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e A brief introduction to ultracold trapped fermions

e An exact mapping in 1-d:
positions of free fermions in a 1-d harmonic trap (ground state)
= eigenvalues of Gaussian Unitary Ensemble (GUE)
e An exact mapping in 2-d:
positions of free fermions in a 2-d rotating harmonic trap (ground state)

= eigenvalues of Complex Ginibre Ensemble (GinUE)

e Exact results for two specific observables:
e Number variance

e Rényi entanglement entropy
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Ultracold Trapped Fermions
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Ultracold atoms

e Recent great progress in the experimental manipulation of cold atoms

= to investigate the interplay between quantum and statistical
behaviors in many-body systems over a wide range of temperatures

e atoms in a confining laser trap
e different spatial dimensions
e interactions between atoms = tunable

e temperature T and the number of atoms N = tunable

e Interesting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle = nontrivial spatial correlations
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Ultracold atoms in a confining potential

A common feature of these experiments = presence of a confining
potential that traps the particles within a limited spatial region

V(x)

confining
trap

>

confined in space
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Quantum gas microscope  Parsons et. al. PRL (2015)
(Greiner group, Harvard)

1.i atoms —» fermions
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Free fermions in a trap — edge physics

V(x)

confining
trap

edge bulk edge

e bulk: traditional many-body physics (translationally invariant system)
e edges: 7
“The uniform electron gas, the traditional starting point for density-based

many-body theories of inhomogeneous systems, is inappropriate near
electronic edges. " W. Kohn & A. E. Mattsson, PRL, 81, 3487 (1998)

Edge physics in 1-d can be fully described exploiting a connection to
random matrix theory (GUE) = universal edge properties

Grabsch, Gautie, Grela, Lacroix, Marino, Cunden, Dean, Le Doussal, O'Connell, Schehr, Texier,

Vivo,....,+S.M. (2014 - -)

Recent review: Dean, Le Doussal, S.M., Schehr, arXiv: 1810.12583
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T =0 free fermions in a 1-d harmonic trap

&
Gaussian Unitary Ensemble (GUE)
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A single Fermion in a harmonic trap

Ve A single quantum particle in a
harmonic potential

B ~ a2
Tranians b o— P 10,202
\ : / Hamiltonian: h = 7 + smw=X

Schrodinger equation:

2 2
k=0 B _2Lm dc/xwzk + %mw2X2§9k(X) = expr(x)

X —— with @x(x — £00) =0

1/
single particle eigenfunctions: ¢ (x) = [m} e=a’ X/ Hi(a x)

with energy levels: ¢, = (k+1/2)hw k=0,1,2,3...
a = y/mw/h — inverse of the width of the ground state wave packet

Hi(x) — Hermite polynomials

For example, Ho(x) = 1, Hi(x) = 2x, Ha(x) = 4x? — 2, etc.
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N spinless free fermions in a harmonic trap: T=0

Fermi level

| ~ |

\ : /k=N-1 many—body Hamiltonian
: k=3

k=2=‘ H’V_Zh _Z [Q+;mw2&i2}

k=1

+ k=0

Many-body Ground state wavefunction — Fy Wy = Ey Vg
Wo(x1, X2, ..., xy) — antisymmetric (Pauli exclusion principle)

can be expressed as a Slater determinant:

Wo(x1, X, -, xn) = i det[pi(g)]  o<i<(v—1), 1<i<N
N—1
Ground state energy: Ey = Z(k +1/2)hw =¥ hw
k=0

4 and the complex Ginibre ensemble
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Slater determinant

The Slater determinant can be explicitly evaluated

Wo(x1, X0, - - -, XN) = ﬁdet[g@,—(xj)] 0<i<(N—1), 1<j<N

[P S
= Wo({x})I” = 7€ 2 06— xe)?

j<k

= quantum prob. density

= encodes quantum fluctuations
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1-d trapped fermions at T=0 = GUE eigenvalues

e Fermions: squared many-body wave function at T =0

Wo({xi})I = Z-exp [ Za ] H x;j — xx)? where a = \/mw/h

j<k

e GUE eigenvalues {\;}: joint probability distribution

P(A\1, Ao, ..oy ) = Nexp[ Zv} TT v = Al

Jj<k

= The positions of free fermions in a harmonic trap at T = 0 behave
statistically as the eigenvalues of a GUE random matrix

‘(axl, QXgy oy XN) = ()\17)\2,...7)\,\/)‘
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Properties of / — 0 fermions using GUE

GUE eigenvalues — determinantal process

m-point correlation function:

Ron(X1, X2y« oy Xm) = ﬁ [ dxim1 - dxn [Wo(Xt, X2y« « + s Xy Xt 1y -+ + 5 X)) |2
= det[Ki(xi, )]
The Kernel:
N—1
Kn(x,x") = ok(x)pk(x")| = central object
k=0

In particular, the average density:

() = Kuxx) = 5 S [P

S.N. Majumdar Rotating trapped fermions in 2¢ and the complex Ginibre ensemble



1-d trapped fermions at T=0 = GUE eigenvalues

The equivalence

‘(OCXl, aXp, ...7O[X/\[) = (Al,A27.-.,AN)‘

has been heavily exploited in recent works to predict various properties of

1-d trapped fermions, using the knowledge of GUE

e Average density of fermions — Wigner semicircle law

e Correlation functions: bulk (Sine kernel) and edge (Airy kernel)

e The scaled distribution of the position of the rightmost trapped fermion
Xmax at T =0 — Tracy-Widom GUE

e Number variance of fermions in an interval [—/, /]

e Entanglement entropy of fermions in [—/, /] with the rest of the system

Recent review: Dean, Le Doussal, S.M., Schehr, arXiv:1810.12583
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T =0 free fermions in a 2-d trap
&

Random Matrix Ensemble ?

S.N. Majumdar Rotating trapped fermions in 2¢ and the complex Ginibre ensemble



Complex Ginibre Ensemble (GinUE)

A natural random matrix ensemble with complex eigenvalues in 2-d

= complex Ginibre ensemble
[Xij] — complex (N x N) matrix with independent A/(0,1/2) entries
All N eigenvalues {z, z, ..., zy} = complex

The joint distribution of eigenvalues:

N
Pcin(z1, 22, -, 2n) = Z%v exp l— Z |Zi|2] H |21 — z?
i—1

Jj<k

The eigenvalues {z, z, ..., zy} = determinantal process
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Complex Ginibre Eigenvalues

10

0.5

-1.0

-1.0 -0.5 0.5 1.0

0.0
Re z

Average density of eigenvalues, for large N/, converges to a uniform
distribution over a disk of radius v

pn(2) = 21, 0m

bulk: |z] ~ 0(1) << VN
edge: |z| — VN ~ O(1)
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GinUE eigenvalues

GinUE eigenvalues {z1,z5,..., 2y}

—> determinantal process

-10 -05 0.0 05 10
Re z

Both bulk and edge properties = well studied

Q: Is there a 2-d trapped Fermion system whose ground state
wave function (modulus square) would correspond to the
joint distribution of the GinUE eigenvalues?

= PGin(ZI:ZQ, . aZN)

N
- fow |- 31t | [[15 - aF
i=1

j<k
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Fermions in a 2-d harmonic trap: a natural candidate

many-body Hamiltonian

. N M p?
HN_Zh,-—Z[;’n+V(§<,-)}

where V(x,y) = 2 mw? (x> + y?)

Y let « = /mw/h

Single particle eigenfunctions:
— 22 (+y?)
Py (X, ¥) o< Hpy (0 x) Hny(ay) e 2
with associated eigenvalue:
€momp = (M +m+1)hw m=01,2,...and n, =0,1,2, ...

Many-body ground state wavefunction = Slater determinant of N lowest
energy eigenstates:

Vo({xi}) = 5 detlpi(x))]
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Free fermions in a 2-d harmonic trap

|Wo({x;})|?> = 2-d determinantal process
However, it does not correspond to GinUE
|W0({X,‘})|2 7é PGin(Zla Z2,. .. ,ZN) where z = x + i yk

This 2-d determinantal process has been studied analytically both for the
bulk and the edge properties

Dean, Le Doussal, S.M & Schehr, EPL, 112, 60001 (2015)

For example, the average density py(r) oc (r2,,. — r?) where reqge ~ N*/4
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Free fermions in a 2-d rotating trap

Vi(x,y)

N
In the rotating frame: I:IN = Z ?),-
i=1

~

L, =ih(ydx —x0,) — angular
Yy momentum

Q < w to keep the fermions confined

@x

Single particle hamiltonian can also be expressed as:
h=2LpB-mwzxi)?+w-Q)L, where 2 — unit vector along z
Two interpolating limits:
e ) =0 — 2-d harmonic trap (non-rotating)
e () = w — free fermions in a uniform perpendicular magnetic field
B = —BZ with B=2mwc/e = Landau problem

Vector potential: A = 1[By,—Bx, 0] — symmetric gauge
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Single particle spectrum: exactly solvable

In the rotating frame:

~ a2 ~
h:2"m—i—%mw2r2—QLZ

ho(x,y) = ep(x,y)

z=a(x+iy)andz=a(x—1iy)

Yy
where @ = y/mw/h

@x

Eigenfunctions and eigenvalues of h are labelled by (n1, na):
Oy (2,2) o €272 QM 9 =22
€mom = Hw+ (w—Q)nm + (w+ Q) )

with n; =0,1,2,... and n, =0,1,2,...

ny = Landau levels (1, = 0 = Lowest Landau Level (LLL))

Ho & Ciobanu, '00; Aftalion, Blanc, Dalibard, '05
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Single particle spectrum

o n,=2
|
nin, —

_ n,=0

- (LLL)

h(0w+Q) — o
0 1 2 3 4 5
n

Single particle energy levels: ¢, ,, = hlw + (w — Q) ny + (w+ Q) o]
where Q < w = needed for confinement
In the Landau limit Q = w:

LLL = infinitely degenerate (labelled by n; =0,1,2,...)
Setting Q2 < w = lifts the degeneracy of the LLL
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Ground state of the //-Fermi system

o — n,=2
| o
n;n, o
* o n,=0
PY = 2
- 3 — (LLL)
o o
o
0 1 2 3 4 5
n

Ground state — N lowest energy levels each filled with 1 Fermion
N occupied levels € LLL (ny = 0) sector if:  €p=n—1, ny—0 < €n =0, ny—1

highest occupied level in n; = 0 < lowest energy of the n, = 1 sector

2
[ 1 — 9] )
e (A/( N)< < w
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week ending
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Rapidly Rotating Bose-Einstein Condensates in and near the Lowest Landau Level

V., Schweikhard,' 1. Coddington,] P Engels,I V.P Mogendorff,2 and E. A, Cornell™*

VILA, National Institute of Standards and Technology and University of Colorado,
and Department of Physics, University of Colorado, Boulder, Colorado 80309-0440, USA
“Physics Department, Eindhoven University of Technology, PO. Box 513, 5600 MB Eindhoven, The Netherlands
(Received 22 August 2003; published 29 January 2004)
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Ground state wavefunction and GinUE

If the rotating frequency is in the range: w (1 — %) <Q<w

Ground state corresponds exactly to filling the first N levels of LLL

labelled by no =0and ny =0,1,... ,N -1

These occupied single particle levels have simple eigenfunctions:
<,9(z)o<z”16’%‘z|2 n=012...,N-1

with associated eigenvalues: €, 0 = A(w + (w — Q) ny)

The N-body ground state wavefunction = Slater determinant of these
N lowest LLL levels

\Uo(zl,zz,...,z,v):ﬁdet[pi(zj)] 0<i<N-1, 1<j<N

‘ 2

\Uo({z,-}) x e_% Sz det [2}71] - 6_% SV |z H(ZJ B zk)

1<i,j<N :
Jj<k

Consequently:  |[Wo({z})* o e =5 2" T] 1z — 2
J<k
= lDGm(Zl7 22, ... ,ZN)
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Rotating 2d harmonic trap and GinUE

The equivalence:

1 s o,p
Wo{zi}) = Pain(z1, 22, 2w) = 5" =5 0 [ 1z - 2
Jj<k

A 2-d harmonic trap rotating with a frequency w(1 — %) <Q<winits
ground state provides

= an experimental realisation of GinUE

B. Lacroix-A-Chez-Toine, S.M. & G. Schehr, arXiv: 1809.05835
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Exact results from this correspondence

GinUE eigenvalues {z, z3, ..., zy} = determinantal process with Kernel

s ZZ
Kn(z,2') = L e 2= 41z

1 .

:\

k=0

Correlation functions in the bulk and the edges are known

Forrester & Honner, '99, ...
= provide exact position correlations (bulk and edge) of the
Fermions in the ground state of the 2-d rotating trap
Exact results for two specific observables:
e Number Variance (Full Counting Statistics)

e Rényi Entanglement Entropy (not a natural observable in RMT)

B. Lacroix-A-Chez-Toine, S.M. & G. Schehr, arXiv: 1809.05835
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Number Variance
&
Rényi Entanglement Entropy
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N free fermions in a confining potential at 7 =0

V(x) N free fermions at T =0
| in a confining trap V(x) (any dim.)

ground state: |Wq) — pure state

density matrix: p = [Wo) (W]

subsystem: A — interval (domain)

A

o Number Variance: Var(Na) = (Wo| N3 |Wo) — [(\IJO|/§/A\\IJO>]2

where Ay = S dx n(x) — no. of fermions in A

e Rényi Entanglement Entropy: S, = ﬁ In Tr p%
where pa4 = Trz [p] — reduced density matrix of A
Asq—1, S;— Syy = —Tr[pa Inpa] — von Neumann entropy

Calabrese, Mintchev & Vicari '11, Eisler '13, Eisler & Peschel '14, Calabrese, le Doussal & S.M '15 .....
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Ground state for non-interacting fermions

Fermi level

v
| ™ (X) /

\ L

k=3
k=2

+ k=1

Ground state many-body wavefunction — (N x N) Slater determinant
Wo (X1, X2, ..oy X)) = ﬁ det[pi(x;)] with 1 < i, j < N

where @, (x) — single particle eigenfunction

/2 d2'
— g T 4+ V(X) i(x) = expi(x)

€x —> single particle energy eigenvalues
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Overlap matrix

\ § V) | (N x N) overlap matrix associated to an
\ T /k=N arbitrary interval A
=4 Am,n = fA Wr*n(x) Lpn(X) dx
k=3 where 1 < m, n<N
@ : k=2
k1 with N real eigenvalues 0 < a, <1
X ——

A

Number Variance :

N
Var(Na) = Tr {fl(/ - fl)} = Z an(1l—ap)
n=1
Rényi Entropy :
N
Sy = T1|n[Aq+(/— }:%Z [(20)7 + (1 — a,)7]

Peschel '99, Vidal et. al. '03, Klich '06, ...Rodriguez & Sierra '09,...
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Overlap matrix and Kernel

e Trapped non-interacting fermions — determinantal process with kernel

N
K(x, y)* “*( ) ei(y)
e Restricted kernel:  Ka(x,y) = la( (x,y) 1a(y)
1if xeA .
= projects onto A
0if x¢A

e Ka(x,y) — integral operator: [ Ka(x,y)x(y)dy = axr(x)
spectrum {a,} of Ka(x,y) <= spectrum {a;} of A

e Consequently:

Number Variance: Var(Ny) = Tr {fl(/ - ./2\)} =Tr [Ka(/ — Ka)]

Rényi Entropy :
Sq =tk T In [ A7+ (1 = 7] = o5 T In[Ke? + (1 = K]
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Number Variance and Rényi Entropy

For a translationally invariant free Fermi gas (no edge), there exists a
universal relation (irrespective of the subsystem A):

2

1
Sa=g <1 + q) Var(Na)

Klich & Levitov '09, Song et. al. '11-'12, ..., Calabrese, Le Doussal & S.M. '15

Q: What happens to this proportionality for a finite N trapped Fermi gas
(with an edge) ?

For 1-d trapped fermions (GUE), this proportionality breaks down near
the edge, although Rényi entropy is difficult to compute near the edge

Marino, S.M., Schehr, Vivo '14 Calabrese, Le Doussal & S.M. '15

For 2-d free fermions in a rotating trap (GinUE)

= number variance and Rényi entropy can be computed exactly
(bulk and edge)

B. Lacroix-A-Chez-Toine, S.M. & G. Schehr, arXiv: 1809.05835
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2-d rotating trap and GinUE

subsystem: A

— circular disk of radius r

-10 -0.5 0.5 10

0.0
Re z
Overlap matrix: A, , = Jiz1<+ d?z gt 1(2) pn-1(2)

where the eigenfunction ¢,(z) = Z—% e—l2I°/2

Circular symmetry of the subsystem A implies:

Amn=an(r)0m., with a,(r) = v(n.r%) Y(n,x) = [Fdte ¢!
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Exact Number Variance & Rényi Entropy

Overlap matrix:

Am,n — an(r) 6m.n

with eigenvalues: a,(r) = /r(’n)

Consequently :

Number Variance:

Var(N,) = V(N,r) = Tr [A(/ = A)] =" an(1 ~ an)

Rényi Entropy:

N
So(N,r) = £ TrIn {Aq + (- ft)q} = 25 In[(an)7 + (1 - a,)7]
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Large // asymptotics: Number Variance

035 analytics
numerics

030

025

>l 015
0.10
0.05 1]
0.00t—teesss
0.0 0.2 0.4 067 0.8 1.0 12
Z=rVN
V?LF(N,) ~ ICS(I’) r~ O(1) (deep bulk)
~ 1 r
=T r 0< 7z <1 (extended bulk)

~ V2N K <\/§(r - W)) VN = r| ~ O(1) (edge)

where the bulk and edge scaling functions are:

S.N. Majumdar Rotating trapped fermions in nd the complex Ginibre ensemble



asymptotics: Rényi Entropy

0.0 0.2 0.4 (=0,;;\W 0.8 1.0 12
Sq(/\/7 r) ~ Sé’(r) r~ O(1) (deep bulk)
~ % r 0< = <1 (extended bulk)
~ V2N 8¢ <\/§(r - \W)> IWN = r| ~ O(1) (edge)

where the bulk and edge scaling functions are:

= kAN (TR AN
st =S| (262) -+ ()

S5(s) = ﬁ J.2° dx In [ gerfe(x)? + Ziqerfc(—x)q} the prefactor: ag = V21 S5(—o0)

and
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Number Variance and Rényi Entropy

11 i) deepbulk (i4) extended bulk (i) edge
8 o~
1.0 <N
1 \
i \
i \
I \
~ i \
Tz 091 \
25 |/
5 [S /
wly J .
0.8 o
0.7
0.0 0.2 0.4 0.6 0.8 1.0 12
¢=rIVN

Only in the extended bulk o(1) << r << VN

Sq(N,r) =~ Z£r and Var(N,) =~ # r

= the ratio a(ri/(vlvr)) = oy is constant (ind. of r)

The proportionality breaks down in both (i) deep bulk r ~ 0(1)
(ii) at the edge |VN - r| ~ 0(1)
B. Lacroix-A-Chez-Toine, S.M. & G. Schehr, arXiv: 1809.05835
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Summary and Conclusion

e An exact mapping between the positions of free fermions in a 2-d

rotating trap (in the frequency range w (1 — %) < Q< w)inits

ground state <= eigenvalues of the Complex Ginibre Ensemble

= an experimental realisation of GinUE

e Known results from GinUE
= exact correlation functions of the Fermion positions (bulk and edge)
e Exact results for:

e Number variance

e Rényi entanglement entropy

e Proportionality between Rényi entropy and number variance holds only in
the extended bulk, but fails in (i) deep bulk and (ii) at the edge

e The higher cumulants of N, (Full counting statistics) = exact results
B. Lacroix-A-Chez-Toine, S.M. & G. Schehr, arXiv: 1809.05835

" An exactly solvable 2-d quantum system for Rényi entanglement
entropy for arbitrary N "
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