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Global rigidity in the GUE

Classical GUE eigenvalue locations

Let \{ < \y < ... < )y be the ordered eigenvalues of a GUE matrix of
size N x N, normalized such that the eigenvalue distribution
converges to a semi-circle law on |—1,1|. We define the classical
locations k1, ks,...,kNn € |—1,1] of the eigenvalues by
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Global rigidity in the GUE

Global rigidity

What can we say for large /N about the distribution of the
normalized maximal fluctuation of eigenvalues (cf. BOURGADE-ERDOS-

Yau)
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Global rigidity in the GUE

Upper bound for generalized Wigner matrices (ErRpos-Yau-YIN "12)

< C’exp (—c(log N)a’ log log N)
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Lower bound for GUE (GusTtavssonN '05)

N

\/log N

for ) < j < (1—-6)N, which implies (non-optimal) lower bounds for My
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Global rigidity in the GUE

Theorem (C-Fahs-Lambert-Webb '18)

For any ¢ > 0, we have

log N log N
< My < (1 = 1.
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Unitary invariant ensembles

A similar result holds for unitary invariant ensembles with

eigenvalue distribution
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for real analytic V with sufficient growth at +oc.




Global rigidity in unitary invariant ensembles

Equilibrium measure and classical locations

Semi-circle law is then replaced by the equilibrium measure uy

minimizing

/Rleog z — y| dps()dps(y) +/ V(z)du(z).

R

We assume that uy is one-cut regular, and that the support is [—1,1]
for convenience.

The classical locations ky,...,ky € [—1,1] are now defined by
S5 duv () = 5.




Global rigidity in unitary invariant ensembles

Theorem (C-Fahs-Lambert-Webb '18)

For any ¢ > 0, we have

, log N dpy logN'\
Al,grgop((l—e) — <j_r{}§§N{%(ﬁg)|Ag—ﬂg\} <(1+¢ = 1.




Global rigidity in unitary invariant ensembles

Eigenvalue counting function

We prove this result by estimating the extrema of the normalized
eigenvalue counting function

hN(CB) — 27‘(‘( Z 1)\j§m — N dﬂv), x € R.

Namely, we prove that for any ¢ > 0,

lim P [(1 —0)y/2log N < max{ £ hy(z)} < (1+ 5)ﬁlogN] = 1.

N—oo zeR

Heuristically, we expect hy (A fA duy (x) =~ CZL—wV(nJ)(nj — ), which

explains the connection between global rigidity and the maximum
of the normalized eigenvalue counting function.




Global rigidity in unitary invariant ensembles

Extreme of log-correlated fields

The problem is then to study extrema of the log-correlated field hy.
Extrema of such processes have been studied in other models:

v Riemann ( function and CUE (Fyoporov-HiaARy-
KEeaTING "12, ARGUIN-BELIUS-BOURGADE 16, CHHAIBI-
MapAuLE-NAJUNUDEL 16)

v Circular Beta Ensemble and Sine Beta process
(CHHAIBI-M ADAULE-N AUNUDEL "16, PAQUETTE-ZEITOUNI '16,
HoLcoMB-PAQUETTE '18)

v/ Characteristic polynomial in unitary invariant
ensembles (Froborov-SiMM 14, LAMBERT-PAQUETTE

18)




Global rigidity in unitary invariant ensembles

Multiplicative chaos

Powerful tools to study such extrema come from the theory of
multiplicative chaos

v General theory (KaHANE '85, RHODES-V ARGAS '14,
BERESTYCKI '15)
v Applied to Circular Unitary Ensemble (Fyoborov-

KeaTING "14, WEBB '15, BERESTYCKI-WEBB-WONG 18,
LAMBERT-OSTROVSKY-SIMM "18)




Global rigidity in unitary invariant ensembles

Upper bound estimates

The upper bound for manEI{ + hN(:c)} can be obtained using an

elementary one-moment method.

1. max{ T hN(ZE)} < max{ T hN(K,j)} + 1.

xel j:lﬁ:jEI

2. By a union bound and Markov's inequality,

P (max{hN(/ﬁ:j)} > Y) < Z I[D(h]v(lij) > Y)

k€] :
Ik € Jik; €1
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Global rigidity in unitary invariant ensembles

Upper bound estimates

3. Ee"™~(®) is a Hankel determinant with
discontinuous weight e VY g7li<a ,and large IV

asymptotics for such Hankel determinants are

known for x € (—1 4+ §,1 — J) (ITs-Krasovsky '08
for GUE, CHARLIER "18 for one-cut regular unitary

invariant ensembles).




Global rigidity in unitary invariant ensembles

Upper bound estimates

4. Choosing 7,Y conveniently and substituting the
Hankel asymptotics, we get the upper bound

lim P h < (14+0)y2logN| =1.
W e v () = (L O)v2len

5. To extend the vupper bound to max,.cr, we prove
estimates for Ee"¥(%) for z close to +1, or in
other words for Hankel determinants with a
jump discontinuity close to a soft edge,

te’th(CI}) — O ((]_ — CEZ)?ZN’YQ)

as N — 00, uniformly for |z| <1 — MN ~2/3,




Global rigidity in unitary invariant ensembles

Lower bound estimates

Optimal lower bound estimates are much harder to obtain, and
require to investigate the log-correlated structure of hy.

Log-correlated structure

It is well-known (JoHanssoN '98) that hy(x) behaves for large N like a
Gaussian process X(z) with logarithmic covariance kernel

1—zr;y—|—\/1—az2\/1—y2
r—y '

%(z,y) = log




Multiplicative chaos

Maximum of the eigenvalue counting function

For studying the maximum of Ay, we prove that the random
measure
e’th(x)

v _
dpy = o @) dzx, v eR

converges weakly in distribution to a multiplicative chaos measure
which can be formally written as (cf. KaHANE '85, RHODES-V ARGAS 10,
BeresTyckl 17, BERESTYCKI-WEBB-W ONG '17)

eV X(x)

du’(z) = o X (@) dr.




Multiplicative chaos

DUCINERZ HES

It will turn out that the extreme values of the limiting measure y7 will

lead us to estimates for extreme values of hy.

Heuristics

_ .
Heuristically, the random measure du}yv(a:) — e

@ dx is expected to

be dominated for v > 0 by z-values where hy(z) is exceptionally
large, and it is natural to expect that the multiplicative chaos
measure u” will give us information about large values of hy(x).

For |y| > v/2, u? = 0.




Multiplicative chaos

Multiplicative chaos and y-thick points

Consider the set of y-thick points

yNi7 ={x € |-1,1] : +hy(x) > +ylogN}.

This set contains points where hy(x) is of the order of its variance

rather than its standard deviation. It follows from the multiplicative

chaos convergence that for any v € (—v/2,+/2) \ {0}, in probability,
log| 7|  +?

I S
Nooo log N >




Multiplicative chaos

Freezing transition

Another consequence of the multiplicative chaos convergence is

that
1 :
i 1 lg(/ oV (@ )dx):{Vz/z 'f7§\/§,
N—oo log N _q V2y—1 ify>4/2
in probability.

In the physics literature, this is called a freezing transition of the
random energy landscape hjp (cf. Froborov-BoucHaup '08, Fyoporov-LE
DoussaL-Russo 12, Fyoporov-KEeaTING 14 for CUE).




Exponential moment estimates

Convergence to multiplicative chaos

The key technical input to prove convergence of ,u]”\, to 1 consists of
detailed asymptotic estimates as N — oo for exponential moments
of the form

F il (@)+1ehy (9)+ 30 W)

These can also be written as Hankel determinants

N—-1
Dy(z,y;71,72; W) = det (/ >\”jf(>\;w,y;71,72;W)d>\> ,
R

1,7=0

with f(X; 2, 4571, 72; W) = eV2mhiloca TV2melos T =NV,

Asymptotics are known (CHaARLIER "18) for z £ y € (—1,1) fixed and for
W independent of .




Exponential moment estimates

Two merging singularities

log Dy (21, T2;71,72;0) = log Dy (21571 + 72;0) + ﬁWVzN/ duy
— 1172 max{0,log(|z; — z2|N)} + O(1),

as N — oo, where the error term is uniform for
—14+d0<z1 <29<1—-60< 29 — 21 < fOr § sufficiently small.

Method of proof

We prove this using a similar method than the one used for Toeplitz
determinants with merging Fisher-Hartwig singularities (C-Krasovsky
"15) and Hankel determinants with merging root singularities (C-FaHns
"16), based on a Riemann-Hilbert method.




Exponential moment estimates

N-dependent W

Assume that W = Wy is a sequence of functions which are analytic

and uniformly bounded on a suvitable domain which does not shrink
too fast with V.

log Dy (21, z2;v1,72; Wn) = log Dy (21, 22571, 72;0)
1 2 2 Vi 9

as N — oo, uniformly for (x1,x2) in any fixed compact subset of
(—1,1)%, where

(5= | /§ @

s

,2y) drdy, (Uw)(z) = %P.V. /_1 ;Ugf)t \/1dt__t2




Exponential moment estimates

Finally, we need also asymptotics for Hankel determinants with one

singularity tending to the edge +1. This is needed for the upper
bound estimate for the maximum of hy.

Singularity close to the edge

T 2 3 2
— \/ﬁwny/ duy (€) + %logN + %log(l — %) + O(1),
-1

Dy (z;7;0)
Dy (z;0;0)

log

as N — oo, with the error term uniform for all |z| <1 — MN 23, with

M sufficiently large.



Overview

Summary of the method

1. Hankel determinant asymptotics
e'hy(x)

Ee'th (CI))

multiplicative chaos measure p”’

dx to a

—> Convergence of

— Estimates for y-thick points
—> Estimates for the lower bound of max hy
2. Hankel determinant asymptotics
—> Estimates for the upper bound of max hy
via one-moment method
3. Estimates for extrema of hy
—> Estimates for global rigidity of eigenvalues




Simvulations

Histogram of GUE eigenvalues for N = 300

Normalized eigenvalue counting function hy for N = 300.
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Simulations

e'YhN(m) . .
e with v = 0.5

=25

=20 — —

15— —

a0 —

ly
;\rJM.JJ'-}-.J~J*-.}f-¢¢t-1.ﬂ-$ JMN“ ll-“"'f-.lmhJNJI“LNU R qu.Luwjmn T L P T VU ”“JU JN

"N \ith = 1.0

Ee’th (m)

10

"AL-J.J\M'M‘tdl'«uJll'-f'wf\m :

=20
oo — —
=20 — —

S0 — —

2:1 S UIM\MLL Ll L ol |
"N \ith v = 1.4

Ee'ﬂﬂ\f (:IZ)

=0

of

SO

=20
oo
S0

SO

o JI Lh Ll.lL L\ i Loy L . . " M| e

=20
— = (=] =




Simvulations

Histogram of GUE eigenvalues for N = 300
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Normalized eigenvalue counting function hy for N = 300.
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Simulations
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Simvulations

Thank you for your attention!



