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Hermitian vs. Non-Hermitian RMT

@ “Hermitian RMT”: one-dimensional eigenvalues, “non-Hermitian

RMT”: two-dimensional eigenvalues.
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Hermitian vs. Non-Hermitian RMT

@ “Hermitian RMT”: one-dimensional eigenvalues, “non-Hermitian
RMT”: two-dimensional eigenvalues.

@ Dimension of the entries matters! Matrices with complex entries
have different statistics than matrices with real entries.

@ No spectral calculus! How to define and deal with matrix models?

In this talk: Random matrices with complex entries and without

symmetries.
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The Elliptic Ensemble

@ J:=V1+1Ji +ivV1—1dp, Ji 2 independent GUE matrices,
Te(—=1,1).
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The Elliptic Ensemble

@ J =1+ 1Jdy +iv1—1ds, Jj 2 independent GUE matrices,
T € (—1,1). Special case 7 = 0: Ginibre Ensemble.
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The Elliptic Ensemble

@ J =1+ 1Jdy +iv1—1ds, Jj 2 independent GUE matrices,
T € (—1,1). Special case 7 = 0: Ginibre Ensemble.
@ lIts density is

STr (JJ* - g(ﬁ + J*Z))] .
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The Elliptic Ensemble

@ J =1+ 1Jdy +iv1—1ds, Jj 2 independent GUE matrices,
T € (—1,1). Special case 7 = 0: Ginibre Ensemble.

@ lIts density is

N
Pnen(VJ) == exp [—1_72Tr (JJ* - %(J2 - J*2)>] .

Zn el

@ Interpolates between Ginibre (7 = 0) and GUE (7 = 1).

The elliptic law
(one realization for N = 2000 and

T=1/3)
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@ Matrices with independent entries easy to define.
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Density Models

@ Matrices with independent entries easy to define.

@ What about models with exploitable (eigenvalue) density?

o First attempt: Density on CN*N prop. to exp[—NTr (JJ*)K]?
Problem: TrJJ* depends not only on eigenvalues, but also on (for
k > 1 dependent) additional variables (from Schur decompos.).
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Density Models

@ Matrices with independent entries easy to define.

@ What about models with exploitable (eigenvalue) density?

@ First attempt: Density on CN*N prop. to exp[—NTr (JJ*)<]?
Problem: TrJJ* depends not only on eigenvalues, but also on (for
k > 1 dependent) additional variables (from Schur decompos.).

@ Additional variables decouple for models

oc exp [—C NTr (JJ*) + coN R(Tr V(J))]

V potential.
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Density Models

@ Matrices with independent entries easy to define.

@ What about models with exploitable (eigenvalue) density?

@ First attempt: Density on CN*N prop. to exp[—NTr (JJ*)<]?
Problem: TrJJ* depends not only on eigenvalues, but also on (for
k > 1 dependent) additional variables (from Schur decompos.).

@ Additional variables decouple for models

o exp [—Ci NTr (JJ*) + N R(Tr V(J))],

V potential. Problem: Normalizable (almost) only for V(J) = J2.

(Elbau,Felder '05; Bleher,Kuijlaars '12)
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Density Models

@ Matrices with independent entries easy to define.

@ What about models with exploitable (eigenvalue) density?

@ First attempt: Density on CN*N prop. to exp[—NTr (JJ*)<]?
Problem: TrJJ* depends not only on eigenvalues, but also on (for
k > 1 dependent) additional variables (from Schur decompos.).

@ Additional variables decouple for models

o exp [—Ci NTr (JJ*) + N R(Tr V(J))],

V potential. Problem: Normalizable (almost) only for V(J) = J2.
(Elbau,Felder '05; Bleher,Kuijlaars '12)
@ Consider normal random matrices: Spectral calculus —

determinantality — universality (Ameur,Hedenmalm,Makarov 11)
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Our Model
Lety >0, K, € R fixed, 7 € [0,1) (or (—1,1)) and define

Pye(J) ==

L N « T2 «2\) . 2
Zy 12 exp [ 2T (JJ 57+ )) Y(TrdJ* — NKp)7| .
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Comments:

@ Model penalizes/punishes deviations of TrJJ* /N from the value
Kp.
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Pye(J) ==

L N « T2 «2\) . 2
Zy 12 exp [ 2T (JJ 57+ )) Y(TrdJ* — NKp)7| .

Comments:

@ Model penalizes/punishes deviations of TrJJ* /N from the value
Kp.

@ ~ = 0: Elliptic ensemble. v — oco: a fixed trace ensemble on
{J: TrdJ* = Kp} (future work).
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Our Model
Lety >0, K, € R fixed, 7 € [0,1) (or (—1,1)) and define

PN,Tr2 (J) =

L N « T2 «2\) . 2
Zy 12 exp [ 2T (JJ 57+ )) Y(TrdJ* — NKp)7| .

Comments:

@ Model penalizes/punishes deviations of TrJJ* /N from the value
Kp.

@ v = 0: Elliptic ensemble. v — oo: a fixed trace ensemble on
{J: TrdJ* = Kp} (future work).

@ Model is not Gaussian.
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Our Model
Lety >0, K, € R fixed, 7 € [0,1) (or (—1,1)) and define

PN,Tr2 (J) =

L N « T2 «2\) . 2
Zy 12 exp [ 2T (JJ 57+ )) Y(TrdJ* — NKp)7| .

Comments:

@ Model penalizes/punishes deviations of TrJJ* /N from the value
K.

@ v = 0: Elliptic ensemble. v — oo: a fixed trace ensemble on
{J: TrdJ* = Kp} (future work).

@ Model is not Gaussian.

@ Additional variables from Schur decomposition do not decouple.

@ Model is not determinantal.
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Strong vs. Weak non-Hermiticity (Fyodorov,Khoruzhenko,Sommers '97)

Elliptic ensemble: As N — oo, the eigenvalues spread uniformly in

—
S|

1-7

Y
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Strong vs. Weak non-Hermiticity (Fyodorov,Khoruzhenko,Sommers '97)

Elliptic ensemble: As N — oo, the eigenvalues spread uniformly in

>

il
Nl

\
1-7
/].
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@ Strong non-Hermiticity:
7 € [0, 1) fixed.
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Strong vs.

Weak non-Hermiticity (Fyodorov,Khoruzhenko,Sommers '97)

Elliptic ensemble: As N — oo, the eigenvalues spread uniformly in

1-7 @ Strong non-Hermiticity:
7 € [0, 1) fixed.

il
Nl

/1+r @ Weak non-Hermiticity:

7=1-4,r > 0 fixed.
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Strong vs. Weak non-Hermiticity (Fyodorov,Khoruzhenko,Sommers '97)

Elliptic ensemble: As N — oo, the eigenvalues spread uniformly in

1-7 @ Strong non-Hermiticity:

/
K\ 7 €[0,1) fixed.
\\‘/1 +7 @ Weak non-Hermiticity:

7=1-4,r > 0 fixed.

Weak non-Hermiticity:

RN
N

Limiting measure collapses to R.
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Strong vs. Weak non-Hermiticity (Fyodorov,Khoruzhenko,Sommers '97)

Elliptic ensemble: As N — oo, the eigenvalues spread uniformly in

/
@ Strong non-Hermiticity:
K\ T € [0, 1) fixed.
\\‘/1+r’ @ Weak non-Hermiticity:

7=1-4,r > 0 fixed.

Weak non-Hermiticity:

ml O(1/N) o [ .
N B

Limiting measure collapses to R. In local scale, eigenvalues live in C.
December 10, 2016




Strong non-Hermiticity: Global Result
Let p’;l 2 be the k-th correlation function of the eigenvalue distribution

. . . . N
of PN,TrZ- If PN,Tr2,EV is eigenvalue density on C",

N!
pllil,Tr2(Z1 yeeey Zk) = m /(CN—k PN,Trz,EV(Z)dszH . dZN.
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Strong non-Hermiticity: Global Result

Let p’,il 2 be the k-th correlation function of the eigenvalue distribution

. . . . N
of PN,Tr2- If PNI&EV is eigenvalue density on C",

N!
pllil,Trz(Z1 yeeey Zk) = m /(CN—k PN,TrZ,EV(Z)de+1 - dZN.

Theorem (Akemann,Cikovic,V. '16)
LetT € [0,1) be fixed. Then there are constants ¢q, ¢, C > 0,

depending on Ky, vy and T such that with
E :={Z : ¢i(R2)? + c2(32Z)? < 1} the following holds:
Forany Z € C, Z ¢ OE, we have

.1 C
I|m Np}V,TrZ(Z) = ]].EO(Z) 0 ;

N—oo

y
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Strong non-Hermiticity: Local Result

Theorem (ACV '16)
Same C, same elliptic setE: Fork =1,2...,Z€ E°, z1,...,zx € C,

asN —

1 Z4 Zk
O (Z ot \/C—N> = det (Kstrong(2), 21)) 1<

1
+0|— |, where
()

1
Kstrong(Z)> Z1) = p exp | —

The O term is uniform for Z from any compact subset of E° and

zi,...,2Zx from compacts of C.
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Strong non-Hermiticity: Universality

Recall

PN,Tr2 (J) =

1 N 2 2 2
- (S + JR)) —y(Trdd* — NK,)?| .

@ Limiting point process is determinantal.
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Strong non-Hermiticity: Universality

Recall

PN,Tr2 (J) =

1 N T, 2 2 2
- g 2)) —y(TrdJ” — NKy)?| .
Z exp[ e (W= S+ UB)) A(Trdd )

@ Limiting point process is determinantal.

@ Theorem shows universality: limit does not depend on ~, K, or 7.
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Strong non-Hermiticity: Universality

Recall

PN,TrZ (J) =

1 N T, 2 2 2
o (W - L *2)) —(Trdd* — NK)?| .
Z exp[ e (W= S+ UB)) A(Trdd )

@ Limiting point process is determinantal.

@ Theorem shows universality: limit does not depend on ~, K, or 7.

@ Same limit shown for other ensembles:

» Normal matrices: (Ameur,Hedenmalm,Makarov '11)

» Non-Hermitian Wigner Matrices (Tao,Vu '15)
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Weak non-Hermiticity: Global Result

Theorem (ACV '16)

There is a constant C > 0, depending on K, and -, such that the
following holds: Let T = 7y = 1 — 5 with k > O fixed. Then for any
ZeC\R

I|m 2(Z) =0,

1
NpNTr
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Weak non-Hermiticity: Global Result

Theorem (ACV ’16)
There is a constant C > 0, depending on K, and -, such that the

following holds: Let T = 7y = 1 — 5 with k > O fixed. Then for any
ZeC\R

1
I|m NpNTr 2(Z) =0,

and forany X € R

o .
im /Np;vyTrg(XﬁLlY)dY: T

N—oo R
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Weak non-Hermiticity: Local Result

Theorem (ACV ’16)
2

Setu(X):= L. /4 - X2andr =7y :=1— ﬁmz a> 0.
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Weak non-Hermiticity: Local Result

Theorem (ACV ’16)
2

Setv(X) = %N/ic —X2andt=71n:=1- ﬁ(x)z,a > 0. Then

1 K Z4 Zk
(Nu(X))2 Nt (X TRy NV(X)>

log N
_ det (Kueak (21:2)); 1y 4+ O (QT> k=12...,
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Weak non-Hermiticity: Local Result

Theorem (ACV ’16)

2
Setv(X) = 2£,/——X2 andr =1y :=1-— ﬁ(x)z,a>0. Then

1 K Z4 Zk
(Nu(X))2 Nt (X Nu(X) NV(X)>
log N
= det (Kweax (2, 21)) ;1 x + O (QT> . k=1,2..., where

Kweak (21, 22) :=

R exp —
ixe’

V2 [ (321)24‘(%22)2] 1

T 2u2
E/ exp [—T +iu(zy — zz)] du.
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Weak non-Hermiticity: Local Result

Theorem (ACV ’16)

2
Setv(X) = zﬁ,/——X2 andr =1y :=1-— #(X)?’a>o' Then

1 K Z4 Zk
(No (X)) N <X TN Nv<X)>

log N
= det (Kueak (zj,z,))N:L_“k +0 <T> ,k=1,2..., where

Kweak (21, 22) :=

e a? 2 J_.

The O term is uniform for X € (— f (s — —0) forany 6 > 0 fixed
andany z;,j =1,..., k chosen from an arbitrary compact subset of C.

V2 exp [_(821)2 + (822)2] 1 /7r exp [_g +iu(zy — 22)] du.
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Weak non-Hermiticity: Universality

Kueak (21, 22) =
\/é Sz 2+ X2, 2 1 ™ 2u2 ) _
ﬁexp —(‘“)a#} ﬂ/ exp [_aT +iu(zy — 22) | du.

@ Kernel first computed for elliptic ensemble in (Fyodorov,Khoruzhenko,Sommers

'98).

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016

12



Weak non-Hermiticity: Universality

Kuweak (21, 22) :=

V2 (3212 +(S2z)?] 1 [T AU -
ﬁexp —T} ﬂ/ exp {—T +iu(zy — 22) | du.

-

@ Kernel first computed for elliptic ensemble in (Fyodorov,Khoruzhenko,Sommers
'98).

@ Transition from semicircle to disk in (Ledoux '08) by considering

P;v,eu (X + ’%) .

M. Venker (UCL)
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Weak non-Hermiticity: Universality

Kueak (21, 22) =
\/é Sz 2+ X2, 2 1 ™ 2u2 ) _
ﬁexp —%} Z/ exp {—QT +iu(zy — 22) | du.

@ Kernel first computed for elliptic ensemble in (Fyodorov,Khoruzhenko,Sommers

'98).
@ Transition from semicircle to disk in (Ledoux '08) by considering

P}v,eu (X + ’%) .

@ Heuristics for universality for non-Hermitian Wigner matrices
(Fyodorov,Khoruzhenko,Sommers '98) and certain formal matrix models

(Akemann '02).
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Weak non-Hermiticity: Universality

Kuweak (21, 22) :=

V2 (3212 +(S2z)?] 1 [T AU -
ﬁexp —T} ﬂ/,w exp {—T +iu(zy — 22) | du.

@ Kernel first computed for elliptic ensemble in (Fyodorov,Khoruzhenko,Sommers
'98).

@ Transition from semicircle to disk in (Ledoux '08) by considering
Y
Piel (X + ’N) .

@ Heuristics for universality for non-Hermitian Wigner matrices
(Fyodorov,Khoruzhenko,Sommers *98) and certain formal matrix models

(Akemann '02).

@ Now: Universality in v and Kp.
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Weak non-Hermiticity: Interpolation

@ Transition to sine kernel statistics (a — 0):
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Weak non-Hermiticity: Interpolation

@ Transition to sine kernel statistics (a — 0):

(lanO f(Z1, ceey )det (Kweak (Zj, zl))j,l:1,...,k dzy...dz

/ F(X1, .., Xk dt(w) ax; . dxy
(G =X1) /=1 ok

for any bounded and continuous function f : CK — R of
bounded support.
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Weak non-Hermiticity: Interpolation

@ Transition to sine kernel statistics (a — 0):

Ol[lLﬂQ f(Z1, ceey )det (Kweak (Zj, zl))j,l:1,...,k dzy...dz

/ F(X1, .., Xk dt(w) ax; . dxy
(G =X1) /=1 ok

for any bounded and continuous function f : CK — R of
bounded support.

@ Transition to Ginibre statistics (a — o0):
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Weak non-Hermiticity: Interpolation

@ Transition to sine kernel statistics (a — 0):

(llg]o f(z1,...,zk) det (Kweak (z,,z,))/l 1.k 021 dzi

/ F(X1, .., Xk dt(sm(w(/_xl))) ax; . dxy
(G =X1) /=1 ok

for any bounded and continuous function f : CK — R of
bounded support.
@ Transition to Ginibre statistics (a — o0):

L= det (Kstrong (Zj’ Z/))j,/:1,...,k :

a—00

lim det (Oé Kweak (aZ],aZ/))
J
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Proof: Recentering |

Pume(d) =
exp [—N (1;2 ) Trdd* + gtlay Tr (J2 + J*z) — (TrdJ* — N(K, ))2]

ZN,TrZ
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Proof: Recentering |

Pume(d) =
exp [—N (1;2 ) Trdd* + gtlay Tr (J2 + J*z) — (Trdd* — N(Kp+K))2]

ZN,TrZ
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Proof: Recentering |

Pume(d) =
exp [—N (1j7+2w<) Trdd* + gtlay Tr (J2 + J*z) — (Trdd* — N(Kp+K))2]

ZN,TrZ
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Proof: Recentering |

Pume(d) =
oxp [N (2 +29K) Trdd" + iy Tr (V2 + J72) = 5(Trdd* — N(Ky+K))2]
Zy 1eexp [-yN2(K? + 2KK))]
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Proof: Recentering |

Pue(d) =
oxp [N (2 +29K) Trdd" + iy Tr (V2 + J72) = 5(Trdd* — N(Ky+K))2]
Zy 1eexp [-yN2(K? + 2KK))]

_ Za,b
Zyy e exp [ NE(K? 1 2KKy)]

Pas(J) exp [—y(TrdJ* — N(K, + K))?] ,

where

Pab(J) = 21 exp —aTrJJ*JrgTr <J2+J*2)}

a,b
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Proof: Recentering |

Py e (V) =

oxp [N (429K ) Trdd" - 5y Tr (2 4+ ) = A(Trdd” = N(Ky+ K))?]

ZNVTrzexp[ ny2(K2 + 2KK,)]
Za b

26(J) exp [y (TrdJ* — N(Kp + K))?],

where
Pap(J) := 1 exp |—aTrdJ* + by (J2 +J*2) with
a,b . Za,b >
1 N
a:a(K).—N<1_ +27K> b.=1_T2.
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Proof: Recentering |

Py e (V) =

oxp [N (429K ) Trdd" - 5y Tr (2 4+ ) = A(Trdd” = N(Ky+ K))?]

Zab . 5
= Zy PN (RE 4 2RI o) &P [ (Trd” = N(Ky + )Y
where
Pab(J) == 1 exp |—aTrdJ* + by (J2 +J*2) with
a,b . Za,b 5
1 N
a:a(K)-—N<1_ +27K> b':1—72'

Choose K such that TrJJ* — N(K, + K) is small under Py .

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016
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Proof: Recentering Il
Note

Zy 12 exp [—7NP(K? + 2KKp)]
Za,b

= Eqpexp |—1(TrJJ" = N(K, + K)?] .

J integration variable.

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016 15



Proof: Recentering Il
Note

Zy 12 exp [—7NP(K? + 2KKp)]
Za,b

= Eqpexp |—1(TrJJ" = N(K, + K)?] .

J integration variable.

Lemma
There is a unique K s.t. for some constants Cy, Co

0 < C1 < Eqpexp [—(TrIJ" — N(Kp + K))?| < G5 < co.
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Proof: Recentering Il
Note

Zy 12 exp [—7NP(K? + 2KKp)]
Za,b

= Eapexp | —y(TrJJ* — N(K, + K))Z] ,

J integration variable.

Lemma
There is a unique K s.t. for some constants Cy, Co

0 < C1 < Eqpexp [—(TrIJ" — N(Kp + K))?| < G5 < co.

Proof of Lemma uses that P, is Gaussian.
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Proof: Linearization |

Now use
exp [— (TrdJ* — N (Kp + K))?]

t2
- = / exp [iV/AH(TrJJ* — N (Ko + K))] exp [_Z] dt

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016 16



Proof: Linearization |

Now use
exp [— (TrdJ* — N (Kp + K))?]

, £ |
- = / exp [i/FH(TrdJ* — N (K, + K))] exp [_Z] dt to obtain

Pyoa(d) = 1 exp [—i/AN(Kp + K)t
NIRRT Var Jr Zyge exp[-7NR(K2 + 2KK,)]

X exp [( a-+ iyt TrdJ* + t—)Tr (J2 J*z)] exp [—t2/4] dt

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016
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Proof: Linearization |

Now use
exp [— (TrdJ* — N (Kp + K))?]
- o= / exp [i/FH(TrdJ* — N (K, + K))] exp [ ] dt to obtain

Py ra(J) = 1 exp [—i/AN(Kp + K)t
NI Var Ju Zyge exp [—YN2(KZ + 2KKp)]

X exp [( a+ iyt Trdd* + 9Tr (£+ J*Z)]exp [—12/4] dit

Eapexp |iy/FH(Trdd* — N(K, + K))
= 1 2 |: \/_ — P Pa(t),b(J) exp [—t2/4] at
Var Je B, exp [—V(TrJJ* — N(K, + K))ﬂ

where a(t) := a—i,/yt.
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Proof: Linearization Il

Let p’;m’b be the k-th correlation function of the eigenvalue density of Py
(and pk ... that of Py 12). The linearization gives

P’X/,T@(Z) — det(Kws (2, 21))j 1<k =
Eap eivAt(Trdd" —N(Ko+K))

1
var /R Ea’be_’y(TrJJ*_N(Kp"l‘K))Z

M. Venker (UCL) Beyond the elliptic ensemble December 10, 2016
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Proof: Linearization Il

Let pa(t be the k-th correlation function of the eigenvalue density of Py
(and pN T2 that of Py 2). The linearization gives

pﬁ/,Tﬂ( ) — det(Kws(2j, 21))j1<k =

1 E eiﬁt(Tl‘JJ* (Kp+K)) _
o / a.p€ VT - (Phi(2) — det(Kus(2; 21))y 1<k ) € /4att.

& K, pe—(TrI0 —N(Ko+K)

Advantage: pf , is determinantal, i.e.
pg(t)7b(21, RN ) det ( t)(Z,, Z/))‘ISI,jSK

with kernel given in terms of orthogonal polynomials. ..
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Conclusion

1 ef17NT2Tr(JJ*fg(JerJ*z))ffy(TrJJ*fNKp)2

P N,Trz(J) = ZN e

@ New ensemble: non-Gaussian, non-determinantal, not

“diagonalizable”.
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Conclusion

1 ef17N72Tr(JJ*f%(JerJ*Z))ffy(TrJJ*fNKp)2

Famel) = AR

@ New ensemble: non-Gaussian, non-determinantal, not

“diagonalizable”.

@ Exhibits universal bulk correlations at strong and weak

non-Hermiticity.
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Conclusion

1 ef17’\’72Tr(JJ*f%(JerJ*Z))ffy(TrJJ*fNKp)2

PN’TrZ(J) B Zy 72

@ New ensemble: non-Gaussian, non-determinantal, not

“diagonalizable”.

@ Exhibits universal bulk correlations at strong and weak

non-Hermiticity.

@ Limiting kernel Kyeak Shows some universality.
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Conclusion

1T N (U = 5(L4J*2))—y(Trdd* — N Kp)?
S B

ZN,Tr2

@ New ensemble: non-Gaussian, non-determinantal, not

“diagonalizable”.

@ Exhibits universal bulk correlations at strong and weak

non-Hermiticity.

@ Limiting kernel Kyeak Shows some universality.

Thank you for your attention!
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