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Random matrix conjecture

Spectra of chaotic systems have universal statistics in agreement with
random matrix theory.

Ensemble depends on symmetries.

In absence of other symmetries it depends only on the behaviour under time
reversal.



Time reversal invariance



Time reversal invariance

conventional time-reversal invariance:



Time reversal invariance

conventional time-reversal invariance:

@ classical: H symmetric w.r.t. p — —p.



Time reversal invariance

conventional time-reversal invariance:
@ classical: H symmetric w.r.t. p — —p.

@ quantum:  symmetric w.r.t. complex conjugation



Time reversal invariance

conventional time-reversal invariance:
@ classical: H symmetric w.r.t. p — —p.

@ quantum:  symmetric w.r.t. complex conjugation



Time reversal invariance

conventional time-reversal invariance:
@ classical: H symmetric w.r.t. p — —p.
@ quantum:  symmetric w.r.t. complex conjugation

e.g. A=, + U(x)



Time reversal invariance

conventional time-reversal invariance:
@ classical: H symmetric w.r.t. p — —p.
@ quantum:  symmetric w.r.t. complex conjugation

e.g. A=, + U(x)

in general:

H must commute with anti-unitary operator 7

T(aly) +blg)) =aTlY)+ b Tlo),  (TY|[Te) = (Yle)*



Time reversal invariance

conventional time-reversal invariance:

@ classical: H symmetric w.r.t. p — —p.

@ quantum:  symmetric w.r.t. complex conjugation
e.g. A=, + U(x)

in general:

H must commute with anti-unitary operator 7

T(aly) + blo)) = a*Tlw) +b"Tlo ), (TY[To) = (¥[e)"
together with 72|¢) = c[1))



Time reversal invariance

conventional time-reversal invariance:

@ classical: H symmetric w.r.t. p — —p.

@ quantum:  symmetric w.r.t. complex conjugation
e.g. A=, + U(x)

in general:

H must commute with anti-unitary operator 7

T(aly) +blo)) = a Ty +b"Tle),  (TY|Té) = (bl¢)
together with 72[+)) = c|v) this implies 72 = +1
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Random matrix ensembles

(in absence of geometrical symmetries)

@ no time-reversal invariance:

Gaussian Unitary Ensemble

@ time-reversal invariance with 72 = 1:

Gaussian Orthogonal Ensemble

@ time-reversal invariance with 72 = —1:

Gaussian Symplectic Ensemble
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GSE statistics can arise without spin.
@ example: a quantum graph

@ background: discrete geometrical symmetries
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Quantum graphs

@ networks of vertices connected by bonds (with lengths)

@ Schrédinger equation on each bond

12 d?
—gn@w(x) = Ev(x)

@ conditions at the vertices: e.g. continuity
+ Neumann conditions (sum over Z—f of adjacent bonds is 0)

@ large well connected graphs display RMT spectral statistics

@ if Hamiltonian and vertex conditions symmetric w.r.t. complex
conjugation: GOE
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@ here time-reversal invariance is broken by a complex phase factor: GUE
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Symmetries

Spectral statistics in systems with (discrete) geometric symmetries?

Example: reflection symmetry

two subspectra:
@ eigenfunctions even under reflection = GOE
@ eigenfunctions odd under reflection = GOE

@ subspectra uncorrelated
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General discrete symmetries

@ group of classical symmetry operations g

in our example identity and reflection

@ quantum symmetries

commute with Hamiltonian,

they form a representation of the classical symmetry group, i.e.,

U(gg’) = U(g)U(d")
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General discrete symmetries

@ types of representations:

e complex M,
e real M,

e quaternion real (pseudo-real) M,
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Statistics inside subspectra

no Tinv. | Tinv. (T2 =1) [ Tinv. (T? = —1)
complex rep. GUE GUE GUE
real rep. GUE GOE GSE
pseudo-real rep. GUE GSE GOE
Why?

@ consider 7 = complex conjugation; 2d pseudo-real representation
@ 1 transform according to U(g)y = M,(9) 4

@ but 7% transforms with (M, (g)7)* = T not compatible with structure of
subspace

0
—1

T4 transforms as desired and 7 commutes with H
@ 72=-1= GSE

Find a graph whose symmetry group has a pseudo-real representation.

Q@use7 = ( 8) T instead:
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Construction of a GSE quantum graph

@ simplest group with a pseudo-real representation:
quaternion group Q8 = {£1,+/,+J,+K : P = J2 = K? = IUK = -1}
elements can be written as products of the generators / and J

@ Cayley graph:

_K -J

@ group elements as vertices

@ bonds of length L; connect group elements related by right
multiplication with /

@ bonds of length L, connect group elements related by right
multiplication with J
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Construction of a GSE quantum graph

@ take fundamental domain (eighth of graph)

J K

-J

and choose boundary conditions selecting GSE subspectrum

1= J:

i 0 0 1)
0 —i -10)

graph with pure GSE statistics
... but boundary conditions mix pairs of degenerate eigenfunctions
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Construction of a GSE quantum graph

@ let each of the two eigenfunctions live on a separate copy of the graph

+1

graph with a pure GSE spectrum and no resemblance of spin
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Conclusions

@ GSE statistics can be realised without spin

@ Spectral statistics in systems with geometric symmetries depends on
time-reversal properties and type of subspectrum

@ Generalisation to the 'tenfold way’?

@ Experimental realisation?
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