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Introduction and the main result

Statement of the problem

@ Gy - an N x N random matrix with N(0, 1) independent
matrix elements (real Ginibre matrix)

Q@ VN + Amax - the largest real eigenvalue
@ Question: the distribution of Ap,ax for N — 00, P[Amax < t]

@ Closely related question: the distribution of the right-most
particle for annihilating Brownian motions (ABM's)
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Introduction and the main result

Background

@ Sommers, Forrester-Nagao, Borodin-Sinclair (00’s): the

distribution of real eigenvalues is a Pfaffian point process for
all N's

@ Forrester-Nagao (2007): The right tail of P[Apnax < t] is
Gaussian

@ Rider-Sinclair (2014): Exact representation for P[Apmax < t]
in terms of a Fredholm determinant

Q Garrod et al (2015): The edge scaling limit of the law of
real eigenvalues for the real Ginibre ensemble coincides with
the Pfaffian point process for the law of annihilating Brownian
motions with step initial conditions
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Introduction and the main result
The main result

Fort > 0,
1
Pl[Amax < t] =1-— Zerfc(t) + O(e—th)‘

Fort <0,

¢(3/2)
2V 2m

P[Amax < t] = exp ( [t| + O(1 )>
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Introduction and the main result

Consequence for interacting particle systems

Corollary

Consider the system of instantaneously annihilating Brownian
motions on the real line started with the step initial condition. Let

Xs(max) be the position of the rightmost particle at a fixed time
s > 0. Then

2
]P[Xs(max) x|=1- ferfc (\/4?> +0 < )
for x/+/s — oo, while for x/\/s — —o0,

PIX{™) < x] = evat(3) T O,
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Heuristic analysis of Pr(Amax < t)

The real Ginibre ensemble and annihilating Brownian
motions

Theorem

Under the maximal entrance law, ABM'’s at s > 0 is a Pfaffian
point process with the kernel (4s)~Y2K(y(4s)~1/2, z(4s)~1/?),

where
__1( Fha) 8:F(.2)
K(y,Z) _ _5 < 8yF}(/y,z) azayF)(/yaz) )

U7V2
and F(y,z) =1+ [ [7 "f;)e_( 2 erfc(“}") dudv.

@ The same process describes the edge statistics of real
eigenvalues for the N — oo limit of the real Ginibre ensemble
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Heuristic analysis of Pr(Amax < t)

From particles to random matrices

o

2]

Right tail of P[\,,.x < t] is Gaussian: it is given by the
probability that a Brownian particle launched from 0 is to the
right of t at time s = 1/4

Left tail its exponential: P[\,.x < t] is bounded below by
the event that by time s = 1/4, particles annihilate completely
within each box of size L, where 1 ~ L << |t|.

Forrester (2013): used the relation between Ginibre and

A+ A — () and Derrida-Zeitak's bulk gap formula for ABM's
to conclude that

P[Goo has no eigenvalues in (a,a+ D)] = e~ 5var¢(3/2)D+o(D)

As the width of the edge region for the spectrum of the real
Ginibre is O(1), it is reasonable to guess that the DZ formula
also describes the left tail of the gap probability at the edge
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Rigorous proof
Generalities

© Consider a Pfaffian point process on R with kernel K.
@ The indicator of 0: x(n=10) = (1—1)"=Y7_o(-1)*(}).

© Fredholm Pfaffian (Rains, 2000):

Pf(J + AKy) = Z T /uk dxq ... dxPHK (i, xj)]1<i j<k-
k=0

0 (2.3) = P[Ny = 0] = Pf(J — K).
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Rigorous proof

Determinantal representation for P[A . < t]

Theorem (B. Rider and C. D. Sinclair, 2014)

Introduce the integral operator T with kernel

T(x,y) = = /O e (2 =+ g,

s

Let x+ be the indicator of (t,c0). Then,

P[Amax < t] = /(1 — ar)v/det(l — Txy),

where g(x) = J-e ', G(x) = [*_ g(y)dy and

= [7°G(x)(I — Txe) g (x)dx.

@ Proof: use row-column manipulations similar to Tracy-Widom.
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Rigorous proof

The probabilistic interpretation of the operator T

o T(x,y)= ff’oo e~ (x—u)e=(u=y) gy

N[

@ Let (B,,n > 0) be the discrete time random walk with
Gaussian N(0,1/2) increments.

@ Then T(x,y) is the probability density for a random walker
starting at (0, x) to finish at (2, y) without visiting R at
time n=1.
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Rigorous proof
The probabilistic reformulation of the RS theorem

@ Ty = inf,,>0{2n —1: By,_1 < t}
e 19 =infp~0{2n: By, >0}

o I, =inf{Bs:sisodd, s <t}

Pmax < 1] = v/Plre < e $E((070)(8),

where x4 := max(x,0) is the positive part of a real number.
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Rigorous proof

Constructing the probabilistic representation

o Recall that P[Amax < t] = /(1 — a¢)y/det(l — Txz)
@ a; = ft G(x)(I = Txe) tg(x)dx = > =0 Pm

o pm=E([Ig x(Bok+1 = t)x(Bak < 0)x(Bom+2 > 0))
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Rigorous proof

Constructing the probabilistic representation

Recall that P[Amax < t] = /(L — ar)\/det(] — Tx)

= [ GO = Txe) g (x)dx = 3270 o Pm

pm =E([Ig x(B2k+1 > t)x(Bak < 0)x(Bom2 > 0))

e Conclusion: py, =P (1 > 70,70 =2m+2)

Therefore, a; = P(7: > 1), 1 — ar = P(7+ < 710)

For t <0, a; ~ O(1/t) (a martingale argument)
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Rigorous proof
Computing the leading term for t — —o0

o The exponent is e(t) = —3E (I, — t), 60 (Br,))
e Fort <0, e(t) = $E(6(Br)) + R(t), R(t) ~ O(log(t))

E(6(Br)) =Y P[B1 < 0;B, <0;B,1 <0| B, =0]P[B, € d0]

n=1
0P[él<0;éz<0;énfl<0|Bn:O]:%

o P[B, € d0] = \/217”

o Therefore, E(0(B;,)) = C%)
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Conclusions

Conclusions

@ Pr[\nax < t] = exp ( (3/2 \t! + O(t0)> for t <0
@ The answer is universal within RMT (Tau-Vu, 2015)

@ It also describes the left tail of the distribution of the
rightmost particle for ABM's
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Conclusions

Discussion

@ At the macroscopic scale:
Pr[Gn has no real e. v.'s] = exp <—<(37\/2€)\/N+ o(\/N)) .
(Poplavskyi et al, 2015)

@ Moreover, consider SEP with step initial condition. Let Rs be
the position of the rightmost particle at time s. Then
(Krapivsky et al, 2015),

—MSO S
P[R, < 0] 2222 ¢~ v VEtolve),

@ Do gap statistics for the real Ginibre define a universality class
of interacting particle systems? (Compare this with TW
distribution and KPZ universality class.)
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