (\{1V1)71),
Xo=c¢e (V]_VO + (V1Vo)_1),

X3 =e(q"2ViVo + ¢ Y3(Vi Vo)1)

generated by: e =
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Spherical sub-algebra:

1+\71
1+u2'
Xl—e(V1V1+ V1V1
Xg_e(V1V0+ V1Vo 1

H),
X3 = (Www+q”%ww))
(
(
(

generated by: e =

g 22X X — qV2X0 X1 = (g7 — @)Xz + (g2 — ¢Y/?)wse
gt — @)X + (g2 = ¢Y/?)wre

gt —q)X2+ (g% — g1/?)wze

a2 Xo X3 — g2 X3 X0 =
g 2X3X1 — g2 X1 X5 =

1 1 1 1
G2 Xo X1 X3— X3 —q I X?—qX3+q2wrXo+q 2w X1+q2w3 Xz = wae.

Zhedanov '91, Oblomkov '04
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Spherical sub—algebra and Askey Wilson polynomials

Xi (pn(2,2, b, ¢, d|q)) = (2 + 1)pa(z, 2, b, ¢, d|),
Xa (pn(z,a,b,c,d|q)) = (q~" + abcdq" 1) (pn(z, a, b, ¢, d|q)) .

Koornwinder '07

Marta Mazzocco



@ Cherednik algebra of type C;Cy:

(Vo — ko)(Vo + k
(Vi = k)(V1 + kl_l
(Vo — uo)(V

Represented on
Laurent polynomials
Non-symmetric

9 Askey-Wilson

@ Spherical subalgebra (Zhedanov):

g2 X X — ¢V Xo X = (71 — @)X + (712 — M2 )wze,
g Y2XoX3 — q12Xi X3 = (g7 — @) X1 + (7Y% — gM?)wye,
g VXX — ¢2 XX = (g7 — q) Xz + (g7 Y2 — gY/?)wne.

Representation spanned by Askey-Wilson polynomials
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All Painlevé equations are isomonodromic deformation
equations (JimboMiwa 1980)

dB  dA
— _C_[AB
4z - AB

A=A\ z,w,w;), B=B(\ z,w,w;) € sl,.
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All Painlevé equations are isomonodromic deformation
equations (JimboMiwa 1980)

dB dA

& _iaB

d\  dz (4. Bl
A=A\ z,w,w;), B=B(\ z,w,w;) € sl,.

This means that the monodromy data of the linear system

Y
((117)\ = A\ z,w,w,)Y

are locally constant along solutions of the Painlevé equation.
The monodromy data play the role of initial conditions
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PVI monodromy data

My, My, M3, M, € SL(2, C) s.t.
eigenv(M;) = exp(£ip;i), =1,2,3,00,
Moo My My M3 = 1.

Jimbo, Miwa '81
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Cherednik algebra as quantisation of the monodromy group
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Cherednik algebra as quantisation of the monodromy group

(Ms —e'P)(Ms — e ') =0, (Vo—ko)(Vo+kyt)=0,
(M — e P)(My — e ') =0, (Vi —ki)(Va+ k1) =0,
(My— e P)(My—e "P) =0, (Vi —u)(Vi+upt) =0,
(Moo — €'P) (Moo — e 'P=) =0 (Vo — uo)(Vo + ugt) =0,
Moo MMMy = 1 ViViVoVo = q71/2
Ml — i\71, M2 — i\/l, M3 — i\/o, Moo — i\70.
P1 P3 P2 - —S51—5—-53

n=—ie 2, kyg=—ie" 2, kya=—ie"2, uy=—lie
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Monodromy manifold:
X1 = TI'(M2M3)’ Xo = T‘I'(M2M3), X3 = TY(M3M1),

X1X2X3 + X12 + X22 + Xg? + wWi1X1 + WaXo + wW3X3z = Wy

Poisson bracket:

{x1,x2} = x1x20 + 2x3 + w3, {x2,x3} = xox3 + 2x1 + w1,
{x3,x1} = x1x3 + 2x2 + wo.
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Monodromy manifold:
X1 = TI'(M2M3)’ Xo = T‘I'(M2M3), X3 = TY(M3M1),

X1X2X3 + X12 + X22 + X32 + W1X1 + wWaXo + W3X3 = Wy

Poisson bracket:
{x1,x2} = x1x20 + 2x3 + w3, {x2,x3} = xox3 + 2x1 + w1,
{x3,x1} = x1x3 + 2x2 + wo.

g VX X — qM2Xo Xy = (g7t — q)Xs + (72 — gM/?)wse

a7 Y2XoX3 — ¢V2X3X = (g7 — @) X1 + (g2 — ¢Y/?)wye

g 1PXX — ¢ XiXs = (g7 = ) Xe + (77 = ¢ )wse

q%X2X1X3—qX22—q_1X12—qX32+q%w2X2+q_%w1X1+q%w3X3 = wse.
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Monodromy manifolds for the Painlevé equations

PVl xixax3 + X2 + X3 + X3 + wix1 + waxa + w3xg = wa

PV X1X2X3 + X12 + X22 + w1Xx1 + woaxs + w3Xx3 = wa
PIV X1XoX3 + x12 + wix1 + woxo + woxz + 1 = wa
Pl x1X0X3 + X2 + X3 4+ wix1 + waxo = wy — 1
Pl X1X0X3 + X1 + Xo + X3 = wa
Pl x1x0x3+x1+x+1=0

Saito and van der Put
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Poisson structure on the monodromy manifolds

Cubic surface M@ = (C[XlaX27X3]/<(,p(x1,x2,)<3):0)
Poisson bracket:
dyp Oy Dy

{Xl)XZ} = 67)(37 {X27X3} = (97)(17 {X37X1} = 72
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Poisson structure on the monodromy manifolds

Cubic surface M@ = (C[XlaX27X3]/<(,p(x1,x2,)<3):0)
Poisson bracket:

_ Oy _ Oy _ Oy
{Xl)XZ} — 6X3’ {X27X3} — axla {X37X1} — 8X2‘

Example PV: ¢ := x1x0x3 + xl2 + x22 4+ w1x1 + waxe + w3x3z — wy,

{x1,x2} = x1x2 + w3, {x2,x3} = xox3 + 2x1 + wi,

{x3,x1} = x1x3 + 2x0 + wo.
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Poisson structure on the monodromy manifolds

Cubic surface M@ = (C[XlaX27X3]/<(,p(x1,x2,)<3):0)
Poisson bracket:

_ Oy _ Oy _ Oy
{Xl)XZ} — 6X3’ {X27X3} — axla {X37X1} — 8X2‘

Example PV: ¢ := x1x0x3 + xl2 + x22 4+ w1x1 + waxe + w3x3z — wy,

{x1,x2} = x1x2 + w3, {x2,x3} = xox3 + 2x1 + wi,

{x3,x1} = x1x3 + 2x0 + wo.

Quantisation (Teichmiiller theory and cluster algebra)

(L. Chekhov and M.M. J.Phys A 2010).
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Ford — 0 (ko — 0, ug — €up):

@ First confluent Cherednik algebra:

Vg + Vo =0, Represented on
(V1 — kl)(Vl +k =0 Laurent polynomials
Vo + uO Vo =0, Non-symmetric
(Vi —up) (V4 + up = 0 Continuous
aPViViVy = Vo + ug t, dual g-Hahn
1/2 Vo Vl Vi=VWo+1. polynomials (M.m. arxiv:1400.4287)

@ Spherical subalgebra (confluent Zhedanov):
g 12X X0 — q2Xo X1 = (7Y% = qY2)wse,
g2 XeXs — g2 X Xs = (7 = q)Xu + (477 — ¢ )wre,
g 12X X1 — ¢12Xi Xz = (71 — q)Xo + (g% — gM/?)wse.

Representation spanned by Continouos dual g-Hahn
polynomials
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Outlook
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Outlook

o Additive discrete Painlevé equations
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Outlook

o Additive discrete Painlevé equations— cover the whole
g-Askey scheme.

o g-difference and elliptic Painlevé equations may correspond to
elliptic hypergeometric bi-orthogonal polynomials.

@ Multivariable high order analogues of the Painlevé equations
— confluence scheme for Macdonald polynomials
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