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This presentation is based on a joint work with my former PhD
student Guangqu Zheng (University of Kansas).
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1. Introduction to the problem
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A REFERENCE

» Bubeck & Ganguly, 2015 : “Entropic CLT and phase tran-
sition in high-dimensional Wishart matrices”, to appear in
International Mathematics Research Notices.

» In their section "open problems", they wrote “A natural alter-
native route to prove Theorem 1 (or possibly a variant of it with a
different metric) would be to use Stein’s method” .
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PRELIMINARY SETTING

» Let

X1 ... X
Xoa = Xijh<icn = | :

1<j<d

X1 oo X

be a rectangular random matrix n x d such that all the entries
are independent N(0, 1) random variables.

» Consider the Wishart matrix

1

X4 |

» Caution : d = sample size, n = number of features.



ASYMPTOTIC BEHAVIOR WHEN 7 IS FIXED

» Suppose n is fixed (n = number of features)

» From the law of large numbers we deduce that, as d — oo,

d

1
S X XL |

» From the multivariate CLT we deduce that, as d — oo,

d

Wn,d = \/H (1

Xy aX g — 1n>

— M, =

G

Gnl

Gln

Gnn

where the Gj;, j > i are independent, G; ~ N(0,2) and

Gi = Gii ~ N(0,1),i # .



» In this talk, we are interested in the case when BOTH n
AND 4 are large.

» What happens in such a situation ?
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MARCHENKO-PASTUR

» Let X, ; be a n X d matrix whose entries are iid random
variables that are centered with unit variance.

» Let Ay(n,d) < ... < A,(n,d) be the eigenvalues of %Xn,anT,d.

l n

> The spectral measure of 3, 4 X is | pna = =Y ). (na) |

i=1

» Theorem (Marchenko-Pastur, 1967) : If n,d — oo are such
that n/d — ¢ €]0, co|, then y,, 4 = u., where

1 11
pei= (1= 2)+do + E%\/(“+ —x)(x —a )1, (x)dx),

withay = (14 +/c)2

» It is also possible to derive results at the second order (see,
e.g., Chatterjee and references therein).

» What aboutn/d — 0? — c0?
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ANOTHER VIEWPOINT

» Let &), ; be a random matrix n X d whose entries are inde-
pendent N(0,1).

> Set| W, := ﬁ(;xn,dx,{d—zn> .

» Let M, be of size n x n and distributed according to the
GOE distribution (i.e. M, (i,j) = M, (j, i), Mu(i,i) ~ N(0,2),
M, (i,j) ~ N(0,1),i # j, and independence)

» Theorem (Bubeck-Ding-Eldan-Racz, Jiang-Li independently,
2015) :

3

0 0
It — { o } then dry (W4, My) — { 1 }




TWO OTHER REFERENCES

» Bubeck & Ganguly (2015) : extension of the previous result

to the log-concave case : X;; ~ e~ ?dx with ¢ convex. (Inde-
pendence is crucial in their approach.)

» Racz & Richey (2016) : the transition is smooth, namely :

If%3 —>Cthel’1dTV( ndrMn \ff
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2. My work with Guangqu
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OUR STUDY

» We consider a matrix &), ; of size n x d whose entries are
Gaussian N(0, 1). We suppose that the raws are independent,

but that the columns are .
X1 ... Xy

» More precisely : X,; = (Xj)i<i<n = : N
1<j<d
X oo Xpug
where (X;;);;>1 is a Gaussian family satisfying

E[X;Xiy] = 1-ins(j—j')|, withs(0) = 1.

(Note that full independence corresponds to s(k) = 1g;_.)
» The corresponding (normalized) Wishart matrix is still

1
Wn,d = \/H (an,anT,d - In) -




1 FIXED AND d — oo

Proposition : We fix n and we suppose s € ¢?(Z). Then

Wy ¥ G

asd — oo in M, (R)

where G = (G( s)

ij )1<1]<n1 with G( e G(S)

_]1’

Gy ~ N(0,2|5]%), G ~N<o,||s|\42(z)>,i<j, and

independence.

Proof. We use Nualart-Peccati and Peccati-Tudor :
1. Waa(i,j) = b(fy") and E[W,a(i,j)] = [Is]12
2. Vij: |7 @ fi?]| — 0asd — oo,
3. Cov(W,,4) — COV(G( )) by raw independence.

(1 + 1{1 ]})
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THEOREM 1

Theorem 1 (Nourdin, Zheng, 2018) : We suppose s € (*(Z).
Then there exists ¢s > 0 (explicit and only depending of s) such
that, foralln,d > 1:

) 3

Q=

3 d
dWass (Wn,d/ G1(15)> S CSJ % (Z ’S(k)|
k=1
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REMARKS

» If s € (3(Z) then one recover the quantity ”73 of Bubeck et

al :
dWass (Wn,dr G1(15)) =0 ( Y:j) .

In particular, it holds true for s(k) =1 {(k=0}/ that is, in case
of full independence.
> If

1
s(k) — §(|k+1‘ZH+ ’k_ 1’2H_2‘k|2H) ~ CSt|k|2H72

(fractional Gaussian noise), then

(& s 1/d if0<H< 3
] (Z!s(k>\3> ~cst{ (logd)?*/d ifH=3 ,
= st =6 if3<H<1
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As aresult, sinces € (2(Z)iff0 < H < 2 :
> IfO<H<§:Wn,de,(f) assoonas%3 —0;

3 3
> IfH=3: WndNGﬁls) as soon as lzg 4 50,

3
> 13 <H<3:W,,~ G assoonas i newn — 0.

What about H > ?I
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THEOREM 2

» LetH € (3,1) and let (X;);j>1 be a centered Gaussian family
such that

1/, . . ..
E[X;Xij] = iy % 5 (IJ 71— =1 —2)f _]/|2H> :
» We set
X1 ... X4
Xoa = Xijh<icn = | :

1<isn : :
X .o X

» The corresponding normalized Wishart matrix becomes

~ _ 1
Wn,d = d2 2H (an,anY:d - In) .




THEOREM 2

» Let R,(1H) be the so-called Wishart-Rosenblatt matrix of size
n x n and parameter H, defined as follows

511 (d) .. Sln(d)
Ry =L? —limg e : : ,

where

with BY,..., B" independent fractional Brownian motions of
Hurst index H.
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Theorem 2 (Nourdin, Zheng, 2018). There exists cy > 0 such
that, foralln,d > 1:

AWass (Wn,d/ R1(1H)) <cH nd% .
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SKETCH OF THE PROOF OF THEOREM 1

Sketch of the proof of Theorem 1, that gives the existence of
¢s > 0 (only depending on s) such that, foralln,d > 1:

3
3 d
AWass (Wn,d/ GS)) < Cs$ % (Z |5(k)|§> ,  where
k=1

1 .
Wn,d = \/E (an,erId — In> with Xn,d = (Xij)lgign
1<<d

for (Xjj);;j>1 a centered Gaussian family of the form

]E[Xini/j/] = 1{i:i’}s(j —j,), with S(O) = 1,

and where G,(f) (fo) )1<ij<n, With ijs) = G](iS)'

Gy ~ N(0,2l[sl|% ), G ~ N(O, [Is|% ), i < j, and

independence.
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ESQUISSE DE PREUVE DU THEOREME 1

» Let $) be a real separable Hilbert space (scalar product: (-, -),
norm: || - [|)

» Let X = {X(h) : h € $} be an isonormal Gaussian process
(ie. E[X(g)X(h)] = (8,1} V8,1 € H)

> Let {e;}j>1 C 9 be such that (ej, ey;1) = 1(i—iy s(j —J')-

» We set X;; = X(ejj)-

» We then have

1 d 2 . .
.. T Vi (X5 —1) ifi=j d
Wia(i ) = { \/1 s x].( Xy  ifi i :IZ(fi; )
Nz k=1 “ik<Njk 1 175]

where

1 d
f,;d) = m k—zl (eik & ejk + €k & ez‘k)-
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SKETCH OF THE PROOF OF THEOREM 1

1st step :

» If W is a symmetric matrix of size n, we set

n(n+1)

Whlt — (Wi, ..., Wi, Wao, oo, Wa, oo, W) T € R™2
We then have, for two symetric random matrices of size n :
dWass (X/ Y) S \6 dWass (Xhalf/ Yhalf)~

» Multivariate Malliavin-Stein (Nourdin-Peccati-Réveillac) :

ifH = (Hi,...,Hy) = (l(h), ..., (k) andif Z ~ Ny (0, %)
where X = Cov(H), then

m
AWWass (sz) < cst Z41/20p\l Z ||h1 1 h]HZ -
i=1
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2nd step :
> VA =0 ) o fd) _
{i,j} N {k 1} = fi @1fy :
> #L(Gj k1) € {1, n}: (i} N {k I} £ D) = O
» one has
(d) 2 _
Hf | (f @1 fy S, , Y @1 £
= (" e fi" 1 @ fy)
< A @ f A @S-
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SKETCH OF THE PROOF OF THEOREM 1

3rd step :

> One has, after setting s;(k) = [s(k)|1{x<ay,

d d
PREENE

IN

8 & .

7 Y s(i—j)s(—k)s(k—D)s(l — i)
ij =1

8 d—1

7 sa(i —j)sa(j — k)sa(k — 1)sa(I —1)
il=0jkeZ

8 d—1 ) 8 )

7 (sg*sq)(l—i)" < 7 (84 54) (k)
i,1=0 keZ

Hsd*sdﬂﬁz(z).

Ul
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SKETCH OF THE PROOF OF THEOREM 1

3rd step, continued :
» We recall Young’s inequality :

1 1 1
I;"‘ i 1+ 3= [u*v|lpz) < llulle@)llollncz)

» We deduce

IN

8 8
EHSd *SdHEZ(z) < EHS«:IH@M(Z)

8 (& 4 ’
= d(};]s(k)b) . O

d d
Hfzj )®1f1~§ )Hz



SKETCH OF THE PROOF OF THEOREM 2

Sketch of the proof of Theorem 2, according to which there
exists cy > 0 (only depending on H > 2) such that, for all
n,d>1:

n

AWWass (Wn,d, R;SH)) <cy A |

where

W — o (1 X, g X, I”> with X, 4 = (Xjj)1<i<n for

A =
1<j<d
(Xij)ij>1 a Gaussian centered family satisfying

BIXyXig] = Ty x 5 (li— 7+ 1P+ = — 12— 2l - /1),

and where R,SH) denotes the Rosenblatt-Wishart matrix of size n.
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ESQUISSE DE PREUVE DU THEOREME 2

Ist step :

» By selfsimilarity,
o law

Wd_Snd/

where S, 4 = (S;j)1<ij<n, for

dz;j:g< o —Bd> (de _BJ‘Z) if i #j
Sij = | 2
dZﬁ:é(( Z’”Zl_BZZ) —d2H> ifi=j

with BY,...,B" independent fractional Brownian motions of
Hurst index H.



SKETCH OF THE PROOF OF THEOREM 2

» 2nd step : By definition,

AWass (Wn,d/R;(qH)> < V2 dWass< nds (H)>

< \/z Y E[(s;— R

1<i<j<n

» 3rd step : in one of my papers published in ECP with J.C.

Breton, for completely different reasons I have shown that

E[(S;— R{")? = 0(d>#H). O
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ADVERTISEMENT ;-)

Should you want to learn more about the Malliavin-Stein
approach, I recommend you the following two references :

» I. Nourdin (2012) : Lectures on Gaussian approximations
with Malliavin calculus. Sém. Probab. XLV, pp. 3-89.

» I. Nourdin and G. Peccati (2012) : Normal Approximations
with Malliavin Calculus : from Stein’s Method to Universality.
Cambridge Tracts in Mathematics. Cambridge University
Press.

192

NORMAL
APPROXIMATIONS WITH
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