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Eigenvalue evolution for Real Ginibre, N = 100
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Annihilating Brownian motions



Pfaffian point process

Intensity functions

P [There are particles in dy1, . . . , dym] = ρ(y1, . . . , ym)dy1 . . . dym

A point process is a Pfaffian point process with kernel K if

ρ(y1, y2, . . . ym) = Pf (K (yi , yj))1≤i ,j≤m m = 1, 2, . . . ,

Let A be an antisymmetric 2m × 2m matrix. Then
det(A) = Pf(A)2 - example

Pf


0 a b c
−a 0 d e
−b −d 0 f
−c −e −f 0

 = af − be + cd .
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Markov Duality

(Xt : t ≥ 0) and (Yt : t ≥ 0) Markov processes

LX and LY generators

A duality function H(x , y) satisfies

LXx H(x , y) = LYy H(x , y)

implying Ex [H(Xt , y)] = Ey [H(x ,Yt)]

are solutions to

∂u

∂t
(t, x , y) = LXx u(t, x , y) = LYy u(t, x , y)
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SDE example

dXk = dBk +
β

2

∑
j :j 6=k

1

Xk − Xj
dt, k = 1, . . . ,N

Generator Lβ = 1
2 ∆ + β

2

∑
j 6=k

1
xk−xj

∂
∂xk

H((x1, . . . , xN), (y1, . . . , yM)) =
∏

j ,k(xj − iyk)

Then LβxH(x , y) = β
2 L

4
β
y H(x , y)

Product characteristic function identities (e.g. Desrosiers)
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Annihilating BM example

X = {system of annihilating Brownian particles on R}

Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves ∂σ(2K)

∂t = LYy σ
(2K).



Annihilating BM example

X = {system of annihilating Brownian particles on R}
Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves ∂σ(2K)

∂t = LYy σ
(2K).



Annihilating BM example

X = {system of annihilating Brownian particles on R}
Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves ∂σ(2K)

∂t = LYy σ
(2K).



Annihilating BM example

X = {system of annihilating Brownian particles on R}
Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves ∂σ(2K)

∂t = LYy σ
(2K).



Annihilating BM example

X = {system of annihilating Brownian particles on R}
Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]

solves ∂σ(2K)

∂t = LYy σ
(2K).



Annihilating BM example

X = {system of annihilating Brownian particles on R}
Xt(a, b) = number of particles in (a, b) at time t.

H(X , {y1, . . . , y2K}) =
∏2K

j=1 sX (yj)

where sX (y) = (−1)X (a,y) ’spin at y’

Y = {finite system of annihilating Brownian particles}

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves ∂σ(2K)

∂t = LYy σ
(2K).



Pfaffian Point process

σ
(2K)
t (y) = E

[∏2K
j=1 sXt (yj)

]
solves

∂σ
(2K)
t

∂t
=

1

2
∆σ(2K) on V2K = {y : y1 < y2 < . . . y2K}.

∂V2K boundary condition: σ
(2K)
t (y) reduces to σ

(2K−2)
t (y).

Solvable as a Pfaffian

σ
(2K)
t (y) = Pf

(
σ

(2)
t (yi , yj)

)

Consequence: Xt is a Pfaffian point process
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From spin intervals to correlation functions

∂

∂y
E [σX (y)] =

∂

∂y
E
[
(−1)X (a,y)

]
= −2E [σX (y)Xt(dy)]

lim
z↓y

∂

∂y
E [σX (y)σX (z)] = −2E [Xt(dy)]

ρt(y1, . . . , yK ) = E [Xt(dy1) . . .Xt(dyK )] = Pf(Kt(yi , yj))

Kt is a 2-by-2 matrix kernel of the form

Kt(x , y) =

(
Ft(x , y) D2Ft(x , y)

D1Ft(x , y) D12Ft(x , y)

)
for x < y

F depends on initial conditions
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Real Ginibre evolutions

(Mt : t ≥ 0) with Mt(i , j) independent BMs for
i , j = 1, . . . ,N.

O(
√
N) real eigenavalues concentrated over (−

√
N,
√
N).

Real eigenvalues form a Pfaffian Point process with kernel

K
(N)
t (x , y)

limN→∞ K
(N)
t = Kt(x , y) - the kernel for annihilating BMs

Natural maximal initial condition

Ft(x , y) = erfc

(
y − x√

t

)
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Spins for matrix eigenvalues

Spins are tractable for real random matrices:

det(M − yI )

| det(M − yI )|
= (−1) # real e-values in (−∞, y) = sM(y)

σt(y1, . . . , yK ) = E
[∏K

j=1 sMt (yj)
]

lim
N→∞

∂y1y2...yKσt(y1, . . . , yK )

= CK t
−K

2 ∆(yt−1/2)e−
1
t
Tr(Y 2)

∫
aU(K)

µ(dW )e+ 1
t
Tr(WYW †Y )

Y = diagonal(y1, . . . , yK )
aU(K ) = {antisymmetric Hermitian K × K matrices}
µ(dW ) invariant under W → UTWU action
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Space-time correlations

Real eigenvalues times s < t become independent as N →∞
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Integral representations

Introduce ’transform variables’

1

det(M)1/2
=

∫
RN

dx

πN/2
e−x

TMx

1

| det(M)|
=

∫
RN

dx

πN/2
e−x

TMTMx =

∫
R2N

dxdy

πN
e−x

T xe2ixTMy

det(M) =

∫
R0|2N

dαdβeα
TMβ

Initial dimension of integral N2

Add transform variables N2 + O(KN)

Integrate out Gaussians O(KN)

’Polar coordinates’ O(K 2)

Let N →∞ by Laplace
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Single-time statistics: ’The square root’ of Itzykson-Zuber
integral

lim
N→∞

∂y1y2...yKσt(y1, . . . , yK )

= CK t
−K

2 ∆(yt−1/2)e−
1
t
Tr(Y 2)

∫
aU(K)

µ(dW )e
1
t
Tr(WYW †Y )

must solve the heat equation on V2K . Why? Lift to Hermitian H

It(H) := t−
K2+K

4

∫
aU(K)

µ(dW )e
1
t
Tr(WHTW †H−H2)

= t−
K2+K

2

∫
aU(K)

µ(dW )e−
2
t
Tr(HΠW (H))

ΠW (H) =
1

2

(
H −WHTW †

)
is a projection Π2

W = ΠW
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Ît(y) = t−
K
2 ∆(yt−1/2)e−

1
t
Tr(Y 2)

∫
aU(K) µ(dW )e

1
t
Tr(WYW †Y )

solves heat equation ∂
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2 ∆y Ît(y) on V2K

limt↓0 Ît(y) =
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