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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.5)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.5) by a mean field
functional E : P(Rd) ! (�•,+•] defined on the set of probability measures r 2
P(Rd) by

E [r] =
1
2

¨
Rd⇥Rd

F(x� y)dr(x)dr(y)+

ˆ
Rd

V (x)dr(x), (1.6)

where r(x) represents the normalised density of particles around the position x 2Rd .

[Dean & Majumdar, 2006-2008]

[Majumdar & Vergassola, 2009]

[Tracy & Widom, 1994-1996]
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Top eigenvalue of a random matrix: large deviations and third order transition

Figure 2. Sketch of the pdf of �
max

with a peak around the right edge of the
Wigner semi-circle h�

max

i =
p
2. The typical fluctuations of order O(N�2/3)

around the mean are described by the Tracy–Widom density (blue), while the
large deviations of order O(1) to the left and right of the mean h�

max

i =
p
2 are

described by the left (red) and right (green) large deviation tails.

�
+

(w) in the context of spin glass models can be found in [49]. Incidentally, the right
tail of �

max

can also be directly related to the finite N behavior of the average density of
states to the right of the Wigner sea [50]. Indeed, for � = 1, this finite N right tail of the
density was computed in [51], from which one can extract the right rate function �

+

(w).
It reads

�
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with the asymptotic behavior
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p
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p
2. (24)

More recently, the sub-leading corrections to the leading behavior have been explicitly
computed using more sophisticated methods both for the left tail [52], as well as for the
right tail [53]–[55] (see also equations (48) and (54) below). It is interesting to note that
these explicit expressions for the rate functions �±(w) (respectively in equations (21)
and (23)) have been used recently to compute exactly the complexity of a class of spin
glass models [46, 47]. Finally, we mention that a one-parameter extension of the rate
function �

+

(w) in (23) was found in [56] in the context of the statistics of the global
maximum of random quadratic forms over a sphere.

2.3. Third order phase transition and matching

The di↵erent behavior of P(�
max

= w,N) = F 0
N

(w) in (20) for w <
p
2 and w >

p
2 leads,

in the limit N ! 1, to a phase transition at the critical point w
c

=
p
2. This is exactly
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
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and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.6) by a mean field
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Top eigenvalue of a random matrix: large deviations and third order transition

Figure 4. E↵ect of the presence of a wall on the Wigner semi-circle. If w <
p
2,

the density is pushed which leads to a complete re-organization of the density
charges while if w >

p
2 a single charge is pulled, leaving the bulk of the density

unchanged.

As an aside, we note that recently the higher order corrections for the left tail were
computed in [52] using a method based on the so-called loop equations and their large N

expansion [76]. It was shown that

� ln [P(�
max

= w,N)] = N2�
+

(w) +N(� � 2) 
1

(w) + (lnN)�
�

(w)

+ 
2

(�, w) +O(1/N), (48)

where the functions  
1

,�
�

and  
2

were computed exactly. By matching the left tail with
the central part, described by the �-TW distribution (20), it is possible—as discussed
above—to deduce from (48) the higher order asymptotic expansion of F 0

�

as [52]
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which generalizes the result of [77] valid for � = 1, 2 and 4 to any real value of � > 0
(including the constant ⌧

�

which can be computed explicitly for any real value of � [52]).
Right large deviation tail (w >

p
2): the leading order large N saddle point solution in

the previous subsection yields a nontrivial left rate function ��(w) associated with F
N

(w)
(47) for w <

p
2, corresponding to the unstable phase of May’s model, but provides only

a trivial answer F
N

(w) ⇠ 1 for w >
p
2 (i.e. in the stable phase of May’s model). This

is actually very similar to the QCD model in 2-d, where it is known [57, 78] that the
saddle point solution gives nontrivial 1/N corrections to the free energy only in the strong
coupling phase (analog of the unstable phase), while it gives a trivial result in the weak
coupling phase (analog of the stable phase). The deep reason for this is that in the weak
coupling phase the corrections to the free energy are essentially non-perturbative that
cannot be captured via an 1/N expansion of the free energy [78]. In gauge theory, these
non-perturbative corrections correspond to instanton solutions [78, 79]. In the present case,
to capture the nontrivial non-perturbative corrections in the stable phase (w >

p
2) and go
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [?].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.7)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (??) by a mean field

3rd order phase transition



Ubiquity of the 3rd order “pushed-to-pulled” transition
• U(N) lattice QCD [Gross & Witten, Wadia 1980] 
• Maximum height of non-intersecting Brownian walkers [Forrester, Majumdar, 
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.8)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.7) by a mean field

“off-critical” case

3rd order 
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Expectations of conjugation invariant random variables with respect to these mea-
sures can be reduced, via the Weyl denominator formula, to an integration against the
joint density of the eigenvalues x1, . . . ,xN , which has the form

pN(x1, . . . ,xN) =
1

ZN
e�bEN(x1,...,xN)

EN(x1, . . . ,xN) = �1
2 Â

i6= j
log |xi � x j|+N Â

k
V (xk), xi 2 R.

This energy is of the form (1.7) in dimension d = 1 and with F(x) =� log |x|. Hence,
ZN =

´
R e�bEN dx1 · · ·dxN can be interpreted as the partition function of a log-gas (or

a 2d Coulomb gas) of N repelling particles on the line in a global confining potential
V . This physical interpretation also suggests that we may consider generic values
of the Dyson index b > 0 interpreted as inverse temperature. In the large-N limit
the eigenvalue empirical measure rN = 1

N Âi dxi weakly converges to a deterministic
density. This limit is the equilibrium measure (the minimiser) of the functional

E [r] = �1
2

¨
R⇥R

log |x� y|dr(x)dr(y)+

ˆ
R

V (x)dr(x). (1.23)

For concreteness, let us focus on the Gaussian Unitary Ensemble (GUE) defined
by the measure (1.21) with V (x) = x2/2 and b = 2. In this case, the equilibrium mea-
sure is supported on the symmetric interval [�R?,R?] where R? =

p
2, with density

named after Wigner

rN ! 1
p

p
2� x2 |x|R? . (1.24)

Moreover, as N ! •, the extreme statistics max |xi| converges to the edge R?, namely
Pr{max |xi|  R} converges to a step function: 0 if R < R?, and 1 if R > R?. For
large N, the fluctuations of the spectral radius max |xi| around R? at the typical scale
O(N�2/3) are described by a squared Tracy-Widom distribution. In formulae [18,24],

lim
N!•

Pr
⇢

max |xi| R? +
tp

2N2/3

�
= F 2

2 (t), (1.25)

where F
b

(t), is known as the b -Tracy-Widom distribution [46] and can be expressed
in terms of the Hasting-McLeod solution of the Painlevé II equation. The macro-
scopic (atypical) fluctuations of max |xi| are instead described by a large deviation
function. More precisely, for all b > 0 the following limit exists

lim
N!•

� 1
bN2 logPr{max |xi| R} = lim

N!•
� 1

bN2 log
ZN(R)

ZN(•)
= F(R). (1.26)

For the log-gas in d = 1, the asymptotics of the partition function

logZN(R) = �bN2E [rR]+ · · · , with E [rR] = inf
r2P(BR)

E [r]. (1.27)

has been rigorously established in several works. When BR = R, the equilibrium is
supported on the ball of finite radius R?, so that rR = rR? for all R � R? (the volume
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In this paper we derive a general explicit formula for the free energy F(R) of a
log-gas in dimension d = 1 in presence of hard walls, and we prove the universality
of the third-order phase transition for one-cut, off-critical matrix models. This proves
the prediction arising from the extreme value statistics criterion formulated in [43].

While here we examine problems with radial symmetry in both the potential and
the hard walls as they constitute a paradigmatic framework and allow for a systematic
treatment, the electrostatic interpretation we present in Section 1.4.2 below enjoys a
wider range of application. In Remark 5, indeed, we will show how the formulae
and conclusions concerning the symmetric case carry over without extra efforts to
non-symmetric potentials or random matrices with a single hard-wall as well.

The constrained minimisation problem for the log-gas in d = 1 is usually solved
by using complex-analytic methods or Tricomi’s formula, which are well-known to
those working in potential theory and random matrices. Nevertheless, we found a
particularly convenient (and perhaps not so well-known) method based on the de-
composition into Chebyshev polynomials which is well-suited to this class of prob-
lems. At the heart of the method is the following pointwise multipole expansion of
the two-dimensional Coulomb interaction (proven in Appendix B)

� log |x� y| = log2+ Â
n�1

2
n

Tn(x)Tn(y) x,y 2 [�1,1], x 6= y , (1.27)

where the Tn’s are the Chebyshev polynomials of the first kind. They are defined by
the orthogonality relation

ˆ 1

�1

Tn(x)Tm(x)p
1� x2

dx = dnmhn with hn =

(
p if n = m = 0
p/2 if n = m � 1

, (1.28)

and they form a complete basis of L2([�1,1]) (with respect to the arcsine measure).
The above identity was recently used and discussed in [28,29] (the authors refer to
some unpublished lecture notes by U. Haagerup).

We consider potentials V (x) satisfying the following assumptions.

Assumption 1 V (x) is C3(R), symmetric V (x) =V (�x), strictly convex and satisfies
liminf|x|!•

V (x)
log |x| > 1.

We remark that strictly convex V (x)’s are in the class of one-cut, off-critical poten-
tials.

We are going to present and discuss two theorems for the log-gas that will be
proven in Sec. 3.

Theorem 1 In dimension d = 1, let F(x) = � log |x|, and V (x) be a potential satis-
fying Assumption 1. Then

i) there exists a unique probability measure that is solution of the constrained min-
imisation problem (1.11) for the energy functional (1.4), and it takes the form

drR(x) =

8
>><

>>:

1
p

PR(x)p
R2 � x2 |x|<R dx if R < R? (pushed phase)

1
p

Q(x)
q

R2
? � x2 |x|R? dx if R � R? (pulled phase) ,

(1.29)

“one-cut” and “off-critical”
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FN(w) = Prob[lmax  w] (1.1)

FN(w) =
ZN(w)

ZN(w ! •)
(1.2)

ZN(w) =

ˆ w

�•
dl1 · · ·

ˆ w

�•
dlN exp

"
�b

2

 
N

N

Â
i=1

l

2
i �Â

i6= j
ln |li �l j|

!#
(1.3)

FN(w) ⇡

8
>><

>>:

exp
⇥
�bN2

F�(w)
⇤
, w <

p
2 and |w�

p
2|⇠ O(1)

F
b

⇣p
2N2/3(w�

p
2)
⌘

, |w�
p

2|⇠ O(N�2/3)

1� exp[�bNF+(w)], w >
p

2 and |w�
p

2|⇠ O(1)

(1.4)

lim
N!•

� 1
N2 lnFN(w) =

(
F�(w), w <

p
2

0 w >
p

2
(1.5)

F�(w) ⇠ 1
6
p

2
(
p

2�w)3, w !
p

2 (1.6)

r(x) ⇠
p

R? � x (1.7)

PR(x) = 1�
 R

�R

1
p

p
R2 � t2 V 0(t)

x� t
dt (1.8)

Prob(max |xi| < R) ⇡ exp
�
�bN2F(R)

�
(1.9)

F(R) =
1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.10)

V (x) ! rR(x) ! PR(x) ! F(R) (1.11)

FGbE(R) =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.12)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.13)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.14)

F(R) = E [rR]�E [rR? ] (1.15)

?
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Expectations of conjugation-invariant random variables with respect to these mea-
sures can be reduced, via the Weyl denominator formula, to an integration against the
joint density of the eigenvalues x1, . . . ,xN , which has the form

pN(x1, . . . ,xN) =
1

ZN
e�bEN(x1,...,xN)

EN(x1, . . . ,xN) = �1
2 Â

i6= j
log |xi � x j|+N Â

k
V (xk), xi 2 R .

This energy is of the form (1.1) in dimension d = 1 and with F(x) =� log |x|. Hence,
ZN =

´
R e�bEN dx1 · · ·dxN can be interpreted as the partition function of a log-gas (or

a 2d Coulomb gas) of N repelling particles on the line in a global confining potential
V . This physical interpretation also suggests that we may consider generic values of
the Dyson index b > 0, interpreted as inverse temperature.

In the large-N limit the eigenvalue empirical measure rN = 1
N Âi dxi weakly con-

verges to a deterministic density. This limit is the equilibrium measure (the min-
imiser) of the functional

E [r] = �1
2

¨
R⇥R

log |x� y|dr(x)dr(y)+

ˆ
R

V (x)dr(x) . (1.18)

For concreteness, let us focus on the Gaussian Unitary Ensemble (GUE) defined
by the measure (1.17) with V (x) = x2/2 and b = 2. In this case, the equilibrium
measure is supported on the symmetric interval [�R?,R?] where R? =

p
2, with a

density named after Wigner (semicircular law)

drN ! 1
p

p
2� x2 |x|R?dx . (1.19)

Moreover, as N ! •, the extreme statistics max |xi| converges to the edge R?, namely
Pr(max |xi| R) converges to a step function: 0 if R < R?, and 1 if R > R?. For
large N, the fluctuations of the spectral radius max |xi| around R? at the typical scale
O(N�2/3) are described by a squared Tracy-Widom distribution. In formulae [19,24],

lim
N!•

Pr
✓

max |xi| R? +
tp

2N2/3

◆
= F 2

2 (t) , (1.20)

where F
b

(t), is known as the b -Tracy-Widom distribution [52] and can be expressed
in terms of the Hastings-McLeod solution of the Painlevé II equation. The macro-
scopic (atypical) fluctuations of max |xi| are instead described by a large deviation
function. More precisely, for all b > 0 the following limit exists

� lim
N!•

1
bN2 logPr(max |xi| R) = � lim

N!•

1
bN2 log

ZN(R)

ZN(•)
= F(R) . (1.21)

For the log-gas in d = 1, the asymptotics of the partition function

logZN(R) = �bN2E [rR]+o(N2), with E [rR] = inf
r2P(BR)

E [r] , (1.22)

•  
[Dean - Le Doussal - Majumdar - Schehr 2017]

for GUE

• d-dimensional Coulomb (jellium) model
[Cunden -Facchi - Ligabo’ - PV 2017]
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
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E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.16)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.17)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.17) by a mean field
functional E : P(Rd) ! (�•,+•] defined on the set of probability measures r 2
P(Rd) by

E [r] =
1
2

¨
Rd⇥Rd

F(x� y)dr(x)dr(y)+

ˆ
Rd

V (x)dr(x), (1.18)

where r(x) represents the normalised density of particles around the position x 2Rd .
Mean field energy functionals of the form (1.18) and their minimisers have re-

ceived attention in the study of asymptotics of the partition functions of interacting
particle systems. Consider the positional partition function of a particle system de-
fined by the energy (1.18) at inverse temperature b > 0

ZN =

ˆ
e�bEN dx1 · · ·dxN . (1.19)

For several particle systems including eigenvalues of random matrices, Coulomb and
Riesz gases, the leading term in the asymptotics of the free energy is the minimum of
the mean field energy functional [6,34,44]

� 1
bN2 logZN ⇠ min

r2P(Rd)
E [r]. (1.20)

[‘continuum’ version of the ‘granular’ energy 
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i) For the log-gas F(x) = � log |x| in dimension d = 1 (eigenvalues of random ma-
trices with hard walls);

ii) For the Yukawa gas F(x) = Fd(x) with

Fd(x) =
1

a22
d
2 �1

1
G

� d
2
�
✓

m
a|x|

◆ d
2 �1

Kd
2 �1

✓
m|x|

a

◆
(1.30)

in arbitrary dimension d � 1, including its degenerations m ! 0 (Coulomb gas)
and a ! 0 (Thomas-Fermi gas).

The precise assumptions on the potential V are rather technical and we present
them in detail together with the proof of Theorem 2 and 5 below. In this introduction,
for the sake of simplicity, we formulate our results in a simpler setting which remains
rather general, and covers many applications.

Assumption 1 V (x) is C•(Rd), radially symmetric V (x) = v(|x|), increasing, and
strictly convex.

1.2 Extreme eigenvalues of random matrices and log-gases with hard walls

1.2.1 Hermitian random matrices

Many random matrix theory (RMT) phenomena have been first discovered for invari-
ant measures on the space of N ⇥N complex Hermitian matrices of the form

dP(M) =
e�bN TrV (M)dMˆ

e�bN TrV (M)dM
, (1.31)

where V is a scalar function referred to as the potential of the matrix model and b = 2.
Expectations of conjugation invariant random variables with respect to these mea-

sures can be reduced, via the Weyl denominator formula, to an integration against the
joint density of the eigenvalues x1, . . . ,xN , which has the form

pN(x1, . . . ,xN) =
1

ZN
e�bEN(x1,...,xN)

EN(x1, . . . ,xN) = �1
2 Â

i6= j
log |xi � x j|+N Â

k
V (xk), xi 2 R.

This energy is of the form (1.17) in dimension d = 1 and with F(x) = � log |x|.
Hence, ZN =

´
R e�bEN dx1 · · ·dxN can be interpreted as the partition function of a

log-gas (or a 2d Coulomb gas) of N repelling particles on the line in a global con-
fining potential V . This physical interpretation also suggests that we may consider
generic values of the Dyson index b > 0 interpreted as inverse temperature. In the
large-N limit the eigenvalue empirical measure rN = 1

N Âi dxi weakly converges to

]

Equilibrium density of the fluid 
constrained between two walls
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Fig. 1 The pulled-to-pushed transition for a log-gas in dimension d = 1 in a quadratic potential (GUE).

at the critical point R? for certain systems with pairwise repulsive interactions. Ex-
plicitly solvable models related to random matrices suggest that in the vicinity of the
critical point

F(R) ' (R? �R)3
RR? , (1.15)

implying that the transition between the pushed and pulled phases of the gas is third-
order. Here we demonstrate that (1.15) is generically true for a large class of systems
with repulsive interactions. More precisely, we prove (1.15):

i) For the log-gas F(x) = � log |x| in dimension d = 1 (eigenvalues of one-cut, off-
critical random matrices with hard walls);

ii) For the Yukawa gas F(x) = Fd(x) with

Fd(x) =
1

a22
d
2 �1

1
G

� d
2
�
✓

m
a|x|

◆ d
2 �1

Kd
2 �1

✓
m|x|

a

◆
(1.16)

in arbitrary dimension d � 1, including its degenerations m ! 0 (Coulomb gas)
and a ! 0 (Thomas-Fermi gas). In (1.16), K

n

denotes the modified Bessel func-
tion of the second kind.

The precise assumptions on the confining potential V (x) are presented together
with the statements of Theorem 2 and 5 below.

1.2 Extreme eigenvalues of random matrices and log-gases with hard walls

1.2.1 Hermitian random matrices

Many random matrix theory (RMT) phenomena have been first discovered for invari-
ant measures on the space of N ⇥N complex Hermitian matrices M of the form

dP(M) =
e�bN TrV (M)dMˆ

e�bN TrV (M)dM
, (1.17)

where V is a scalar function referred to as the potential of the matrix model and b = 2.
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In this paper we derive a general explicit formula for the free energy F(R) of a
log-gas in dimension d = 1 in presence of hard walls, and we prove the universality
of the third-order phase transition for one-cut, off-critical matrix models. This proves
the prediction arising from the extreme value statistics criterion formulated in [41].

The constrained minimisation problem for the log-gas in d = 1 is usually solved
by using complex-analytic methods or Tricomi’s formula, which are well-known to
those working in potential theory and random matrices. Nevertheless, we found a
particularly convenient (and perhaps not so well-known) method based on the de-
composition into Chebyshev polynomials which is well-suited to this class of prob-
lems. At the heart of the method is the following pointwise multipole expansion of
the two-dimensional Coulomb interaction (proven in Appendix B)

� log |x� y| = log2+ Â
n�1

2
n

Tn(x)Tn(y) x,y 2 [�1,1], x 6= y , (1.27)

where the Tn’s are the Chebyshev polynomials of the first kind. They are defined by
the orthogonality relation

ˆ 1

�1

Tn(x)Tm(x)p
1� x2

dx = dnmhn with hn =

(
p if n = m = 0
p/2 if n = m � 1

, (1.28)

and they form a complete basis of L2([�1,1]) (with respect to the arcsine measure).
The above identity was recently used and discussed in [28,29] (the authors refer to
some unpublished lecture notes by U. Haagerup).

We consider potentials V (x) satisfying the following assumptions.

Assumption 1 V (x) is C3(R), symmetric V (x) =V (�x), strictly convex and satisfies
liminf|x|!•

V (x)
log |x| > 1.

We remark that strictly convex V (x)’s are in the class of one-cut, off-critical poten-
tials.

We are going to present and discuss two theorems for the log-gas that will be
proven in Sec. 3.

Theorem 1 In dimension d = 1, let F(x) = � log |x|, and V (x) be a potential satis-
fying Assumption 1. Then

i) there exists a unique probability measure that is solution of the constrained min-
imisation problem (1.11) for the energy functional (1.4), and it takes the form

drR(x) =

8
>><

>>:

1
p

PR(x)p
R2 � x2 |x|<R dx if R < R? (pushed phase)

1
p

Q(x)
q

R2
? � x2 |x|R? dx if R � R? (pulled phase) ,

(1.29)

where PR(x) and Q(x) = limR"R? PR(x)/(R2 � x2) are nonnegative on the support
[�R,R] and [�R?,R?], respectively.
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.9)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

[Tricomi 1957]

Density of particles constrained between symmetric walls
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fact that PR?(R?) = 0, one sees that
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= 0 . (3.17)

On the other hand,

lim
R"R?
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R?
(R?)2

R?
< 0 . (3.18)

Indeed, by Assumption 2 on the potential V (x), it is easy to check that P0
R?

(R?) < 0
strictly. ut

.

4 Proof of Theorems 4 and 5

A systematic analysis of the equilibrium problem for the screened Coulomb inter-
action does not seem to have appeared in the existing literature. Here we solve the
problem (Theorem 4). In this Section we put forward a sensible ansatz for rR de-
pending on two parameters (chemical potential µ and surface charge c), that we then
prove to be the minimiser by imposing the E-L conditions that fix µ = µ(R) and
c = c(R). The only thing that needs to be checked is the positivity of the candidate
solution (Remark 5). In solving the problem, we will make the most of its spheri-
cal symmetry. A key technical ingredient in the derivation will be a shell integration
lemma (Lemma 3), the analogue of Newton’s formula for a Yukawa interaction in
generic dimension d � 1.

4.1 General form of the constrained minimisers

The usual strategy in these minimisation problems is to look for a candidate solution
of the E-L conditions (2.7). The condition E2 > 0 guarantees that the saddle-point is
the minimiser in P(BR).

In absence of volume constraints, i.e. BR =Rd , the global minimiser is supported
on a ball of radius R?. For R > R?, the density of the gas does not feel the hard walls
and rR = rR? . We anticipate here that for R < R?, supprR = BR (thus explaining the
name ’pushed phase’) so that the second E-L condition (2.7) is immaterial. A first
idea to find rR is to use the property DFd(x) = Wdd (x). Applying D to both sides of
the first E-L condition we formally get

drR(x) ?
=

1
Wd

D
�
µ(R)�V (x)

�
|x|2R^R?dx . (4.1)

but
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off-criticality

fully in line with M-S criterion!
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has been rigorously established in several works. When R � R?, the equilibrium den-
sity is supported on the ball of finite radius R?, so that rR = rR? (the volume constraint
is ineffective). Hence, the large deviation function is the excess free energy (1.14) of
the gas of eigenvalues forced to stay between two hard walls at ±R. It is clear that
F(R) = 0 for R � R? (pulled phase), while F(R)� 0 for R < R? (pushed phase) when
the log-gas gets pushed by the hard walls at ±R.

The calculation of F(R) for the GUE and its b > 0 extensions was performed in
detail by Dean and Majumdar [17,18] who found explicit expressions for the density

rR(x) =

8
>><

>>:

1
p

2+R2 �2x2

2
p

R2 � x2 |x|<R if R < R? (pushed phase)

1
p

p
2� x2 |x|R? if R � R? (pulled phase) ,

(1.23)

and for the excess free energy

FGUE(R) =

8
<

:

1
32

�
8R2 �R4 �16logR�12+8log2

�
if R < R?

0 if R � R? .
(1.24)

A closer inspection of the latter formula provides a thermodynamical characterisation
of the pulled-to-pushed transition. Indeed, we see that

FGUE(R) ⇠
p

2
3

(R? �R)3
RR? , (1.25)

as R ! R?. Therefore, the third derivative of the free energy of the log-gas at the
critical point R? =

p
2 is discontinuous.

Similar phase transitions of the pulled-to-pushed type have been observed in sev-
eral physics models related to random matrices [43,12], including large-N gauge the-
ories [33,59,52,3], longest increasing subsequences of random permutations [36],
quantum transport fluctuations in mesoscopic conductors [57,58,11,30,31], non-intersecting
Brownian motions [53,27], entanglement measures in a bipartite system [25,20,45,
26], and random tilings [9,10]. (See also the recent popular science articles [5,60].)

An explanation of the critical exponent ‘3’ has been put forward by Majumdar
and Schehr [43] (see also [2]) based on a standard extreme value statistics criterion
and a matching argument of the large deviation function behaviour in the vicinity of
the critical value R? and the left tail of the Tracy-Widom distribution [48]

F 0
b

(x) ⇡ exp
✓
� b

24
|x|3

◆
, x !�• . (1.26)

The criterion predicts that if the equilibrium density of a log-gas in the pulled phase
vanishes as rR?(x) ⇠

p
R2

? � x2 at the edges – the so-called off-critical case – then
the pulled-to-pushed phase transition is of the third order. This conjectural relation
between the particular behaviour of the gas density and the arising non-analyticities
in the free energies has been verified in several examples, even though each particular
case (i.e. each matrix ensemble defined by a potential V ) requires explicit working of
the model-dependent F(R) to compute the critical exponent.

[Dean & Majumdar, PRE 2008]
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Phase transitions – points in the parameter space which are singularities in the

free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].

Check: Gaussian ensembles
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disk

disk

�A 2h

Fig. 3 The field in the vicinity of the sphere can be computed integrating the screened Poisson equation
over a small volume enclosed by a ‘Gauss surface’. (At that scale, the sphere can be approximated by an
infinite plane.)

Therefore, we conclude that

Ehole =
1
2

c(r)
a2rd x . (1.82)

As a byproduct, we see instead that Esurface = c(r)
a2rd x; this is the familiar statement that,

at equilibrium, the electrostatic field generated by a charged conductor immediately
outside is perpendicular to its surface and proportional to the charge density.

Putting everything together, we obtain

p(r) = lim
DA!0

1
DA

✓
c(r)

DA
Wdrd�1 ⇥ 1

2
c(r)

a2rd�1

◆
=

1
2

1
Wdrd�1

c2(r)
a2rd�1 . (1.83)

Plugging (1.83) into (1.73) we get

WR?!R = Wd

ˆ R

R?

p(r)rd�1dr = �1
2

ˆ R?

R

c2(r)
a2rd�1 dr , (1.84)

which is exactly (minus) the excess free energy (1.65).

1.4.2 Electrostatic pressure: random matrices

The argument outlined above can be repeated almost verbatim for the log-gas on
the line (eigenvalues of random matrices). However there is a twist in the compu-
tation. Again, by conservation of energy, the increase in free energy must match
the work WR?!R done in a compression of the gas from the initial volume (length)
voli = vol(BR?) = 2R? to the final volume vol f = vol(BR) = 2R, with the system in
equilibrium with density rr at each intermediate stage R  r  R?. In formulae,
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p(r)dr , (1.85)

where 2p(r)dr is the elementary work done in an infinitesimal compression (the fac-
tor 2 comes from axial symmetry).

When the system is confined in a ball Br at density rr, the pressure is given by the
normal force per unit length. The force Fn(x) at point x is equal to the charge rr(x)dx
in the infinitesimal segment dx around x times the electric field. To proceed in the

Electrostatic pressure:  normal force per unit length

surface charge x electric field generated by all other charges

The increase in free energy must match the work done 
in compressing the fluid
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Not limited 
to spherical symmetry!
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[Dean & Majumdar, 2006-2008]

Example 1: largest eigenvalue of Gaussian ensembles
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.
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In this paper we derive a general explicit formula for the free energy F(R) of a
log-gas in dimension d = 1 in presence of hard walls, and we prove the universality
of the third-order phase transition for one-cut, off-critical matrix models. This proves
the prediction arising from the extreme value statistics criterion formulated in [43].

While here we examine problems with radial symmetry in both the potential and
the hard walls as they constitute a paradigmatic framework and allow for a systematic
treatment, the electrostatic interpretation we present in Section 1.4.2 below enjoys a
wider range of application. In Remark 5, indeed, we will show how the formulae
and conclusions concerning the symmetric case carry over without extra efforts to
non-symmetric potentials or random matrices with a single hard-wall as well.

The constrained minimisation problem for the log-gas in d = 1 is usually solved
by using complex-analytic methods or Tricomi’s formula, which are well-known to
those working in potential theory and random matrices. Nevertheless, we found a
particularly convenient (and perhaps not so well-known) method based on the de-
composition into Chebyshev polynomials which is well-suited to this class of prob-
lems. At the heart of the method is the following pointwise multipole expansion of
the two-dimensional Coulomb interaction (proven in Appendix B)

� log |x� y| = log2+ Â
n�1

2
n

Tn(x)Tn(y) x,y 2 [�1,1], x 6= y , (1.27)

where the Tn’s are the Chebyshev polynomials of the first kind. They are defined by
the orthogonality relation

ˆ 1

�1

Tn(x)Tm(x)p
1� x2

dx = dnmhn with hn =

(
p if n = m = 0
p/2 if n = m � 1

, (1.28)

and they form a complete basis of L2([�1,1]) (with respect to the arcsine measure).
The above identity was recently used and discussed in [28,29] (the authors refer to
some unpublished lecture notes by U. Haagerup).

We consider potentials V (x) satisfying the following assumptions.

Assumption 1 V (x) is C3(R), symmetric V (x) =V (�x), strictly convex and satisfies
liminf|x|!•

V (x)
log |x| > 1.

We remark that strictly convex V (x)’s are in the class of one-cut, off-critical poten-
tials.

We are going to present and discuss two theorems for the log-gas that will be
proven in Sec. 3.

Theorem 1 In dimension d = 1, let F(x) = � log |x|, and V (x) be a potential satis-
fying Assumption 1. Then

i) there exists a unique probability measure that is solution of the constrained min-
imisation problem (1.11) for the energy functional (1.4), and it takes the form
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(1.29)
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the two-dimensional Coulomb interaction (proven in Appendix B)

� log |x� y| = log2+ Â
n�1

2
n

Tn(x)Tn(y) x,y 2 [�1,1], x 6= y , (1.27)

where the Tn’s are the Chebyshev polynomials of the first kind. They are defined by
the orthogonality relation

ˆ 1

�1

Tn(x)Tm(x)p
1� x2

dx = dnmhn with hn =

(
p if n = m = 0
p/2 if n = m � 1

, (1.28)

and they form a complete basis of L2([�1,1]) (with respect to the arcsine measure).
The above identity was recently used and discussed in [28,29] (the authors refer to
some unpublished lecture notes by U. Haagerup).

We consider potentials V (x) satisfying the following assumptions.

Assumption 1 V (x) is C3(R), symmetric V (x) =V (�x), strictly convex and satisfies
liminf|x|!•

V (x)
log |x| > 1.

We remark that strictly convex V (x)’s are in the class of one-cut, off-critical poten-
tials.

We are going to present and discuss two theorems for the log-gas that will be
proven in Sec. 3.

Theorem 1 In dimension d = 1, let F(x) = � log |x|, and V (x) be a potential satis-
fying Assumption 1. Then

i) there exists a unique probability measure that is solution of the constrained min-
imisation problem (1.11) for the energy functional (1.4), and it takes the form

drR(x) =

8
>><

>>:

1
p

PR(x)p
R2 � x2 |x|<R dx if R < R? (pushed phase)

1
p

Q(x)
q

R2
? � x2 |x|R? dx if R � R? (pulled phase) ,

(1.29)

Chebyshev Polynomials

used already by Fyodorov, Khoruzhenko, Simm [Ann Prob 2016] 
and Garoufalidis and Popescu [Ann Henri Poincare’ 2013] - 

unpublished notes by Uffe Haagerup
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3 Proof of Theorems 1 and 2

Part i) of Theorem 1 is a classical result in potential theory, see [16]. There are two
cases:

- if the walls are not active (pulled phase) the density is supported in supprR? =
[�R?,R?] with R? solution of

1
p

ˆ +R?

�R?

V 0(x)p
R2

? � x2
dx = 1 , (3.1)

and the density is given by Tricomi’s formula [53]

rR?(x) =
1

p

p
R2

? � x2

 
1�

 +R?

�R?

1
p

p
R2

? � t2V 0(t)
x� t

dt

!
, (3.2)

where
�

denotes Cauchy’s principal value.
- if the walls are active (pushed phase) the density is supported in supprR = [�R,R]

and is given by (3.2) with the replacement R? 7! R.
The new content of the theorem is part ii). To prove it, we expand the potential V and
the regular part of the density into Chebyschev polynomials

V (Ru) = Â
n�0

cn(R)Tn(u) , PR(Ru) = Â
n�0

an(R)Tn(u) , (3.3)

where

an(R) =
1
hn

ˆ 1

�1

PR(Ru)Tn(u)p
1�u2

du , cn(R) =
1
hn

ˆ 1

�1

V (Ru)Tn(u)p
1�u2

du . (3.4)

A priori, the above expansions are in L2([�1,1]). In fact, V 2C3 implies that cn(R) =
O(n�3) so that the series Ân�0 cn(R)Tn(u) and its derivative are pointwise conver-
gent almost everywhere to V and V 0, respectively. We will see in the course of the
proof that the absolute convergence of Ân ncn(R) implies the pointwise convergence
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ric by assumptions). To proceed we use the following identity.

Lemma 1 Let n � 0 be an even integer. Then,

uT 0
n(u) = nT0(u)+nTn(u)+2n(T2(u)+T4(u)+ · · ·+Tn�2(u)) . (3.5)

We first express the equation (3.1) for the critical radius R? in terms of the cn’s. After
the change of variable x = R?u, (3.1) becomes

1 =
R?

p

ˆ 1

�1
uV 0(R?u)

dup
1�u2

=
1
p

ˆ 1

�1
Â
n�0

cn(R?)uT 0
n(u)

dup
1�u2

= Â
n�0

ncn(R?) ,

where we used Lemma 1 and the orthogonality relation (1.28). Note that ncn(R?) =
O(n�2) and hence the series is absolutely convergent. This proves that R? is the solu-
tion of (1.32).

The Chebyshev polynomials satisfy the following electrostatic formula (for a
proof see Appendix B).

At electrostatic equilibrium (pushed phase)
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FN(w) = Prob[lmax  w] (1.1)

FN(w) =
ZN(w)
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ln |li �l j|

!#
(1.3)
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F
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p
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(1.4)
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p
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0 w >
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(1.5)
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6
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2
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p

2�w)3, w !
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2 (1.6)
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p
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�
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1
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dr
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r
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V (x) ! rR(x) ! PR(x) ! F(R) (1.11)

FGbE =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.12)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.13)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.14)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
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In this paper we derive a general explicit formula for the free energy F(R) of a
log-gas in dimension d = 1 in presence of hard walls, and we prove the universality
of the third-order phase transition for one-cut, off-critical matrix models. This proves
the prediction arising from the extreme value statistics criterion formulated in [41].

The constrained minimisation problem for the log-gas in d = 1 is usually solved
by using complex-analytic methods or Tricomi’s formula, which are well-known to
those working in potential theory and random matrices. Nevertheless, we found a
particularly convenient (and perhaps not so well-known) method based on the de-
composition into Chebyshev polynomials which is well-suited to this class of prob-
lems. At the heart of the method is the following pointwise multipole expansion of
the two-dimensional Coulomb interaction (proven in Appendix B)

� log |x� y| = log2+ Â
n�1

2
n

Tn(x)Tn(y) x,y 2 [�1,1], x 6= y , (1.27)

where the Tn’s are the Chebyshev polynomials of the first kind. They are defined by
the orthogonality relation

ˆ 1

�1

Tn(x)Tm(x)p
1� x2

dx = dnmhn with hn =

(
p if n = m = 0
p/2 if n = m � 1

, (1.28)

and they form a complete basis of L2([�1,1]) (with respect to the arcsine measure).
The above identity was recently used and discussed in [28,29] (the authors refer to
some unpublished lecture notes by U. Haagerup).

We consider potentials V (x) satisfying the following assumptions.

Assumption 1 V (x) is C3(R), symmetric V (x) =V (�x), strictly convex and satisfies
liminf|x|!•

V (x)
log |x| > 1.

We remark that strictly convex V (x)’s are in the class of one-cut, off-critical poten-
tials.

We are going to present and discuss two theorems for the log-gas that will be
proven in Sec. 3.

Theorem 1 In dimension d = 1, let F(x) = � log |x|, and V (x) be a potential satis-
fying Assumption 1. Then

i) there exists a unique probability measure that is solution of the constrained min-
imisation problem (1.11) for the energy functional (1.4), and it takes the form

drR(x) =

8
>><

>>:

1
p

PR(x)p
R2 � x2 |x|<R dx if R < R? (pushed phase)

1
p

Q(x)
q

R2
? � x2 |x|R? dx if R � R? (pulled phase) ,

(1.29)

where PR(x) and Q(x) = limR"R? PR(x)/(R2 � x2) are nonnegative on the support
[�R,R] and [�R?,R?], respectively.
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
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Lemma 2 (Chebyshev electrostatic formula) Let x 2 R. Then

�
ˆ 1

�1
log |x� y| Tn(y)

p

p
1� y2

dy =

8
>>><

>>>:

dn,0 log2+(1�dn,0)
1
n

Tn(x) |x| 1

1
n

e�nz (with x = coshz) |x|� 1 .

(3.6)

From the E-L equation, an application of the Chebyshev electrostatic formula (3.6)
gives

�
ˆ R

�R
log |x� y|rR(y)dy+V (x)

= � log
R
2

+a0(R)c0(R)+ Â
n�1

✓
1
n

an(R)+ cn(R)

◆
Tn

⇣ x
R

⌘
= µ(R) if |x| R .

This equation and the normalisation of rR(x) imply that

a0(R) = 1,
1
n

an(R)+ cn(R) = 0 8n � 1 . (3.7)

In particular, we have an explicit formula for the chemical potential

µ(R) = � log
R
2

+ c0(R) = � log
R
2

+

ˆ R

�R

V (x)
p

p
R2 � x2

dx . (3.8)

Equation (3.7) shows that

PR(Ru) = 1� Â
n�1

ncn(R)Tn(u) . (3.9)

The sequence ncn(R) is O(n�2) and hence the series is pointwise convergent almost
everywhere. This concludes the proof of Theorem 1.

To prove Theorem 2 we begin by computing F(R):

F(R) =
1
2

✓
µ(R)+

ˆ R

�R
V (x)rR(x)dx

◆

=
1
2

✓
µ(R)+

ˆ 1

�1
V (Ru)

PR(Ru)

p

p
1�u2

du
◆

=
1
2

 
µ(R)+ Â

n,m�0

ˆ 1

�1
cn(R)am(R)

Tn(u)Tm(u)

p

p
1�u2

du

!

=
1
2

 
µ(R)+ c0(R)a0(R)+

1
2 Â

n�1
cn(R)an(R)

!

=
1
2

 
� log

R
2

+2c0(R)� Â
n�1

nc2
n(R)

2

!
. (3.10)

=0
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F(R) = E [rR]�E [rR? ] (1.15)
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E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.16)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.17)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.17) by a mean field
functional E : P(Rd) ! (�•,+•] defined on the set of probability measures r 2
P(Rd) by

E [r] =
1
2

¨
Rd⇥Rd

F(x� y)dr(x)dr(y)+

ˆ
Rd

V (x)dr(x), (1.18)

where r(x) represents the normalised density of particles around the position x 2Rd .
Mean field energy functionals of the form (1.18) and their minimisers have re-

ceived attention in the study of asymptotics of the partition functions of interacting
particle systems. Consider the positional partition function of a particle system de-
fined by the energy (1.18) at inverse temperature b > 0

ZN =

ˆ
e�bEN dx1 · · ·dxN . (1.19)

For several particle systems including eigenvalues of random matrices, Coulomb and
Riesz gases, the leading term in the asymptotics of the free energy is the minimum of
the mean field energy functional [6,34,44]

� 1
bN2 logZN ⇠ min

r2P(Rd)
E [r]. (1.20)
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FN(w) = Prob[lmax  w] (1.1)

FN(w) =
ZN(w)

ZN(w ! •)
(1.2)

ZN(w) =

ˆ w

�•
dl1 · · ·

ˆ w

�•
dlN exp

"
�b

2

 
N

N

Â
i=1

l

2
i �Â

i6= j
ln |li �l j|

!#
(1.3)

FN(w) ⇡

8
>><

>>:

exp
⇥
�bN2

F�(w)
⇤
, w <

p
2 and |w�

p
2|⇠ O(1)

F
b

⇣p
2N2/3(w�

p
2)
⌘

, |w�
p

2|⇠ O(N�2/3)

1� exp[�bNF+(w)], w >
p

2 and |w�
p

2|⇠ O(1)

(1.4)

lim
N!•

� 1
N2 lnFN(w) =

(
F�(w), w <

p
2

0 w >
p

2
(1.5)

F�(w) ⇠ 1
6
p

2
(
p

2�w)3, w !
p

2 (1.6)

r(x) ⇠
p

R? � x (1.7)

PR(x) = 1�
 R

�R

1
p

p
R2 � t2 V 0(t)

x� t
dt (1.8)

Prob(max |xi| < R) ⇡ exp
�
�bN2F(R)

�
(1.9)

F(R) =
1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.10)

V (x) ! rR(x) ! PR(x) ! F(R) (1.11)

FGbE =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.12)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.13)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.14)

F(R) = E [rR]�E [rR? ] (1.15)
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E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.16)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.17)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers converges
toward some non-discrete measure when N ! •. It is therefore convenient to relax
the optimisation problem by replacing the ‘granular’ energy (1.17) by a mean field
functional E : P(Rd) ! (�•,+•] defined on the set of probability measures r 2
P(Rd) by

E [r] =
1
2

¨
Rd⇥Rd

F(x� y)dr(x)dr(y)+

ˆ
Rd

V (x)dr(x), (1.18)

where r(x) represents the normalised density of particles around the position x 2Rd .
Mean field energy functionals of the form (1.18) and their minimisers have re-

ceived attention in the study of asymptotics of the partition functions of interacting
particle systems. Consider the positional partition function of a particle system de-
fined by the energy (1.18) at inverse temperature b > 0

ZN =

ˆ
e�bEN dx1 · · ·dxN . (1.19)

For several particle systems including eigenvalues of random matrices, Coulomb and
Riesz gases, the leading term in the asymptotics of the free energy is the minimum of
the mean field energy functional [6,34,44]

� 1
bN2 logZN ⇠ min

r2P(Rd)
E [r]. (1.20)
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FGbE(R) =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.16)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.17)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.18)

F(R) = E [rR]�E [rR? ] (1.19)

E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.20)

Prob[xmax < R] ⇡ e�bN2F(R) F(R) = �
ˆ R

R?=
p

2
p(r)dr (1.21)

F 0(R) = � 1
2R

 
1�2Rc00(R)+R Â

n�1
ncn(R)c0n(R)

!
?
= �PR(R)2

2R
(1.22)

F(R) =
1
2

 
� log

R
2

+2c0(R)� Â
n�1

nc2
n(R)

2

!
?
=

1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.23)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.24)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
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F(R) =
1
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� log
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=
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.24)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the

How to prove this?
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Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.23)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are
repulsive at all distances, i.e. �—F(x) ·x� 0. It is natural to assume that the repulsion
is isotropic F(x) = j(|x|) and that the potential is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N. The
minimisers of the discrete energy should achieve the most stable balance between the
repulsive effect of the interaction term and the global confinement. Finding global
and constrained minimisers of the discrete energy EN is a question of major interest
in the theory of optimal point configurations.
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- if the walls are active (pushed phase) the density is supported on supprR =
[�R,R] and is given by (3.2) with the replacement R? 7! R.

The new content of the theorem is part ii). To prove it, we expand the potential V and
the regular part of the density into Chebyschev polynomials

V (Ru) = Â
n�0

cn(R)Tn(u) , PR(Ru) = Â
n�0

an(R)Tn(u) , (3.3)

where

an(R) =
1
hn

ˆ 1

�1

PR(Ru)Tn(u)p
1�u2

du , cn(R) =
1
hn

ˆ 1

�1

V (Ru)Tn(u)p
1�u2

du . (3.4)

A priori, the above expansions are in L2([�1,1]). In fact, V 2C3 implies that cn(R) =
O(n�3) so that the series Ân�0 cn(R)Tn(u) and its derivative are pointwise conver-
gent almost everywhere to V and V 0, respectively. We will see in the course of the
proof that the absolute convergence of Ân ncn(R) implies the pointwise convergence
of Ân an(R)Tn(u), too. Note also that cn = 0 if n is odd (the potential V (x) is symmet-
ric by assumptions). To proceed we use the following identity.

Lemma 1 Let n � 0 be an even integer. Then,

uT 0
n(u) = nT0(u)+nTn(u)+2n(T2(u)+T4(u)+ · · ·+Tn�2(u)) . (3.5)

We first express the equation (3.1) for the critical radius R? in terms of the cn’s. After
the change of variable x = R?u, (3.1) becomes

1 =
R?

p

ˆ 1

�1
uV 0(R?u)

dup
1�u2

=
1
p

ˆ 1

�1
Â
n�0

cn(R?)uT 0
n(u)

dup
1�u2

= Â
n�0

ncn(R?) ,

where we used Lemma 1 and the orthogonality relation (1.28). Note that ncn(R?) =
O(n�2) and hence the series is absolutely convergent. This proves that R? is the solu-
tion of (1.32).

The Chebyshev polynomials satisfy the following electrostatic formula (for a
proof see Appendix B).

Lemma 2 (Chebyshev electrostatic formula) Let x 2 R. Then

�
ˆ 1

�1
log |x� y| Tn(y)

p

p
1� y2

dy =

8
>>><

>>>:

dn,0 log2+(1�dn,0)
1
n

Tn(x) |x| 1

1
n

e�nz (with x = coshz) |x|� 1 .

(3.6)

From the E-L equation, an application of the Chebyshev electrostatic formula (3.6)
gives

�
ˆ R

�R
log |x� y|rR(y)dy+V (x)

= � log
R
2

+a0(R)c0(R)+ Â
n�1

✓
1
n

an(R)+ cn(R)

◆
Tn

⇣ x
R

⌘
= µ(R) if |x| R .
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This equation and the normalisation of rR(x) imply that

a0(R) = 1,
1
n

an(R)+ cn(R) = 0 8n � 1 . (3.7)

In particular, we have an explicit formula for the chemical potential

µ(R) = � log
R
2

+ c0(R) = � log
R
2

+

ˆ R

�R

V (x)
p

p
R2 � x2

dx . (3.8)

Equation (3.7) shows that

PR(Ru) = 1� Â
n�1

ncn(R)Tn(u) . (3.9)

The sequence ncn(R) is O(n�2) and hence the series is pointwise convergent almost
everywhere. This concludes the proof of Theorem 1.

To prove Theorem 2 we begin by computing F(R):

F(R) =
1
2

✓
µ(R)+

ˆ R

�R
V (x)rR(x)dx

◆

=
1
2

✓
µ(R)+

ˆ 1

�1
V (Ru)

PR(Ru)

p

p
1�u2

du
◆

=
1
2

 
µ(R)+ Â

n,m�0

ˆ 1

�1
cn(R)am(R)

Tn(u)Tm(u)

p

p
1�u2

du

!

=
1
2

 
µ(R)+ c0(R)a0(R)+

1
2 Â

n�1
cn(R)an(R)

!

=
1
2

 
� log

R
2

+2c0(R)� Â
n�1

nc2
n(R)

2

!
. (3.10)

(The first identity follows from the definition of F(R) and the E-L condition; then we
expanded in Chebyshev polynomials and used their orthogonality relation; the last
equality follows from (3.8) and (3.7).) Therefore

F 0(R) = � 1
2R

 
1�2Rc00(R)+R Â

n�1
ncn(R)c0n(R)

!
. (3.11)

We want to prove that the above expression is equal to �PR(R)2/(2R). First, notice
that PR(R) is

PR(R) = Â
n�0

an(R)Tn(1) = Â
n�0

an(R) = 1� Â
n�1

ncn(R) ,

so that

�PR(R)2

2R
= � 1

2R

 
1� Â

n�1
ncn(R)

!2

. (3.12)so the identity to prove is
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�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.18)

F(R) = E [rR]�E [rR? ] (1.19)

E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.20)

Prob[xmax < R] ⇡ e�bN2F(R) F(R) = �
ˆ R

R?=
p

2
p(r)dr (1.21)
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1�2Rc00(R)+R Â
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ncn(R)c0n(R)

!
?
= �PR(R)2

2R
(1.22)

F(R) =
1
2

 
� log

R
2

+2c0(R)� Â
n�1

nc2
n(R)

2

!
?
=

1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.23)

1�2Rc00(R)+R Â
n�1

ncn(R)c0n(R)
?
=

 
1� Â

n�1
ncn(R)

!2

(1.24)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.25)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global potential energy. The typical interactions we have in mind are

which can be established using
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1
u

∂

∂R
V (Ru) =

1
R

∂

∂u
V (Ru) (1.25)

Phase transitions – points in the parameter space which are singularities in the
free energy – generically occur in the study of ensembles of random matrices, as
the parameters in the joint probability distribution of the eigenvalues are varied [8].
The aim of this paper is to characterise the pulled-to-pushed phase transition (de-
fined later) in random matrices with hard walls and, more generally, in systems with
repulsive interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.26)



Interesting questions

1. Is Tracy-Widom necessary to  
induce a 3rd order PtP phase transition? 

2. Is long-range nature of Coulomb interaction 
necessary to induce a 3rd order PtP phase transition?



1. Is Tracy-Widom necessary to  
induce a 3rd order PtP phase transition? No!
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non-Hermitian relative of the GUE. The equilibrium measure in this case is uniform
in the unit disk (circular law)

drN ! 1
p

|x|R?dx , (1.41)

with R? = 1, but the typical fluctuations of the extreme statistics max |xi| are not in
the Tracy-Widom universality class. More precisely, setting gN = logN�2loglogN�
log2p , Rider [50] proved that

lim
N!•

Pr
✓

max |xi| R? +
gN + tp
4NgN

◆
= G(t) , (1.42)

where the limit is the Gumbel distribution G(t) = exp(�exp(�t)). This result is uni-
versal [7] for the log-gas in the plane at inverse temperature b = 2. The atypical
fluctuations are described by a large deviation function FGinUE(R) which can be com-
puted by solving the constrained variational problem of a log-gas in the plane. For
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found1

drR(x) =

8
><

>:

1
p

|x|Rdx+(1�R2)
d (|x|�R)

2pR
if R < R? (pushed phase)

1
p

|x|R?dx if R � R? (pulled phase) ,
(1.43)

FGinUE(R) =

8
<

:

1
8
(4R2 �R4 �4logR�3) if R < R?

0 if R � R? .
(1.44)

Of course, the explicit form of the large deviation function is specific to the model
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3
(R? �R)3

RR? , as R ! R? . (1.45)

We remark that, in this case, the order of the phase transition was not predicted us-
ing a ‘matching argument’. In fact, for the log-gas in d = 2, the matching between
the typical fluctuations (Gumbel) and the large deviations is more subtle due to the
presence of an intermediate regime, as found recently in [38,39]. This suggests that
the critical exponent ‘3’ is shared by systems with repulsive interaction whose micro-
scopic statistics belongs to different universality classes2. For which interactions can
Theorem 2 be extended?

1 This formula is also implicit in the work of Allez, Touboul and Wainrib [1].
2 For the 1d Coulomb gas on the line, the pulled-to-pushed transition is of the third-order, despite the

fact that the typical fluctuations of extreme particles are neither Tracy-Widom nor Gumbel. See [21,22].

[Rider 2003; Chafai and Peche’ 2014]
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Pr
✓
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◆
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[Cunden, Mezzadri & PV 2016; Allez, Touboul & Wainrib 2014]

Matching between Gumbel and large deviation function: novel intermediate regime
[Lacroix-A-Chez-Toine, Grabsch, Majumdar, Schehr 2017]
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The Tracy-Widom (TW) distribution has emerged
ubiquitously in diverse systems in the recent past [1,2].
It was originally discovered as the limiting distribution of
the top eigenvalue xmax of an N × N Gaussian random
matrix [3]. Since then, it has appeared in various areas of
physics [4,5], mathematics [6,7], and information theory
[8]. For example, in physics it has appeared in stochastic
growth models and related directed polymer in 1þ 1
dimensional random media belonging to the Kardar-
Parisi-Zhang (KPZ) universality class [9–15], nonintersect-
ing Brownian motions [16], noninteracting fermions in a
one-dimensional trapping potential [17–19], disordered
mesoscopic systems [20] and even in the Yang-Mills gauge
theory in two dimensions [16]. It has also been measured
experimentally in several systems including liquid crystals
[21], coupled fiber lasers [22], or disordered superconduc-
tors [23]. The TW distribution describes the probability of
typical fluctuations of xmax around its mean. In contrast, the
atypical fluctuations of xmax to the left and right, far from its
mean, are described, respectively, by the left and right large
deviation tails. These tails have been computed explicitly
[24–28] and are shown to correspond to two different
thermodynamic phases separated by a third-order phase
transition [29,30]. Similar third-order phase transitions
have also been found in a variety of other systems [30–36].
For Gaussian ensembles in random matrix theory

(RMT), the joint probability distribution function (PDF)
of the N real eigenvalues fx1;…; xNg is known explicitly
[37,38]
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x2i−
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i≠j logðjxi−xjjÞÞ; ð1Þ

where BN is a normalization constant and β ¼ 1, 2, and 4
depending on the symmetries of the matrices [37,38]. This
joint PDF can be interpreted as the equilibrium Gibbs
distribution of a gas ofN charges with positions xi’s that are

confined on a line in the presence of an external harmonic
potential and repelling each other via two-dimensional
logarithmic Coulomb interactions. This system is known as
Dyson’s log gas [39]. In this picture the largest eigenvalue
xmax ¼ maxfx1;…; xNg corresponds to the position of the
rightmost particle. The average density of eigenvalues
ρNðxÞ converges for large N to the Wigner semicircular
law, ρ∞ðxÞ ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − x2

p
=π which has a finite support

½−
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p
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&. Hence, the average hxmaxi ∼
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for large

N. The typical fluctuations of xmax around its mean
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p
are

of OðN−2=3Þ. On this scale the cumulative distribution
Qðw;NÞ ¼ Probðxmax ≤ w;NÞ, takes the scaling form

Qðw;NÞ ≈ F β(
ffiffiffi
2

p
N2=3ðw −

ffiffiffi
2

p
Þ); ð2Þ

where F βðxÞ is the Tracy-Widom distribution. This scaling
function can be written in terms of the solution of a
Painlevé II equation [3] and has non-Gaussian tails.
Interestingly, even though the TW distribution was derived

FIG. 1. Schematic plot of the PDF of xmax with a peak around
the right edge 2α of the average density profile. The typical
fluctuations (black) of Oð1=NÞ are described by F0

αðxÞ [see
Eq. (7)], while the large deviations of Oð1Þ to the left and right of
the mean are described by the left (red) and right (blue) large
deviation tails.
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of this paper is to characterise the pulled-to-pushed phase transition (defined later)
in random matrices with hard walls and, more generally, in systems with repulsive
interaction in arbitrary dimensions.

Given an interaction kernel F : Rd ! (�•,+•] and a potential V : Rd ! R, we
define the energy associated to a gas of N particles at position xi 2 Rd (i = 1, . . . ,N)
as

EN(x1, . . . ,xN) =
1
2 Â

i6= j
F(xi � x j)+N Â

k
V (xk), xi 2 Rd . (1.1)

We regard �—F(x � y) as the force that a particle at x exerts on a particle at y,
and V (x) as a global coercive potential energy, V (x) ! +• as |x|! •. The typical
interactions we have in mind are repulsive at all distances, i.e. �—F(x) · x � 0. It is
natural to assume that the repulsion is isotropic F(x) = j(|x|) and that the potential
is radial V (x) = v(|x|).

The normalisation of the energy is done in such a way that both terms (the sum
over pairs and the sum of one-body terms) are of same order O(N2) for large N.
Indeed, in terms of the ‘granular’ normalised particle density,

rN =
1
N Â

i
dxi , (1.2)

the energy (1.1) reads

EN(x1, . . . ,xN) = N2


1
2

¨
x 6=y

F(x� y)drN(x)drN(y)+

ˆ
V (x)drN(x)

�
. (1.3)

The minimisers rN of the discrete energy should achieve the most stable balance
between the repulsive effect of the interaction term and the global confinement. Find-
ing global and constrained minimisers of the discrete energy EN is a question of major
interest in the theory of optimal point configurations.

For a large class of interaction kernels, the sequence of minimisers rN converges
toward some non-discrete measure r when N ! •. It is therefore convenient to re-
frame the optimisation problem in terms of a field functional E : P(Rd)! (�•,+•]
defined on the set of probability measures r 2 P(Rd) by

E [r] =
1
2

¨
Rd⇥Rd

F(x� y)dr(x)dr(y)+

ˆ
Rd

V (x)dr(x) , (1.4)

where r(x) represents the normalised density of particles around the position x 2Rd .
Mean field energy functionals of the form (1.4) and their minimisers have re-

ceived attention in the study of asymptotics of the partition functions of interacting
particle systems. Consider the positional partition function of a particle system de-
fined by the energy (1.1) at inverse temperature b > 0

ZN =

ˆ
e�bEN dx1 · · ·dxN . (1.5)
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The critical radius R? is the unique positive solution of the equation
8
>>><

>>>:

Rd�1
? v0(R?) = 1 (Coulomb)

v(R?)
Rd

?

d
�
ˆ R?

0
v(r)rd�1dr = 1 (Thomas-Fermi) ,

(1.52)

while c(R) and µ(R) are given by
8
>>><

>>>:

c(R) = max{0,1�Rd�1v0(R)} (Coulomb)

µ(R) = max
⇢

v(R?),
d

Rd

✓
1+

ˆ R

0
v(r)rd�1dr

◆�
(Thomas-Fermi) .

(1.53)

In the pulled phase, the equilibrium density of the Coulomb gas is supported on
the ball of radius R? and there is no accumulation of charge on the surface (c(R) = 0
for R � R?). In the pushed phase, the equilibrium density in the bulk does not change,
while an excess charge (c(R) > 0 for R < R?) accumulates on the surface.

For the Thomas-Fermi gas, R? – the edge in the pulled phase – is determined
by the condition that the gas density vanishes on the surface, i.e. µ(R?) = v(R?) for
R � R?. In the pushed phase R < R?, the chemical potential increases to keep the nor-
malisation of rR, but there is no accumulation of charge on the surface, i.e. singular
components in the equilibrium measure (otherwise the energy would diverge).

A direct calculation yields the free energy [14,15]

F(R) =

8
>>>>><

>>>>>:

1
2

ˆ R?

R^R?

c(r)2

rd�1 dr (Coulomb)

1
2

ˆ R?

R^R?

�
µ(r)� v(r)

�2rd�1dr (Thomas-Fermi) .

(1.54)

From the exact formulae above, one can check that F(R) has a jump in the third-
derivative at R = R?. Therefore, the critical exponent ‘3’ is shared by systems with
long-range (Coulomb) and zero-range (delta) interaction. This suggests that the third-
order phase transition is even more universal than originally expected.

1.3.2 Yukawa gas in generic dimension

The ubiquity of this transition calls for a comprehensive theoretical framework, which
should be valid irrespective of spatial dimension d and the details of the confining
potential V , and for the widest class of repulsive interactions F .

Fix two positive numbers a,m > 0, and define F = Fd as the solution of

DFd(x) = Wdd (x), x 2 Rd , where D = �a2
D +m2 . (1.55)

The explicit solution Fd(x) in terms of Bessel functions is (1.16). See Appendix A.
Note that this kernel naturally interpolates between the Coulomb electrostatic poten-
tial in free space (long-range, for a = 1 and m = 0), and the delta-like interaction

d
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Suppose that we want to compute the probability that the gas is contained in a
volume BR with R 6= R?, i.e.

Pr(xi 2 BR, i = 1, . . . ,N) =

´
xi2BR

e�bEN dx1 · · ·dxN

´
xi2Rd

e�bEN dx1 · · ·dxN
=

ZN(R)

ZN(•)
. (1.9)

The denominator is nothing but the partition function of the gas ZN(•) = ZN , while
the integral in the numerator is the partition function ZN(R) of the same gas con-
strained to stay in the ball BR. In view of the asymptotics (1.6), for large N

logZN(R) = �bN2E [rR]+o(N2) , (1.10)

where rR is the equilibrium measure of the gas confined in BR

E [rR] = inf
r2P(BR)

E [r] . (1.11)

(Note that rR = rR? for all R � R?.) We conclude that the probability (1.9) decays as

Pr(xi 2 BR, i = 1, . . . ,N) ⇡ e�bN2F(R) , (1.12)

where the large deviation function F(R) is

F(R) = � lim
N!•

1
bN2 (logZN(R)� logZN(•)) = E [rR]�E [rR? ] . (1.13)

Clearly, F(R) � 0 and is non-increasing. The physical interpretation of F(R) and
rR is clear: F(R) is the excess free energy of the gas, constrained within BR, with
respect to the situation where it occupies the unperturbed volume BR? ; the measure rR
describes the equilibrium density of the constrained gas in the limit of large number
of particles N.

The general picture is as follows (see Fig. 1):

i) In the unconstrained problem (BR = Rd) the global minimiser rR? is supported
on the ball BR? ;

ii) If R > R?, the constraint in (1.13) is immaterial (BR contains BR? ), and hence the
equilibrium measure is rR = rR? and F(R) = 0. This is the so-called pulled phase,
borrowing a terminology suggested in [44];

iii) If R < R? the system is in a pushed phase, the constraint is effective, and the
equilibrium energy of the system increases E [rR] � E [r?].

iv) At R = R? the gas undergoes a phase transition and the free energy F(R) displays
a non-analytic behaviour. Typically at microscopic scales one expects a crossover
function separating the pushed and pulled phases.

The goal of this work is to investigate the properties of the excess free energy

F(R) = inf
r2P(BR)

E [r]�E [rR? ] (1.14)
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Theorem 4 implies the second main result in this paper : the universality of the
jump in the third derivative of excess free energy of a Yukawa gas with constrained
volume. This universality extends to the limit cases m ! 0 (Coulomb gas) and a ! 0
(Thomas-Fermi gas) solved in [13] and [14], respectively. See Remark 4 below.

Theorem 5 Consider the excess free energy (1.37) for a Yukawa gas. If v(r) is strictly
increasing, the free energy of the Yukawa gas is

Fd,a,m(R) =
1
2

ˆ R?

R^R?

c(r)2

a2rd�1 dr . (1.83)

This formula implies that

F(R)

(
> 0 for R < R?

= 0 for R � R? ,
(1.84)

with lim
R"R?

F(R) = lim
R"R?

F 0(R) = lim
R"R?

F 00(R) = 0, but lim
R"R?

F 000(R) < 0 . (1.85)

Example 2 Consider the case two-dimensional gas d = 2 with a = 1, m = 0 (Coulomb
gas) in a quadratic potential v(r) = r2/2. This coincides with the eigenvalue gas of
the GinUE. An easy calculation from (1.80) and (1.82) shows that the excess charge
is

c(R) = 1�R2, (1.86)

and the critical radius is R? = 1. The excess free energy can by easily computed
using (1.83)

FGinUE(R) =
1
2

ˆ 1

R

�
1� r2�2

r
dr =

1
8
(4R2 �R4 �4logR�3) (1.87)

for R  1, and zero otherwise, in agreement with (1.65).

1.4 Order parameter of the transition

The universal formulae (1.56)-(1.83) for the free energy F(R) are remarkably simple.
It feels natural to ask whether it is possible to derive them from a simpler physical
argument. Moreover, it would be desirable to express the free energy in terms of a
quantity that captures the non-analytic behaviour in the vicinity of the transition. This
quantity, traditionally called order parameter of the transition, must be zero in one
phase and nonzero in the other phase.

In the following we outline an heuristic argument that reproduces formulae (1.56)
and (1.83), and identifies the ‘electrostatic pressure’ as the order parameter of the
transition.

• 3rd order phase transition 
• Electrostatic interpretation

Third-order phase transition: random matrices and screened Coulomb gas with hard walls 3

FGbE(R) =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.16)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.17)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.18)

F(R) = E [rR]�E [rR? ] (1.19)

E [r] = �1
2

¨
log |x� y|dr(x)dr(y)+

ˆ
V (x)dr(x) (1.20)

Prob[xmax < R] ⇡ e�bN2F(R) F(R) = �
ˆ R

R?=
p

2
p(r)dr (1.21)

F 0(R) = � 1
2R

 
1�2Rc00(R)+R Â

n�1
ncn(R)c0n(R)

!
?
= �PR(R)2

2R
(1.22)

F(R) =
1
2

 
� log

R
2

+2c0(R)� Â
n�1

nc2
n(R)

2

!
?
=

1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.23)

1�2Rc00(R)+R Â
n�1

ncn(R)c0n(R)
?
=

 
1� Â

n�1
ncn(R)

!2

(1.24)

1
u

∂

∂R
V (Ru) =

1
R

∂

∂u
V (Ru) (1.25)

rr(z) =
1

2p

r/2+2� zp
z(r� z)

(1.26)

=
r2 �8r +16

32r
(1.27)

Pr(xi 2 BR, i = 1, . . . ,N) =

´
xi2BR

e�bEN dx1 · · ·dxN´
xi2Rd e�bEN dx1 · · ·dxN

=
ZN(R)

ZN(•)
⇡ e�bN2Fd,a,m(R)

(1.28)
Phase transitions – points in the parameter space which are singularities in the

free energy – generically occur in the study of ensembles of random matrices, as
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of particles as in standard statistical mechanics. (We learned this argument from a pa-
per by Kiessling and Spohn [33].) One then expects that in the large-N limit, the free
energy of N particles at inverse mean-field temperature bMF = bN approaches the
minimum energy since at zero temperature the entropy is absent. This also explains
the rescaling in (1.29), as bMF N = bN2.

Having clarified the physical meaning of the mean-field functional (1.27), we now
turn to the problem addressed in this paper.

Notational remark Throughout the paper P(B) denotes the set of probability mea-
sures whose support lies entirely in B ⇢ Rd . The Euclidean ball of radius R centred
at 0 is denoted by BR = {x 2 Rd : |x| = (x2

1 + · · ·+ x2
d)

1/2  R}. If F is a formula,
then F is the indicator of the set defined by the formula F . We also use the notation
a^b = min{a,b}.

1.1 Formulation of the problem

Consider a particle systems with Boltzmann factor as in (1.30) and assume that,
for large N, the partition function behaves like (1.29). Under general hypotheses,
the balance between mutual repulsion and external confinement allows for the exis-
tence of a compactly supported global minimiser of E . In radially symmetric systems
(F(x) = j(|x|) and V (x) = v(|x|)), the minimiser rR? is supported on a ball

E [rR? ] = inf
r2P(Rd)

E [r],

ˆ
BR?

drR?(x) = 1 . (1.31)

We say that the gas is at equilibrium in a ball of radius R? with density rR? .
Suppose that we want to compute the probability that the gas in contained in a

volume BR with R 6= R?, i.e.

Pr{xi 2 BR, i = 1, . . . ,N} =

´
xi2BR

e�bEN dx1 · · ·dxN

´
xi2Rd

e�bEN dx1 · · ·dxN
=

ZN(R)

ZN(•)
⇡ e�bN2Fd,a,m(R).

(1.32)
The denominator is nothing but the partition function of the gas ZN(•) = ZN , while
the integral in the numerator is the partition function ZN(R) of the same gas con-
strained to stay in the ball BR. In view of the asymptotics (1.29), for large N

logZN(R) = �bN2E [rR]+ · · · (1.33)

where rR is the equilibrium measure of the gas confined in BR

E [rR] = inf
r2P(BR)

E [r]. (1.34)

(Note that r• = rR? .) We conclude that the probability (1.32) decays as

Pr{xi 2 BR, i = 1, . . . ,N}⇡ e�bN2F(R), (1.35)
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Theorem 4 implies the second main result in this paper : the universality of the
jump in the third derivative of excess free energy of a Yukawa gas with constrained
volume. This universality extends to the limit cases m ! 0 (Coulomb gas) and a ! 0
(Thomas-Fermi gas) solved in [13] and [14], respectively. See Remark 4 below.

Theorem 5 Consider the excess free energy (1.37) for a Yukawa gas. If v(r) is strictly
increasing, the free energy of the Yukawa gas is

Fd,a,m(R) =
1
2

ˆ R?

R^R?

c(r)2

a2rd�1 dr . (1.83)

This formula implies that

F(R)

(
> 0 for R < R?

= 0 for R � R? ,
(1.84)

with lim
R"R?

F(R) = lim
R"R?

F 0(R) = lim
R"R?

F 00(R) = 0, but lim
R"R?

F 000(R) < 0 . (1.85)

Example 2 Consider the case two-dimensional gas d = 2 with a = 1, m = 0 (Coulomb
gas) in a quadratic potential v(r) = r2/2. This coincides with the eigenvalue gas of
the GinUE. An easy calculation from (1.80) and (1.82) shows that the excess charge
is

c(R) = 1�R2, (1.86)

and the critical radius is R? = 1. The excess free energy can by easily computed
using (1.83)

FGinUE(R) =
1
2

ˆ 1

R

�
1� r2�2

r
dr =

1
8
(4R2 �R4 �4logR�3) (1.87)

for R  1, and zero otherwise, in agreement with (1.65).

1.4 Order parameter of the transition

The universal formulae (1.56)-(1.83) for the free energy F(R) are remarkably simple.
It feels natural to ask whether it is possible to derive them from a simpler physical
argument. Moreover, it would be desirable to express the free energy in terms of a
quantity that captures the non-analytic behaviour in the vicinity of the transition. This
quantity, traditionally called order parameter of the transition, must be zero in one
phase and nonzero in the other phase.

In the following we outline an heuristic argument that reproduces formulae (1.56)
and (1.83), and identifies the ‘electrostatic pressure’ as the order parameter of the
transition.
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(zero-range, for a = 0 and m = 1); intermediate values a,m > 0 correspond to the
Yukawa (or screened Coulomb) potential.

The increasing condition on v(r) implies the confinement of the gas whenever m >
0. Indeed, using the asymptotic expansion of K

n

(z) for large argument, the following
limit holds [39, Eq. 10.25.3]

lim
r!•

v(r)
jd(r)

=
⇣ a

m

⌘ d�3
2 lim

r!•
v(r)r

d�1
2 emr/a = +•, (1.77)

as long as there is screening (m > 0). By a routine argument, this implies the existence
and uniqueness of the minimiser of E in P(Rd). The minimiser rR? is compactly
supported supprR? = BR? with R? < •. In particular, the support is simply connected.

The solution of the constrained equilibrium problem for the Yukawa interaction
(announced in [14]) is stated below.

Theorem 4 Let a,m > 0. The constrained equilibrium measure is

drR(x) =

8
>><

>>:

1
Wd

�
sR(x) |x|Rdx+ c(R) |x|=R

�
if R  R? (pushed phase)

1
Wd

sR?(x) |x|R?dx if R � R? (pulled phase),
(1.78)

where
sR(x) = (�a2

D +m2)(µ(R)�V (x)) (1.79)

is nonnegative for |x|  R, and c(R) � 0 with c(R) = 0 if and only if R = R?. The
chemical potential µ(R) and the charge excess c(R) are explicit functions of Fd(x) =
jd(|x|), V (x) = v(|x|), and the constants a and m:

c(R) =

8
>>><

>>>:

1�
✓

1�m2R
a2d

jd (R)

j

0
d (R)

◆
a2v0(R)Rd�1�m2Rd

d v(R)+m2

ˆ R

0
rd�1v(r)dr

1�m2R
a2d

jd (R)

j

0
d (R)

for R  R?

0 for R � R? ,
(1.80)

µ(R) =

8
>><

>>:

v(R)� jd(R)
j

0
d(R)

⇣
v0(R)+ c(R)

a2Rd�1

⌘
for R  R?

v(R?)� jd(R?)
j

0
d(R?)

v0(R?) for R � R? .

(1.81)

The critical value R? is the smallest positive solution of c(R?) = 0, i.e. the solution of
✓

1� m2R?

a2d
jd(R?)

j

0
d(R?)

◆
a2v0(R?)Rd�1

? +
m2Rd

?

d
v(R?)�m2

ˆ R?

0
rd�1v(r)dr = 1 . (1.82)

In particular: i) in the pulled phase the equilibrium measure is absolutely continuous
with respect to the Lebesgue measure on Rd ; ii) when the gas is ‘pushed’, the density
in the bulk increases by a constant and a singular component builds up on the surface
of the ball BR.

recovers GinUE for d=2, a=1, m=0



Summary and Outlook

• Exact formula for the excess free energy of a log-gas 
on a line constrained between two walls 

• Electrostatic interpretation: order parameter is the  
electrostatic pressure of the constrained fluid 

• Under rather general conditions, the excess free  
energy of the constrained gas has always a 3rd order 
discontinuity, in all dimensions. The spatial extent of  
the repulsion plays no role.
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Abstract Consider the free energy of a d-dimensional gas in canonical equilibrium
under pairwise repulsive interaction and global confinement, in presence of a volume
constraint. When the volume of the gas is forced away from its typical value, the
system undergoes a phase transition of the third order separating two phases (pulled
and pushed). We prove this result i) for the eigenvalues of one-cut, off-critical random
matrices (log-gas in dimension d = 1) with hard walls; ii) in arbitrary dimension d � 1
for a gas with Yukawa interaction (aka screened Coulomb gas) in a generic confining
potential. The latter class includes systems with Coulomb (long range) and delta (zero
range) repulsion as limiting cases. In both cases, we obtain an exact formula for
the free energy of the constrained gas which explicitly exhibits a jump in the third
derivative, and we identify the ‘electrostatic pressure’ as the order parameter of the
transition. Part of these results were announced in [F. D. Cunden, P. Facchi, M. Ligabò
and P. Vivo, J. Phys. A: Math. Theor. 51, 35LT01 (2018)].

1 Introduction and statement of results

Phase transitions – points in the parameter space which are singularities in the free
energy – generically occur in the study of ensembles of random matrices, as the pa-
rameters in the joint probability distribution of the eigenvalues are varied [8]. The aim
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Abstract
We consider a d-dimensional gas in canonical equilibrium under pairwise 
screened Coulomb repulsion and external confinement, and subject to a 
volume constraint (hard walls). We show that its excess free energy displays 
a third-order singularity separating the pushed and pulled phases, irrespective 
of range of the pairwise interaction, dimension and details of the confining 
potential. The explicit expression of the excess free energy is universal and 
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interaction. The order parameter of the transition—the electrostatic pressure 
generated by the surface excess charge—is determined by invoking a 
fundamental energy conservation argument.
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2-d lattice QCD with Wilson action
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A population with N non-interacting distinct species...
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A population with N distinct species, with pairwise interactions
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?



stable
(weak coupling)

unstable



unstable

stable

(strong coupling)

(weak coupling)

``...too large an average interaction strength...leads to 
instability. The larger the number of species, 

the more pronounced the effect. ”
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Largest eigenvalue of Gaussian ensembles2 Fabio Deelan Cunden et al.

FN(w) = Prob[xmax  w] (1.1)

FN(w) =
ZN(w)

ZN(w ! •)
(1.2)

ZN(w) =

ˆ w

�•
dx1 · · ·

ˆ w

�•
dxN exp

"
�b

2

 
N

N

Â
i=1

x2
i �Â

i6= j
ln |xi � x j|

!#
(1.3)

FN(w) ⇡

8
>><

>>:

exp
⇥
�bN2

F�(w)
⇤
, w <

p
2 and |w�

p
2|⇠ O(1)

F
b

⇣p
2N2/3(w�

p
2)
⌘

, |w�
p

2|⇠ O(N�2/3)

1� exp[�bNF+(w)], w >
p

2 and |w�
p

2|⇠ O(1)

(1.4)

lim
N!•

� 1
N2 lnFN(w) =

(
F�(w), w <

p
2

0 w >
p

2
(1.5)

F�(w) ⇠ 1
6
p

2
(
p

2�w)3, w !
p

2 (1.6)

r(x) ⇠
p

R? � x (1.7)

PR(x) = 1�
 R

�R

1
p

p
R2 � t2 V 0(t)

x� t
dt (1.8)

Prob(max |xi| < R) ⇡ exp
�
�bN2F(R)

�
(1.9)

F(R) =
1
2

ˆ R?

min(R,R?)
dr

Pr(r)2

r
(1.10)

V (x) ! rR(x) ! PR(x) ! F(R) (1.11)

FGbE(R) =

(
1
32 (8R2 �R4 �16logR�12+8log2) if R < R? =

p
2

0 if R � R? =
p

2
(1.12)

FGbE(R) =
1
2

ˆ p
2

R

(2� r2)2

4r
dr =

1
32

(8R2�R4�16logR�12+8log2) R <
p

2

(1.13)

�
ˆ R

�R
log |x� y|rR(y)dy+V (x) = µ(R) |x| R (1.14)

F(R) = E [rR]�E [rR? ] (1.15)

R0-R




