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Largest eigenvalue of Gaussian ensembles
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[Tracy & Widom, 1994-1996] [Dean & Majumclar, 2006-2008]

exp | —BN*P_(w)], w <2 and |w—+2| ~0(1)
Fy(w) ~ { T (ﬂN2/3 (w— ﬁ)) L w2~ O(N2?3)
1 —exp|—BNDL(w)], w>+/2and |w—+2| ~0(1)

[Majumclar & \/ergassola) 2009]



Largest eigenvalue of Gaussian ensembles
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Free energy of a Coulomb gas with a hard wall at ‘w’
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§rcl order Phase transition



Ubiquitg of the §rcl order “Pusnecj~to~!:>u”ecl” transition
U (N) |attice QCD [Gross & Witten, Wadia 1980]

Maximum neignt of non—-intersecting Brownian walkers [Forrester, Majumclar,
Schehr & Comtet 2011]

Extreme eigenvalues for Wishart [PV, Majumclar & Bohigas 2007; Deift, Its and
Krasovskg 2006] ancl Jacobi CHSCmblCS [Ramli, Katzav & Castillo 2012]

Conductance and other observables in mesoscol:)ic cavities [PV, Majumclar &
Bol'xigas 2008-10; Grabsch & Texier 2015-16]

Entanglement entrol:)g for bil:)artite random pure states [Nadal, Majumdar &
Vergassola 2010]

Multip‘e lnPut Multiple Output (MIMO) channels [Karadimitrakis et al 2013]
Minima of random |anclsca[:>es [Fyodorov & Nadal 2012]

Random Tilings [Colomo & Pronko 2013]

Heignt inld KPZ growtlﬁ models at late times [Le Doussal, Majumclar & Schehr 20161

Rigntmost Par’ticle O]C ]~C! Coulomb gas [Dhar, Kunclu, Majumclar, Sabnapanclit &
Schehr 20171

Truncatecl linear statistics [Grabsch~M.aU'umdar~Texier 2018]
000



}rcl order

p(x) ~ VR, —x »

“otf-critical” case




Qur setting

1
pN(XI, ‘o ,XN) — Z_e_ﬁEN(Xl,...,xN)
N
1
EN (Lo 2} = 2 ) logli—xj[+N) V(x), x€R.
i7 ] ?

Assumption 1 V(x) is C?(R), symmetric V (x) = V(—x), strictly convex and satisfies
V(x)

liminf|x|_>oo w > 1. ‘

“one-cut” and “off-critical”




ngmetric walls

0

Prob(max |x;| < R)

Related works

il

: ! _ g2 1
® Al}l_I)IlOPI' (max\xi\ < R+ \/§N2/3> = 75 (1) FOF GUl

[Dean - Le Doussal - Majumclar - Schehr 2017]

e d-dimensional Coulomb (je”ium) model

[Cunden -Facchi - Ligabo’ - PV 2017]



Prob(max |x;| < R) = exp (—,BNZF(R))

Equilibrium clensitg of the fluid

In general constrained between two Wa”s

[‘continuum’ version of the ‘granular’ energy

1
En(x1,...,XN) = ) Zlog xi — xj] +NZV(xk) ]
i k



Densitg of Particles constrained between sgmmetric walls
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Our result

Prob(max |x;| < R) ~ exp (—BN*F(R))

F(R) = l/R* drPr(r)z

2 min(R,R,) r

V(x) = pr(x) = Pr(x) = F(R)



Our result

F(R) = E/R* o)’

2 min(R,R,) r

1 [® P(r)?
limF(R):—/ r) dr=0,

RTR* 2 R, r
1 Po (R,)?
lim F'(R) = — = 7. (R) =0,
R1R, 2 R,
2P» (R)P, (R.)R, — P (R,)?
hmF//(R):_ R*( *) R*( *) * R*( *) —0.
R1R, 2R?
P, (R.)? S
but lim F""(R) = — k. (Rs) <0. otf-criticality
R1TR, R* =

7Cu”9 in line with M=S criterion!



Check: Gaussian ensembles

= liy<r 1 R <R, (pushed phase)

2 —x*1|y<r, if R > R, (pulled phase) .

4 _16logR — 12 +8log?2) ifR<R,=+2
if R>R, =2

[Dean & Majumclar, PRE 2008]




Electrostatic interpretation and generalizations



Electrostatic i nterpretation
’

The increase in free energy must match the work done

N compressing the fluid

vol R
F(R)=—Wg, g with Wg g :/ PdV = 2/ p(r)dr
R

vol; « /

E‘lectros’catic pressure: normal Force per unit leng’ch

surmcace charge X c—:lectric ﬁeH generatecl [39 a” other charges

v

2 .,
7T Not limited
p(r) = = [Res._p}(z)

to spherical sgmmetrgl



The electrostatic inter!:)retation allows us to

FECOVET More general results

Example B largest eigenvalue oF Gaussian ensembles

FN(W) — Pr()b[xmax < W] ~ e—ﬁNch_ (w)

0 w

d_(w) = _/ p(r)dr
V2

7r2 ,

p(l’) — E‘Reszzrpr (Z)’
[Dean & Majumclar, 2006-2008]
— L(r 2 _ A :
pr(z) = 217'6 \/Z l’f(z ) (r—L(r)—2z) L(r) = —2\/?

I




The electrostatic interpretation allows us to

FECOVET More general results

Example ]: larges’t CigCI"IVBIUC O]C Gaussian CﬂSleDlCS

FN(W) — PrOb[xmax < W] ~ e—ﬁNch_ (w)

D_(w) = — /; p(r)dr




The electrostatic inter!:)retation allows us to

FECOVET More general T'@SUltS




The electrostatic inter!:)retation allows us to

FECOVET More general results

E‘xample 2: Iargest cigcnvaluc of Wishart ensembles (c=1)
__ (W) —BN? V) (w)
Fy(w) = Prob|xmax < w| ~e

WwyL— [ p(r)dr
() L~ [ p(r)e
2
p(r) = = [Res.—p(2)

[PV, Majumc:lar & Bohigas, 20071 A




The electrostatic interpretation allows us to

FECOVET More general results

E‘xample 2: Iargest cigenvaluc of Wishart ensembles (c=1)
__ (W) —BN? ™) (w)
Fy(w) = Prob|xmax < w| ~e

oV (w) = — /4Wp(r)dr

T r> —8r—+16
p(r) = = [Res.—p2(2)
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The electrostatic inter!:)retation allows us to

FECOVET More general results

E‘xample 2. lardest cigenvaiuc of Wishart ensembles (c=1)

FN(W)

oV (w) = — /4Wp(r)dr

ob Xr(XZ;)g <w| =~ e_ﬁNch(—W) () v’

~—

2 —8r+16
32r

T2 ,
p(r) = = [Res._,p2(3)| -

1 r/242—2 /

PO = a0 Vz(r—2)




Sketch of the l:>roo1C (symmetric case)

F(R) = l/R* drPr(r)z

2 Jmin (R,R) r




A remarkable formula

2
—loglx—y| =log2+ ) ~T,()T(y)  xye[-1,1], x#y

n>1
Cl’\ebgs]’\e\/ Polgnomials
1 ( o
/ T, (x) T, (x) =& b with b — s %f n=m=_0
1 V1 —x? \71'/2 fn=m>1

used alrcacl9 by f:goclorov, Khoruzhenko, Simm [Ann Prob 2016]
and Garoufalidis and Popescu [LAnn Henri Poincare’ 2013] -
UﬂPUlﬁ)liSl’]CCl notes bg Ute Haagerup




VRu) =Y co(R)T,(u),  Pr(Ru)=Y ay(R)T(u),

n>0 n>0
where

I u)T,(u I )T, (u
a,,(R):h—ln _1PR% ) du cn(R):i/ VIRWTa(w) 4,

At electrostatic equilibrium (Pushecl Phase)

- / loglx—lpe(y)dy +V(x) = (k)




At electrostatic equilibrium (Pushed Phase)

- / logl—ylpr(y)dy +V(x) = u(R) [+ <




Now, ex!:)ancl the excess free energy N Chebgshev

&lp)

=&

F(R)
—%//log\x—y\d

1

\ 7T

\4

( 1 PR (X)

~ &lpr)]

(x)dp(y) +Y V(x)dp(x)

T/R2 —x

2]l‘x|<Rdx if R < R, (pushed phase)

—Q(x)\/R: —x*1j<g, dx if R > R, (pulled phase) ,



Now, ex!:)ancﬂ the excess free energy N Chebgshcv

(R) = &|pr| — &P,

]
:__//mg\x ydp (x)dp () + / (x)dp (x)
v

1 R nc2(R)\ 2 1 [ P.(r)?
FR) =3 <1°g§ +200(R) = ), ) ~2 /mmm,m v

n>1 r

How to prove this?



so the iclentity to prove 1S

2
1 —2Rcy(R) +R Z ne, (R (1 — Z ncn(R))

n>1 n>1

which can be established using

1 0 1 0
u&RV(Ru) —%V(Ru) []



Interesting questions

1. s Tracu~chlom necessary to

induce a §rcl order | Phase transition?

2. s long—-range nature of Coulomb interaction

necessary to induce a §rcl order PtP [D]’lase transition?



1. s Tracu~chlom necessary to

induce a §rcl order Ptk Phase transition? No!

+ 1
AlllgioPr (max x| < R, + \}/ZIW) = G(1)

[Rider 200%; Chafai and Peche’ 2014]

T~

1

—(4R* —R*—4logR—3) ifR<R
FGinug(R) = { 8 ’

0 if R>R, .

[Cunden, Mezzadri & PV 2016; Allez, Touboul & Wainrib 20141

Matching between Gumbel and largc deviation function: novel intermediate regime

[Lacroix-A-Chez-Toine, Grabsch, l\/\ajumc]ar, Schehr2017]



l. s Tracu—-chlom necessary to

induce a §rcl order Ptk Phase transition? No!

week endin
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2. Is |ong~range nature of Coulomo interaction

necessary to induce a §rcl order PtP PL]aSC transition?

1
EN(xl,...,xN) — 5 ZQZ(XZ'—X]') +NZV(xk), X; € RY .
i | k

D&, (x) = 2,6(x), xeR? where D=—a’A+m>.

Pr(x; €Bg,i=1,...,N)="- —




2. Is |ong~range nature of Couloma interaction

necessary to induce a §rcl order PtP P‘ﬂase transition?

—BE .
fxl'EBR € NXm de ZN (R) ~ e_ﬁNde,a,m(R>

Pr(x; € Br,i=1,...,N) = fxieRd e PENdx| - - dxy N Z ()

e %rdorder Phase transition

]

e Flectrostatic interpretation




2. Is |ong~range nature of Couloma interaction

necessary to induce a §rcl order PtP PHBSC transition?

f e_ﬁENdxl c e de

L X;€BpR

Pr{xiEBR,izl,...,N}—

xiERd

ZN(R) ~ e_ﬁNde,a,m<R).

[ e BEndx; - dxy - Zn (o)

if R > R, (pulled phase),

recovers Gin(UJ!

= for cl:Z, a=l, m=0



Summarg and Outlook

[xact Formula For the excess Free energy OF a Iog-gas

on a line constrained between two walls

Electrostatic i nterl:)retation: order Parameter is the

electrostatic pressure of the constrained fluid

Under rather general conditions, the excess free
energy of the constrained gas has alwags a 3rd order

discontinuity, in all dimensions. The sl:)atial extent of

tl

he repulsion plays no role.
P P'ay
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2-d lattice QCD with Wilson action




[R. M. May, 1972]




[R. M. May, 1972]

~\

Coupling Random




[R. M. May, 1972]




stable

unstable




stable

(weak coupling)

unstable

(strong coupling)

4 )

...too large an average interaction strength...leads to
instability. The larger the number of species,
the more pronounced the effect. ”
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stable

Rate
function
















Largest eigenvalue of Gaussian ensembles

Fy(w) = Prob|xmax < w|

Zn(w)
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