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May-Wigner instability transition

Have Girko’s circular law: As N — oo, EV distribution of .J/+/N converges to unif
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Also, the rescaled specitral radius of J is < 1 in the limit of large NV, Geman 1984.
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In May’s words: “The central feature of the above results for large systems is the
very sharp transition from stable to unstable behaviour as the complexity ...
exceeds a critical value”. This statement is known as the May-Wigner theorem.
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In May’s words: “The central feature of the above results for large systems is the
very sharp transition from stable to unstable behaviour as the complexity ...
exceeds a critical value”. This statement is known as the May-Wigner theorem.

Linearisation describes non-linear systems locally, and the May-Wigner thm
simply implies breakdown of linear approximation for large complex systems
as the complexity exceeds a critical value.

In other words, the linear framework, despite being so popular, gives no answer
to the question about what is happening to the original system when it loses
stability. Instability does not imply lack of persistence ... Populations operating
out of equlibrium ... Limit cycles ...

Is there a signature of May-Wigner instability transition on the global scale?
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1 > 0 as before, and now f(x) is a smooth random field with V.components.

= —pz; + fi(z1,...,2Nn), 1=1,...,N.

This system may have multiple equilibria depending on the realisation of f(x).
Near equilibrium x. it reduces’ to May’s model with y = x — x., J;, = 522 (x.).

Gradient-descent flow, f = —VV/, is special (but typical) case. Have

dx plx|?
— =_VL, L(x)=
Helpful for building geometric intuition: x(¢) moves in the direction of the steepest

descent, perpendicular to level lines L(x) = h towards ever smaller values of h.

+ V(x) \note that J,;, = Ji; here].

The term 1:|x|? /2 represents the globally confining parabolic potential, a deep
well on the surface of L(x). The random potential V' (x) generates many local
minima of L(x) (shallow wells). Have two competing terms...
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2
Let 7=

ol This is a measure of relative strength of the two components: if
v a
7=1 then f(x) is purelly gradient, and if =0 then f(x) is purelly solenoidal.
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Niot) =
< tt> {\/@eNztot(m) ifo<m<1

where >;,:(m) = m22_1 — Inm. Moreover, the relative width of the crossover

region is N~'/? and the crossover profile of (N,..) can be found in closed form.

Note that the ‘complexity exponent’ >;,;(m) does not depend on 7. The gradient
limit of 7 = 1 can be approached in the weakly non-gradient regime

T=1-—u%/V/N.
Thus, as the complexity exceeds a critical level, large complex non-linear

systems exhibit a sharp transition from having on average one point of
equilibrium to having exponentially many equilibria.
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Start with the real elliptic ensemble X, of (N + 1) x (N + 1) matrices.

X W
0 Xn
and () is an orthogonal matrix that exchanges the corresponding eigenvector and
(1,0,...,0) (Householder reflection).

Decompose X1 =@ ( ) Q' , where z is a real eigenvalue of Xy 1,

The Jacobian of changing from X1 to Xy, Q,x, wis |det(xlny — Xn)|.
Note: Tr Xy 1 X% Nyl = =22 +wlw+ Tr Xy X% and Tr X% Nyl =T 24+ Tr X%

Therefore, have the relation
2

(r) (N —2)Il ez
ION+1<33) =

(N=-1! 2/1+71

where p(Nﬂl(:z:)is the mean density of real eigenvalues in the real elliptic

ensemble X of (N + 1) x (N + 1) matrices , and the average on the right is
over the real elliptic ensemble X of N x N .

(Idet (I — X)]) x,

This relation comes in handy. Forrester and Nagao 2008 found pN+1( z) in closed
form in terms of Hermite polynomials, the rest is asymptotic analysis.
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For pure gradient fields the integrand can be related to the pdf of the maximal EV
of the GOE matrix, Fyodorov & Nadal 2012, Auffinger, Ben Arous, & Cerny 2013.

This yields (N,;) — 1if m > 1, and if 0 < m < 1 then, to leading order in IV,
(Ngi) oc eVt with 0 < 3, < ¥4,, Fyodorov & Nadal 2012.

Thus, for purely gradient dynamics, as the complexity increases, there is an
abrupt change from a simple set of equilibria, typically a single stable equilibrium,
to a phase portrait dominated by an exponential number of unstable equilibria
with an admixture of a smaller, but still exp in IV, number of stable equilibria.

Bouchaud’s conjecture: in the general case of non-gradient dynamics, there
exists a further phase transition in the plane (m, 7) such that below a certain
number 7.(m) stable equilibria are no longer exponentially abundant in the limit
N — oo (i.e. Xg(m, ) — 0).



Bouchaud’s conjecture verified

Claim (Ben Arous, Fyodorov, Kh, unpublished, work in progress): For 0 < m < 1,

CIn(Ny)=m—1—Inm — A-m)® _ Yst(m, 7).

lim i 5

N — o0

Have three regions in the (m, 7)-plane separated by critical lines m. = 1 and

1 (1-m)?
Tc(m) - §m(—1321m7 0<m< me

Phase diagram in the (m, 7)-plane

1
pure gradient flow limit ﬁ
relative instability
0< Est <I
=~
absolute instability absolute stability
251<0, Sm>0 <Nmt>=<Nst>=1
divergence free flow limit ¢
0
0 1 2
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Our main finding is that in the presence of interactions, as the complexity
increases, there is an abrupt change from a simple set of equilibria (typically,
a single equilibrium for NV >> 1) to a complex set of equilibria, total number
growing exp with N. Typically, none of these equilibria are stable and their
number is growing exponentially with N. This suggests that the loss of stability
manifests itself on the global scale in an exponential explosion in the number
of equilibria. There is a further transition with the increase in complexity when
the stable equilibria become exponentially abundant but their proportion to
the total number of equilibria is exponentially small.



Conclusion

A simple model for generic large complex systems is introduced and the
dependence of the total number of equilibria on the system complexity as
measured by the number of d.f. and the interaction strength is examined.

Our outlook is complementary to that of May’s in that it adopts a global point
of view which is not limited to the neighbourhood of the presumed equilibrium.

Our main finding is that in the presence of interactions, as the complexity
increases, there is an abrupt change from a simple set of equilibria (typically,
a single equilibrium for NV >> 1) to a complex set of equilibria, total number
growing exp with N. Typically, none of these equilibria are stable and their
number is growing exponentially with N. This suggests that the loss of stability
manifests itself on the global scale in an exponential explosion in the number
of equilibria. There is a further transition with the increase in complexity when
the stable equilibria become exponentially abundant but their proportion to
the total number of equilibria is exponentially small.

Our analysis is applicable to complex multi-species communities in which
each kind of species on its own becomes extinct and thus interaction is key to
persistence of the community.
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THANK YOU
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