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Moments of the Riemann Zeta Function
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Moments of the Riemann Zeta Function: Conjecture

1 [T 2
1 / C(1/2 + it)|PMdt ~ ax fy log" T
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Moments of characteristic polynomials: Theorem

/ Aa(D)PdAsaar ~ froonNY
U(N)
N ~logT

Conjecture (Keating and Snaith, 2000): f
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Averages over random unitary matrices
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Statistics of eigenvalues

lim / Z f(%9i17"°7 %e’in)d:uHaar

_ l/m... By, 0, det (0 — 0,)]db, - - dB,

0 0 nxn

with sin 76

S(0) = 2

eg. mean density R = 1
eg. 2-point correlation:

sin®(m(6y — 01)
Ry(601,05) =1 —
2( 1, 2) 7_‘_2((92 . 91)2
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Statistics of Riemann zeros
Density of zeros:

1 t
d(t) ~ —I|log —
( ) 27T 9 27
1 tn th o
Wp = tp— lOg —, tn, = N Riemann zero
27 27

scale the Riemann zeros so that their average
spacing is 1
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First 100000
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Picture by
- A. Odlyzko
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Proving the connection??

Rudnick and Sarnak (1996) showed for the Riemann zeta
function (and other individual L-functions) that for test functions
with restricted support, the n-point correlation functions of zeros
high on the critical line agree with those of the eigenvalues of

large, random unitary matrices.

So, for example, with the t's the heights of the Riemann zeros
and / a suitable test function:

Z f(lOthl,-o-, 102g7TTtn)

0<tq1,....,t, <T
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Families of L-functions
Eg. Dirichlet L-functions:

L(s, xq) = - Xd(n)

nS

n=1

Kronecker symbol: d
xalm = (3)

extension of Legendre symbol:

q 0 if p|d
(_>: 1 ifd=2? modp
P —1 else
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Families of L-functions:

Each L-function like Riemann zeta:
* Dirichlet series and Euler product

« functional equation

* Riemann hypothesis

172
B

Natural families of L-functions:

* vary parameter(s) to obtain different L-functions
 family ordered by the parameter

* look at statistics of zeros averaged over the family
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Statistics of zeros in families:
Katz and Sarnak (1999):

Averaged over a family of L-functions, zeros
close to s = 1/2 show statistics like ONE of

1/2

U(N),O(N),USp(2N),

depending on the family, when the ordering
parameter becomes large.
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Unitary symplectic matrices
For X € USp(2N

)
XX =1 f
and
XTJX = J \A/
with

0 I
J = ( —I 0 ) Eigenvalues:
—101 10N —10n

el 70 | eWN ¢

University of
BRISTOL

/




Statistics of eigenvalues

[im / f(%eil,--o,¥0in)d,uHaar
1 o0 o0
:E/ o fOny e 0n) det [S(0 —05) = S(0) +0;) b -
HJ0 0 o with sin 76
5(0) = 0

eg. 1-level density:
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One level density
of Dirichlet
L-functions:

Figures by Michael
Rubinstein

Solid curve:

sin(276)

Ra(0) =1 - 276
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L-Jevel density for Lis.chu_d).
10E9 < |dl < 1029-385414, 18550 d's,
mean of 15t zero above 0 equals 0.8373

L-Jevel density for Lis.chu_d).
I0E12 < |d < 10E12+200000, 7243 d's,
mean of 15t zero above 0 equals 0.8268

—T T T T T T T T T T T T T T T
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Proving the connection??

Theorem (Ozluk and Snyder,1999): 1-level density where the
support of the Fourier transform of the test functionflies in [-2,2]:

Faeiye X Z Zf(%llogw )

i / b f(x)(l sz(ige))da:

— OO

vq: heights of zeros of L(s, xq)
X *: number of terms in the sum over d
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Theorem (Rubinstein, 2001):

With the product of the Fourier transforms of the test functions, [/, fi(u;),
having support in Y ;" |Ju;| < 1,

Y A ()

dED(X) ]17 ,jn——OO

o5 )
IO N(CH JIT

S2CQ eSs Y T

|S2| even

X —00 |D

S2]/2

(( 2l [ lulfa fb<>du))
A;B
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Explicit Formula:

Z,YdF(IOZgWX%(Zj)) :/RF(CE)CZCE—I—O(l/lOgX)

2« A(m) ~ ([ logm
_ 7
log X mz:% m!/? e (logzzi)

A(n) = logp if n = p* for some prime p and integer k > 1
"0 otherwise
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n-level density of unitary symplectic matrices

/ Z f By T 2n>d:uHaar
N—>oo USp( 2N

1y ﬂn

nxXn

nv/ / f(bh,...,0,) det|S (9k—0j)—5(0+0j)]d01.--d9n
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Theorem (Rubinstein, 2001):

With the product of the Fourier transforms of the test functions, [/, fi(u;),
having support in Y ;" |Ju;| < 1,

Y A ()

dED(X) ]17 ,jn——OO

o5 )
IO N(CH JIT

S2CQ eSs Y T

|S2| even

X —00 |D

S2]/2

(( 2l [ lulfa fb<>du))
A;B
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Eigenvalue statistics from ratios

[Tocadx(e™)
/ IX

Sp(2N) HﬁeB Ax(e=F)

where N

Ax(e”) = ][(1—e*e)(1 - e*e™%)

j=1
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Theorem (Mason and Snaith, 2015):

N ’ ' “The Beast”
USp(2N) G1, 0 ,Jm=—00
jl ----- Jn#o

- (2732')” > em

QUM:{17 7n}

X 21Q| J* 20) F (iz1, -+ ,izy)dzy -+ dz,.
/(5)IQ| [O)|M| USP(QN)( Q) (221 ) dzq
where
: =y e & ol |20, D) 2D, DT)Y(DT)
USP(QN) Y (D)Zt(D~, D)2
DCA :

R
X > [[Hp(W

A/D=W; U---UWg r=1
IWr|<2 (and previously with Brian Conrey for U(N))
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Theorem (Rubinstein 2001):

. log X log X _(Jn)
. oo, 2 Y () ()
]17 ,]n—OO

LS e
CQUAl:{l meM

.....

(2 (3 I fom)

S2CQ LeSs
| S2| even
S2]/2
(232'52'/2 H/ ] fa, (w) fo, ( )du>>
(A;B)

17, fi(u;), having support in 327, |u;] < 1
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Theorem (Mason and Snaith, 2016)

]\;gnoo Z fl( ) fn( Jn)d,UHaar

[ N
— Z ( H fm(x)da;)
QUM={1,....n} \meM "~
Sz | SR
(3 () [ s
S2CQ LeSs Y T
|S2| even
S2]/2
( Z 9152|/2 H / |U‘fa3 fb ( )dU>>
(4:B)

17, fi(u;), having support in 327, |u;] < 1
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Theorem (Gao, 2014): Assuming GRH Also Entin, Roditty-

G ) ) Gershon and Rudnick
- J1 ,]'n,
Xlgnoo o O > h@wd) e fallyg)

dED(X)Jla HIn

B T T

QUM={1,....n} \meM S2CQ eSS

, 55]/2
« <<1+( 1)|S |)252|/2 Z H / ‘uz|fa (uz fb (uz)duz

So= (AB) =1 o

|S3|/2
Z 283/2( Z H / |uz|fc Uz)fd (uz)duz)

S3CS2 S3= (C D) =1
|S3| even
|I| |SC £ (a1 .
DICH | ey A [ du
I¢S3 D ier Wi <(Z cre wi)—1 €83 1€5%

H _ fz(uz , having support in Z:’;:l lu;| <@2)
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Theorem (Mason and Snaith, 2016):

lim Z f1 ( ) - fn ( gn) d i Haar

317 7]n¢0

:QUM - (mEM/ Fonl ) L CQ( | 2lees / fe(u)du)

2 152]/2
o« <<1+( 1)' |) |S2|/2 Z H / ‘uz|fa (uz fb (uz)duz

So=(A:B) i=1 Y~

|S3|/2
_ 2|53|/2 Z H / |uz|fc uz)fd (uz)duz
SgCSQ

N S3=(C:D) =1
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11(—2)15s] £ (s .
e [ e T L)
ICSS Sier wi<(eqe wi)—1 1€S55 €S53

17, fi(us), having support in 327 |u;| <)
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[S3]/2 oo ) A
( Z H / |wil fe, (ui) fa, (u;)du;

eess

|wil fa, (wi) fo, (i) du, No n-level density
with support up to

) 3 is known in
number theory

i€ Sg

(:

1 1))

ieSg ieSg

| fz(uz), having support in >, |u| <@

91Sal/2 ( Z H /oo ullf;z(u’b)f;bz(ul)duz)
Sa=(G:H) i=1 o

(R>0)!94]

ISy P Jjels




