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Standing Assumption:
Let X, be a bi-invariant (bi-unitarily invariant) (isotropic) random matrix
with values in G := GL(n,C).

X, bi-invariant < forany V, W € K :=U(n), VX,W~* 4 Xn
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Motivation

Standing Assumption:
Let X, be a bi-invariant (bi-unitarily invariant) (isotropic) random matrix
with values in G := GL(n,C).

X, bi-invariant < forany V, W € K :=U(n), VX,W~* 4 X,

Associated Densities:
e (bi-invariant) matrix density: fg(g) on GL(n,C)
jpdf of the matrix entries w.r.t. Lebesgue measure on C"*"
@ (symmetric) singular value density: fsy(a) = fsv(a1,...,an) on R
jpdf of the squared singular values
@ (symmetric) eigenvalue density: fey(z) = fev(z1, . ..
jpdf of the eigenvalues

,zp) on C7

Basic Question:
What can we say about these densities (and the relation between them)?
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Ginibre Matrix
fov(a) o [An(a)[* TTJ

=1 e 9 Fisher (1939), Hsu (1939), Roy (1939), ...
fev(2) o |An(2)P Ty €157

Ginibre (1965)
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Ginibre Matrix
fov(a) o [An(a)|* [T}y e
fev(z) o< |An(2)P Ty e

2
L |
Product of p Ginibre Matrices

Fisher (1939), Hsu (1939), Roy (1939), ...
Ginibre (1965)
9 \j—1
fov(a) o< Ap(a) det [(_aka_ak)J wp,0(ax)]
fev(z) oc [An(2) 2 17y wpo(IZ1%)

Akemann—Kieburg—Wei (2013)

Akemann—Burda (2012)

where wpq(x) = G4 (

. n 1 1+ioco
S = — MP(s)T9(14+n—s)x°ds
O Ry R L
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Motivation

Ginibre Matrix
fs\/(a) X ‘An(a)‘z H_/ 1 e —aj Fisher (1939), Hsu (1939), Roy (1939), ...
fE\/(Z)O( \An(z)| H e ‘ZJ Ginibre (1965)
Product of p Ginibre Matrices
fs\/(a) x A ( )det [( agk Dax )J Wpo(ak)} Akemann—Kieburg-Wei (2013)
fEV(Z) X |A ( )‘2 H —1 Wp, 0(‘2.]‘ ) Akemann—Burda (2012)
Product of p Ginibre Matrices and q Inverse Ginibre Matrices
fs\/(a) X A,,(a) det [(fak%)jflwnq(ak)} Forrester (2014)

fev(z) x ‘An(z)fz Hle Wpyq(‘zj‘z) Adhikari-Reddy-Reddy-Saha (2013)

— GPa( ~MmeTn
where wq(x) = GES( 0

1 1+ioco
x) = 2m/1 [P(s) [9(14n—s) x~* ds

—ioco
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Common Structure:
fsv(a) ox Ap(a) det [(—akaiak)j_lw(ak)]

fev(z) o< |An(2)* T}y w(lzi[?)
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Motivation

Common Structure:
fov(a) x A,(a) det [(—ak%)j_lw(ak)}

fev(2) o< |An(2)* Ty wllzi?)

Several Examples:

@ products of independent [inverse] Ginibre matrices
@ products of independent [inverse] truncated unitary matrices
@ mixed products

Akemann—Burda (2012), Akemann—Strahov (2013), Akemann—Kieburg—-Wei (2013), Akemann—Ipsen—Kieburg (2013),
Adhikari-Reddy—Reddy—-Saha (2013), Ipsen—Kieburg (2014), Akemann—-Burda—Kieburg-Nagao (2014),

Forrester (2014), Akemann—Ipsen—Strahov (2014), Kuijlaars—Zhang (2014), Kuijlaars—Stivigny (2014),
Kieburg—Kuijlaars-Stivigny (2015), Kuijlaars (2015), Akemann—Ipsen (2015), Claeys—Kuijlaars—Wang (2015), ...
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Motivation

Common Structure:
fov(a) x A,(a) det [(731(%)1'71“/(3/()}

2
feu(2) o< [ Ba(2) 2 TT0y w(|52)
Several Examples:
@ products of independent [inverse] Ginibre matrices
@ products of independent [inverse] truncated unitary matrices
@ mixed products

Akemann—Burda (2012), Akemann—Strahov (2013), Akemann—Kieburg—-Wei (2013), Akemann—Ipsen—Kieburg (2013),
Adhikari-Reddy—Reddy—-Saha (2013), Ipsen—Kieburg (2014), Akemann—-Burda—Kieburg-Nagao (2014),

Forrester (2014), Akemann—Ipsen—Strahov (2014), Kuijlaars—Zhang (2014), Kuijlaars—Stivigny (2014),
Kieburg—Kuijlaars-Stivigny (2015), Kuijlaars (2015), Akemann—Ipsen (2015), Claeys—Kuijlaars—Wang (2015), ...

Main Questions:

@ Can we find more examples with this structure?
@ Can we show that this structure is preserved under multiplication?
@ Can we give a unifying proof?
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Polynomial Ensembles of Derivative Type

Polynomial Ensemble  «uijaarsstivigny (2014)

X, is from a polynomial ensemble if it is bi-invariant and
fov(a) o< Ap(a) det (Wf(ak)>j.k:l

for some weight functions wi, ..., w, (with suitable properties).
Abbreviation: X, ~ PE(wy, ..., w,).
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Polynomial Ensembles of Derivative Type

Polynomial Ensemble  «uijaarsstivigny (2014)

X, is from a polynomial ensemble if it is bi-invariant and
fov(a) o< Ap(a) det (Wj(ak))jlk:1

for some weight functions wi, ..., w, (with suitable properties).
Abbreviation: X, ~ PE(wy, ..., w,).

Theorem (Transfer Law)  kuijlaars-stivigny (2014)
If X, ~ PE(wa,...,w,) and Y, ~ Ginibre are independent,
then X, Y, ~ PE(w1 ® wg,, ..., Wy ® w;,), Where wg; (x) = e~

Kuijlaars-Stivigny (2014), Kieburg—Kuijlaars—Stivigny (2015), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015), ...
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Polynomial Ensemble  «uijaarsstivigny (2014)

X, is from a polynomial ensemble if it is bi-invariant and
fov(a) o< Ap(a) det (Wj(ak))jlk:1

for some weight functions wi, ..., w, (with suitable properties).
Abbreviation: X, ~ PE(wy, ..., w,).

Theorem (Transfer Law)  kuijlaars-stivigny (2014)
If X, ~ PE(wa,...,w,) and Y, ~ Ginibre are independent,
then X, Y, ~ PE(w1 ® wg,, ..., Wy ® w;,), Where wg; (x) = e~

Kuijlaars-Stivigny (2014), Kieburg—Kuijlaars—Stivigny (2015), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015), ...

Polynomial Ensemble of Derivative Type  kieburg«. (2016)
X, is from a polynomial ensemble of derivative type if it is bi-invariant and

fov(a) o< Ap(a) det ((—ak%)jflWo(ak))j_kzl_’wn

for some weight function wy (with suitable properties).
Abbreviation: X, ~ DPE(wy).
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Polynomial Ensembles of Derivative Type

Polynomial Ensemble of Derivative Type  kieburg—«. (2016)
X, is from a polynomial ensemble of derivative type if it is bi-invariant and

fov(a) o< Ap(a) det ((—ak%)j lwo(ak))J k=1,..n

for some weight function wy (with suitable properties).
Abbreviation: X, ~ DPE(wp).

Examples from RMT

@ induced Wishart-Laguerre ensemble: wp(a) = a¥e™?
@ induced Jacobi ensemble: wo(a) = a”(1 — a)* 1o 1)(a)
@ induced Cauchy—Lorentz ensemble: wo(a) = a*(1 +a) v+t
@ products of such random matrices: wp(a) = Meijer-G-function
@ Muttalib—Borodin ensemble (of Wishart—Laguerre type)
Muttalib (1995), Borodin (1999), Cheliotis (2014), Forrester—Liu (2014), Forrester-Wang (2015), Zhang (2015), ...
(a) fov(a) ox Ay(a) An(a®) (deta)” e+’ wo(a) = ave
(b) fov(a) oxx An(a) An(In a) (det a)” e~ tr(ina)’ wo(a) = avea(na)’
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If X, ~ DPE(w), then foy(a) oc An(a) det ((—axze- Y~ wolax))
Theorem (Eigenvalue Density)

Kieburg-K. (2016)
If X, ~ DPE(wp), then fey(z) oc |An(2)? T]

n

j,k=1,...,n

-1 wol(lzi).
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Main Results

If X, ~ DPE(wo), then foy(a) oc Ay(a) det ((—axz2 Y wolax));

Theorem (Eigenvalue Density)  «iebugk. (2016)
If X, ~ DPE(wp), then fey(z) o< |A,(2)]? HJ 1 wo(lz]?) .

Theorem (Transfer Law)  kieburg—«. (2016)

Let X, ~ DPE(wp) and Y, ~ DPE(vy) be independent.
Then X,Y, ~ DPE,(wy ® vp), where

(wo ® vp)(x) = /000 wo(xy Hwo(y) (?/ , x>0.
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Main Results

If X~ DPE(wp), then fev(a) o< An(a) det ((—akz3 ) 'wolak)) g,

Theorem (Eigenvalue Density)  «iebugk. (2016)

If X, ~ DPE(wp), then fey(z) o< |A,(2)]? Hf:l wo(|z]?) .

Theorem (Transfer Law)  kieburg—«. (2016)
Let X, ~ DPE(wp) and Y, ~ DPE(vp) be independent.
Then X,Y, ~ DPE,(wy ® vp), where

(wo ® vp)(x) = /000 wo(xy Hwo(y) (?/ , x>0.

More generally, let X, ~ PE(wx,...,w,) and Y, ~ DPE(v) be independent.
Then X,Y, ~ PE(wy ® vp, ..., W, ® vp).

Holger Késters (Bielefeld University) Polynomial Ensembles of Derivative Type 10th December 2016 11 /24



Main Results
If X, ~ DPE(wo), then foy(a) oc Ay(a) det ((—axz2 Y wolax));

Theorem (Eigenvalue Density)  «iebugk. (2016)
If X, ~ DPE(wp), then fey(z) o< |A,(2)]? HJ 1 wo(lz]?) .

Theorem (Transfer Law)  kieburg—«. (2016)
Let X, ~ DPE(wp) and Y, ~ DPE(vp) be independent.
Then X,Y, ~ DPE,(wy ® vp), where
o0 _ d
(w05 w)() = [ oy () L x>0,
0

More generally, let X, ~ PE(wx,...,w,) and Y, ~ DPE(v) be independent.
Then X,Y, ~ PE(wy ® vp, ..., W, ® vp).

Theorem (Transfer Law)  kieburg. (2016)
Let X,,~ DPE(wp). Then X1~ DPE(wp), where wo(x)=wo(x 1) x= "1,
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@ Motivation

9 Polynomial Ensembles of Derivative Type
© Main Results

@ Some Ideas from the Proofs

© Complements

@ Summary and Outlook

«Or «Fr «=>r «E» = Q>



DHa

|
i
it



Key Tool: Spherical Transform

Univariate Situation
X :r.v. with values in C
and a rotation-invariant density fx

dist. of X «+— dist. of | X|?

|X|? : r.v. with values in R
and a density fix):

Mellin Transform

Mus) = [ )y

— [ Ao e
C

|x[?
for suitable s € C

Uniqueness Theorem

d
./\/lx1 :MX2 :>X1:X2

Multiplication Theorem
Xl, X2 ind. = MX1X2 :./\/lx1 './\/lx2
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Key Tool: Spherical Transform

Univariate Situation Multivariate Situation
X : r.v. with values in C X : r.v. with values in GL(n,C)
and a rotation-invariant density fx and a bi-invariant density fx
dist. of X «+— dist. of | X|? dist. of X +— dist. of X*X
|X|? : r.v. with values in R X*X : r.v. with values in Pos(n, C)
and a density fix): and a conjugation-invariant density fx«x
Mellin Transform Spherical Transform
dy d
Mx(s) = [ fxpy* 9= [ fexret) G
Y Pos(n,C) ° (det y)n
dx
B0 e — [ Rl
/ |x? GL(n,C) ’ | det x|2"
for suitable s € C for suitable s € C"
Uniqueness Theorem Uniqueness Theoremd
MxleX2=>X1:X2 SXIZS)(2:>X1=X2
Multiplication Theorem Multiplication Theorem

X1, X5 ind. = MX1X2:MX1‘MX2 X1, Xz ind. = SX1X2 = le 'SX2
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Spherical Transform
Sx(s)= [ &b eelxx)
GL(n,C)

dx
| det x|2"

(seC™
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Key Tool: Spherical Transform

Spherical Transform

. dx n
Sx(s) = /GL( o fx(x) ps(x X)W (seC")

Spherical Function
Let x € GL(n,C), let X, € GL(n,C) be a bi-invariant random matrix with
the same singular values as x, and let X, = Q,R,, be its QR decomposition.

os( = ( H 2(si+ej- ) (where gj :=j — i1)
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Key Tool: Spherical Transform

Spherical Transform

. dx n
Sx(s) = /GL( o fx(x) ps(x X)W (seC")

Spherical Function
Let x € GL(n,C), let X, € GL(n,C) be a bi-invariant random matrix with
the same singular values as x, and let X, = Q,R,, be its QR decomposition.

os( = ( H 2(si+ej- ) (where gj :=j — m)

Spherical Function for GL(n,C)  celfand-Naimark (1950)

det[(Aj(x*x))sH=D/2);
Ap(s)An(AN(x*x))

where A\(x*x) is the vector consisting of the eigenvalues of x*x

ps(x*x) = Cy (x € GL(n, C))
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Proposition (Spherical Transform)  kieburg«. (2016)
n

If X, ~ DPE(wp), then Sx,(s) oc [ [ (Mwo)(sc — 25%).

k=1
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Some ldeas from the Proofs

Proposition (Spherical Transform) Kieburg-K. (2016)

If X, ~ DPE(wg), then Sx,(s) o H (Mwo)(sk — 552).
k=1
Proof:
Set Df(x) := (—x)f’(x) and note that M(Df)(s) = s Mf(s).

o dA

. det(()\ ) A=12) gy
“/moo)n“ ) det (D uoM)) =4 (A, ) (et

n(s)det ( / DIt (M)A~ "+1>/2dA>

det ((sp — =LV (Mwp)(s, — =L -
det (57 yAn((s) 0)(sk—"3%)) = [T Mwo)(sk — 252).

k=1
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Some ldeas from the Proofs

Theorem (Transfer Law for the Product)  «ieburgk. (2016)

Let X, ~ DPE(wp) and Y, ~ DPE(vy) be independent

Then X,Y ,~ DPE,(wo ® vp), where (wo®vp)(x) =[5~ wo(xy)vo(y) %.
Proof:

X, ~ DPE(w), Y, ~ DPE(v)

= an(s) X H MWo(Sk — ;) Syn
k=1

54

k=1

= Sxyn O(H./\/l Wo@Vo)(
k=1

= X,Y,~ DPE(WO ® Vo)
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Theorem (Eigenvalue Density)

Kieburg—K. (2016)

n
If X, ~ DPE(wp), then fey(2) o [An(2)? [ wo(Izi?) -

j=1
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=1
fev(z)

Theorem (Eigenvalue Density)  «iebugk. (2016)
n
If X, ~ DPE(wp), then fey(2) o |An(2)? [ wo(1zi?)
Proof:

|2(H|z o) [ feta)an
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Some ldeas from the Proofs
Theorem (Eigenvalue Density)  «ieburg«. (2016)

If X, ~ DPE(wp), then fey(z) (2)[? H wo(|z|?)

Proof:

fev(z) o |An(2)[? (H’Z |27~ 2’)/ fo(zt) dt
T
f(Rn,---,Rnn)(rl?"'?rn) X <H|Zj|2n_2j> /I_fG(rt) dt
j=1
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Some ldeas from the Proofs

Theorem (Eigenvalue Density)

Kieburg—K. (2016)

If X, ~ DPE(wp), then fey(z) (2)[? H wo(|z|?)

Proof:

fov(2) o | Dn(z (Hrz2" ) [ fetztya
f(Rn,---,Rnn)(rlw"?rn)O< <H|Zj|2n_2j>/’_fG(rt) dt
j=1

Thus, since Sx is essentially the (componentwise) Mellin transform of fr,, .. Rr.)
we get fRry,,

R.,)» @nd hence fey, from Sx by (componentwise) Mellin inversion

Sx,(s) o [[Mwo(sj = 252) = fev(z) o |An(z HWO (I71%)
j=1
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Relation between Singular Value and Eigenvalue Densities

L;rfb set of all bi-invariant probability densities on G = GL(n, C)
L35V set of all induced singular value densities

LYEV - set of all induced eigenvalue densities

Theorem Kieburg-K. (2016)

The map fgy —— fgy establishes a bijection between Llrob and L|13rcE>t\>/
k415
fev(z ,/ / fsv (a) det[a; "] da ok
— 7 —C - ) (k+2sk) d:
|AL(z |2 0 J(0,00) Dn(3) Dn(o+125) a perm |z J ds
fov(a) C”/ / fEV perm[r’“”sk] Ay(o+1s) det[af(k“sk)] ds
An(a nJ(0,00) |2 b

Related Work Fyodorov—Khoruzhenko (2007), Wei-Fyodorov (2008), ...
description of the map gsy — gev between the one-point densities
for deterministic singular value configurations
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Interpolation between Product Ensembles |

Product of p Ginibre Matrices and q Inverse Ginibre Matrices
V() oc An(a) det [(—ak gV wp.g(ar)]

) o

“’" (2) ¢ [8n(2) P T}y wpsa(17i?)
1+ico

where wp, 4(x) = 217“/1 MP(s)F9(1+n—s)x°ds

—ioco
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Interpolation between Product Ensembles |

Product of p Ginibre Matrices and q Inverse Ginibre Matrices
fs(\’;’q)(a) o Ap(a)det [(—ak%)j’lw,)’q(ak)]
F89D (2) oc | B n(2) P Ty woa(171?)

1 1+ico
where wp, 4(x) / MP(s)F9(1+n—s)x°ds
1

B % —ioco

Problem: Is it possible to interpolate between these “product ensembles” ?J
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Interpolation between Product Ensembles |

Product of p Ginibre Matrices and q Inverse Ginibre Matrices
fs(\’;’q)(a) o Ap(a)det [(—ak%)j’lw,)’q(ak)]
F89D (2) oc | B n(2) P Ty woa(171?)

1 1+ico
where wp, 4(x) / MP(s)F9(1+n—s)x°ds
1

B % —ioco

Problem: Is it possible to interpolate between these “product ensembles” ?J

Motivation: heavy-tailed one-point densities (in the limit as n — 00)

08 15 . S

+3
gP(a)=a (2= )

_2q+2
gl(2) = |27 (2o ) .

0 1 2 3 4 5 6 7 -15 -10 -05_00 05_ 10 15
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Interpolation between Product Ensembles [l
Product of p Ginibre Matrices and q Inverse Ginibre Matrices
fs(\'j’q)(a) x Ap(a)det [(—ak%)jflw,)’q(ak)]

F89D (2) oc | B n(2) P Ty woa(171?)

1 1+ico
where wp, 4(x) / MP(s)F9(1+n—s)x°ds
1

B % —ioco

Problem: Is it possible to interpolate between these “product ensembles” ?J

Solution: Formally define w, g, fs(\’;’q), fE(C’q) as above, for any p,qg > 0.

o fs(\’;’q) is a probability density if and only if
(peNgorp>n—1) and (gq€eNgorg>n—1).

° fE(C’q) is a probability density for any p,q > 0.
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Interpolation between Product Ensembles [l
Product of p Ginibre Matrices and q Inverse Ginibre Matrices
fs(\"j’q)(a) x Ap(a)det [(—ak%)jflw,)’q(ak)]

F89D (2) oc | B n(2) P Ty woa(171?)

1 1+ico
where wp, 4(x) / MP(s)F9(1+n—s)x°ds
1

B % —ioco

Problem: Is it possible to interpolate between these “product ensembles” ?J

Solution: Formally define w, g, fs(\’;’q), fE(C’q) as above, for any p,q > 0.
o fs(\’;’q) is a probability density if and only if
(peNgporp>n—1) and (geNporg>n—1).
° fE(C’q) is a probability density for any p,q > 0.

Consequently, in general, one may not let n — oo for fixed p,q > 0.
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Pélya Frequency Function

A function f : R — R is called Pdlya frequency function of order n (PF,) if

det(f(x; — yk))j,k=1,..m >0
foranym=1,....nandany x3 < ... < Xm, Y1 < ... < ¥m
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Connection to Pélya Frequency Functions

Pélya Frequency Function
A function f : R — R is called Pdlya frequency function of order n (PF,) if

det(f(xj = yi))jk=1,..m = 0
foranym=1,...,nandany x1 < ... < Xm, V1 < ... < ¥Ym.

Proposition  kicburg—«. (2016)
If f € PF, (with suitable differentiability and integrability properties),
then wp:=f olog gives rise to a random matrix X, ~ DPE(wy).
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Connection to Pélya Frequency Functions

Pélya Frequency Function
A function f : R — R is called Pdlya frequency function of order n (PF,) if

det(f(xj = yi))jk=1,..m = 0
foranym=1,...,nandany x1 < ... < Xm, V1 < ... < ¥Ym.

Proposition  kicburg—«. (2016)
If f € PF, (with suitable differentiability and integrability properties),
then wp:=f olog gives rise to a random matrix X, ~ DPE(wy).

Related Work

@ Pdlya frequency functions are also connected to several classical distributions

in Hermitian random matrix theory (GUE, LUE).
Karlin (1968), Pickrell (1990), Olshanski-Vershik (1994), Faraut (2002), ...

@ The theory of DPE's may also be developed for Hermitian random matrices

endowed with additive convolution.
Kuijlaars—=Roman (2016), ...
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Summary and Outlook

Polynomial Ensembles of Derivative Type

@ singular value and eigenvalue densities with special determinantal structure
@ special structure is preserved under independent products (~ transfer laws)
@ key tool: spherical transform
°

many examples (from RMT and via Pdlya frequency functions)
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Summary and Outlook

Polynomial Ensembles of Derivative Type

singular value and eigenvalue densities with special determinantal structure

special structure is preserved under independent products (~ transfer laws)

key tool: spherical transform

many examples (from RMT and via Pdlya frequency functions)

Open Problems (partly work in progress)

which functions wy define polynomial ensembles of derivative type?
limiting spectral distributions at the global and local level?

closer connection to free probability (refined convergence results?)
power-law decay: new applications of random matrix theory?

extension to real and quaternionic matrices?
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Summary and Outlook

Polynomial Ensembles of Derivative Type

@ singular value and eigenvalue densities with special determinantal structure

@ special structure is preserved under independent products (~ transfer laws)

@ key tool: spherical transform

@ many examples (from RMT and via Pdlya frequency functions)

Open Problems (partly work in progress)

@ which functions wy define polynomial ensembles of derivative type?
limiting spectral distributions at the global and local level?

closer connection to free probability (refined convergence results?)
power-law decay: new applications of random matrix theory?

extension to real and quaternionic matrices?

Thank you very much for your attention!

Holger Késters (Bielefeld University) Polynomial Ensembles of Derivative Type 10th December 2016

24 / 24



	Motivation
	Polynomial Ensembles of Derivative Type
	Main Results
	Some Ideas from the Proofs
	Complements
	Summary and Outlook

