
A THREE DIMENSIONAL FINITE VOLUMEAPPROACH TO THE THERMO-MECHANICALMODELLING OF THE SHAPE CASTING OFMETALSG. A. Taylor, C. Bailey and M. CrossCentre for Numerical Modelling and Process Analysis,University of Greenwich,London SE18 6PF, UK.E-mail : G.A.Taylor@gre.ac.ukAbstractThis paper presents a three dimensional, thermo-mechanical modelling approach to the coolingand solidi�cation phases associated with the shape casting of metals ie. die, sand and investmentcasting. Novel vertex-based Finite Volume (FV) methods are described and employed with re-gard to the small strain, non-linear Computational Solid Mechanics (CSM) capabilities requiredto model shape casting. The CSM capabilities include the non-linear material phenomena ofcreep and thermo-elasto-visco-plasticity at high temperatures and thermo-elasto-plasticity at lowtemperatures and also multi-body deformable contact which can occur between the metal cast-ing and the mould. The vertex-based FV methods, which can be readily applied to unstructuredmeshes, are included within a comprehensive FV modelling framework, PHYSICA. The additionalheat transfer, by conduction and convection, �lling, porosity and solidi�cation algorithms existingwithin PHYSICA for the complete modelling of all shape casting processes employ cell-centred FVmethods. The thermo-mechanical coupling is performed in a staggered incremental fashion, whichaddresses the possible gap formation between the component and the mould, and is ultimatelyvalidated against a variety of shape casting benchmarks.



IntroductionOver the last 10 to 15 years a large research e�ort has been employed in the development ofphysically accurate software tools for the complete simulation of the shape casting process [1, 12],with the ultimate aim of providing a core design tool for the foundry engineer. To be of major useto the foundry engineer the simulation software must be tolerably accurate within a reasonablecomputational time. This generally requires a 
exible software framework which can be extendedin a modular fashion depending upon the physical nature of the particular casting simulationrequired [1, 2]. In this research, the 3D FV framework PHYSICA [13] is employed and the in-clusion of the CSM capabilities required for the complete modelling of the thermo-mechanicalbehaviour is described. The numerical methods for the solution of the heat transfer, 
uid 
ow,�lling and porosity formation employ cell-centred FV procedures and have been included withinthe PHYSICA framework [1, 3, 13]. A description of these procedures is provided elsewhere [1, 3].With regard to the CSM capabilities, material models which furnish the temperature dependentconstitutive behaviour exhibited by metals between the extremes of the solidifying range and roomtemperatures are required. Recently, two and three dimensional vertex-based FV procedures havebeen employed in the numerical solution of problems involving rate dependent and rate inde-pendent plasticity and reasonable comparisons have been obtained against the standard Galerkin�nite element method with regard to both numerical accuracy and computational e�ciency [11].These procedures have been encapsulated within the PHYSICA framework to provide completesimulation of the shape casting process [11]. Additionally, CSM procedures for frictional contactbetween the solidifying component and associated mould are required. At present a vertex-basedFV procedure is being developed within the PHYSICA framework, which employs an augmentedLagrangian technique with regard to the contact constraints [14].Computational Solid MechanicsA treatment for frictional contact is outlined by considering the displacement of two deformablebodies as described in Figure 1(a). In this illustrative problem it is assumed that the bodies (1)and (2), slave and master respectively, are not initially in contact, but in subsequent con�gurationsfxg(i) = fug(i)(fXg(i)) the two bodies are in contact within the designated boundary regions 
(i).Although this description is limited to two bodies, it will apply generally to multi-body contactproblems by accounting for each contacting pair consecutively.(a)
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(b)g(fXg(1)) � 0; (i)tn(fXg(1)) � 0; (ii)tn(fXg(1))g(fXg(1)) = 0; (iii)tn(fXg(1)) _g(fXg(1)) = 0 (iv):Figure 1: Frictional contact, (a) the two-body model and (b) Kuhn-Tucker constraints.Gap Function and Contact ConstraintsAny slave point fXg(1) that belongs to the contacting boundary �(1)c is considered to have a gapdistance from the master surface �(2)c . The displacement fug(1)(fXg(1)) is admissible if there isno penetration of the slave point into the master body and the gap function is de�ned as follows:g(fXg(1)) = sign(g(fXg(1))) ���g(fXg(1))��� ; (1)



where ���g(fXg(1))��� = ������fug(1)(fXg(1))� proj
(2)c (fug(1)(fXg(1)))������ (2)and sign(g(fXg(1))) = ( �1 if fug(1)(fXg(1)) is admissible,+1 otherwise. (3)This de�nition of g(fXg(1)) is given in terms of the closest point projection (proj) of fxg(1) =fug(1)(fXg(1)) onto 
(2)c . The Kuhn-Tucker constraints for contact are described in Figure 1(b),where, inequality (i) is the impenetrability constraint, inequality (ii) is the normal traction (com-pressive) constraint, equality (iii) is the requirement that the pressure is non-zero only wheng(fXg) = 0 and equality (iv) is the persistency condition which is applied when consideringfrictional kinematics.Equilibrium Equations and Boundary ConditionsIn matrix form, the incremental equilibrium equations are[L]Tf��g(i) + fbg(i) = f0g in 
(i), (4)where [L] is the di�erential operator, f��g(i) is the Cauchy stress, fbg(i) is the body force and 
(i)is is the domain, all relating to body (i). The boundary conditions on the surface �(i) = �(i)t [�(i)uof the domain 
(i) can be de�ned as [15, 8][R]Tf�g(i) = ftpg(i) on �(i)t and (5)fug(i) = fupg(i) on �(i)u ; (6)where ftpg(i) are the prescribed tractions on the boundary �(i)t , fupg(i) are the prescribed dis-placements on the boundary �(i)u and [R] is the outward normal operator [11].Constitutive RelationshipIn matrix form, the incremental stress is related to the incremental elastic strain as follows;f��g = [D]f��eg; where [D] is the elasticity matrix. For the deformation of metals, the von-Mises yield criterion is employed and the incremental elastic strain is given by f��eg = f��g �f��tg�f��vpg;where f��g, f��tg and f��vpg are the total, thermal and visco-plastic incrementalstrain, respectively. The visco-plastic strain rate is given by the Perzyna [9] modelddtf�vpg = 
*�eq�y � 1+ 1N 32�eq fsg; (7)where �eq, �y, 
, N and s are the equivalent stress, yield stress, 
uidity, strain rate sensitivityparameter and deviatoric stress, respectively. The < x > operator is de�ned as follows:< x > = ( 0 when x � 0 andx when x > 0:The incremental total strain for in�nitesimal strains is f��g = [L]f�ug; where f�ug is theincremental displacement. Vertex-based DiscretisationEmploying the method of weighted residuals to equations (4), (5) and (6) and considering thecontact constraints ftcg(i), it is possible to obtain the following weak form of the equilibriumequation;� Z
[LW ]Tf��g(i) d
+ Z
[W ]Tfbg(i) d
+ Z�u [RW ]Tf��g(i) d� + Z�t [W ]Tftpg(i) d�� Z�c [W ]Tftcg(i) d� = f0g; (8)



where [W ] is a diagonal matrix of arbitrary weighting functions. The standard virtual workformulation can be obtained by replacing [W ] with a vector of virtual displacements and as theweighting functions are arbitrary it is possible to obtain the FV formulation by assuming unitvirtual displacements, such that�(f�ug(i)) = Z�u [R]Tf��g(i)d� + Z
fbg(i)d
+ Z�pftpg(i)d� = Z�cftcg(i)d�: (9)More directly, the weighting function matrix can be assumed equal to the identity matrix [I],which is equivalent to the sub-domain collocation technique [8, 15]. The FV formulation appliesgenerally regardless of the constitutive relationship employed. In this research the constitutiverelationship as described previously is employed [11]. The solution of the constrained equation(9) is an optimisation problem and requires solution schemes which convert the problem to anunconstrained one, in this research an augmented Lagrangian technique has been employed [14].Shape functions are utilised in the standard fashion to furnish the variation of displacementsand derivatives over the mesh elements [11]. The control volumes over which equation (9) isintegrated are based around the vertices of the mesh and are constructed from sub-control volumecontributions from the associated elements as illustrated in Figure 2(a) [11].(a)
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(b)1. Solve heat transfer and phase change.2. Solve CSM due to thermal load.3. Recalculate geometrical quantities.4. Repeat 1-3 for next time interval.Figure 2: (a) 3D vertex-based control volume and (b) incremental solution approach.The resulting non-linear system of discretised equations are of the form [K]f��ug � ffg = f0g;where [K] is the system matrix, f��ug is the incremental displacement vector at the nodes andffg is the load vector. It should be noted that the same mesh is employed throughout the analysisin PHYSICA [13] to represent the domains in question and to generate the control volumes.Dual Thermo-mechanical CouplingDuring the shape casting process coupled thermo-mechanical behaviour occurs. The molten metalis initially in contact with the mould and a thermal resistance can be associated with the cast-ing/mould interface due to the rugosity of the mould surface [10]. As the casting solidi�es, gapformation can occur at the interface and the thermal resistance will increase as a function ofthe gap. The thermo-mechanical coupling is performed in a staggered incremental fashion asillustrated in Figure 2(b).Thermal Boundary Conditions at the Casting/mould InterfaceThe gap formation is tracked via coincident nodes at the casting/mould interface, consequentlythe cell faces at the interface are initially coincident [5]. The heat transfer 
ux is calculated atthe centre of the cell faces and updated as the gap develops. This is reasonable for problems



involving small strains as the face connectivities are not drastically altered due to the mechanicaldeformation. An equivalent gap geq can be associated with the thermal contact resistance [10]1=hcr = geq=kcr; where kcr is the thermal conductivity associated with the interface, initially. Thecomplete thermal behaviour of the interface can be implemented using [7]@T@n = he� (Tcasting� Tmould) ; (10)where the e�ective heat transfer coe�cient at the interface is a function of the e�ective air gapgag, such that [10] he� = ( hcr when gag � geq andkaggag when gag > geq, (11)where kag is the conductivity of the air gap. It is important to note that the heat transfer across theinterface is not necessarily a purely conductive process. Consequently, an e�ective conductivityassociated with the air gap can be utilised to facilitate this behaviour. This requires accurateexperimental measurement of the heat transfer coe�cient as a function of the gap [10, 4].Results and DiscussionIn the following simulations the moulds are in an initially full state with regard to the moltenmetal and uniform temperatures in the casting domains are assumed. The �rst test case com-
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 Figure 3: Meshes employed in the analysis of, (a) die and (b) sand casting.pares numerical predictions with experimental results [10] for the die casting of a hollow aluminiumcylinder. Figure 4(a) illustrates the experimental design, where the top and bottom of the cylinderand dies are insulated to ensure a predominantly radial heat loss. Thermocouples were insertedinto the cylinder and dies, and a displacement transducer was attached to the cylinder to mon-itor the gap formation at the cylinder/die interface. A fully coupled analysis was performed inPHYSICA [13] to simulate the cooling, solidi�cation and resulting mechanical deformation of thecylinder [11]. The material properties of the aluminium casting, steel dies and insulation aregiven in Figures 5(a), (b) and (c), respectively. The heat transfer coe�cient he� was assumed tovary linearly between 400W/m2K to 20W/m2K corresponding to gap distances of 0.0 to 0.5 mm,based upon experimental results [10]. The mesh employed in the numerical analysis is describedin Figure 3(a). Figure 4(b) illustrates the predicted deformation of the aluminium cylinder atseveral instances in time. As expected, the cylinder contracts away from the external die andagainst the internal core, creating gaps at the top and external interfaces. Figure 6(a) comparespredicted cooling rates, with and without gap formation, for both the cylinder and external dieagainst those obtained from experimental readings. The upper cooling rates are recorded at alocation in the casting close to the external die [10]. For a thermo-mechanical analysis including
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 Figure 4: Die casting of a cylinder, (a) experimental analysis and (b) simulated deformation.TL Liquidus temp. 618:8�CTS Solidus temp. 566:4�Ch Latent heat 440 kJ/kgk Conductivity 150 W/(mK)� Density 2,710 kg/m3c Speci�c heat 1,160 J/(kgK)� Thermal expansion 5� 10�5/K� Poisson's ratio 0.33E Young's modulus 60;000MPa 20�C34;000MPa 450�C10�2MPa 566:4�CY Yield stress 500MPa 20�C10�4MPa 566:4�C(a)
k Conductivity 33 W/(mK)� Density 7,880 kg/m3c Speci�c heat 600 J/(kgK)(b)k Conductivity 0.1 W/(mK)� Density 1,000 kg/m3c Speci�c heat 1,760 J/(kgK)(c)Figure 5: Material property tables, (a) aluminium (b) steel and (c) insulation.contraction and associated gap formation, the results are in closer agreement with the experimen-tal readings. The lower cooling rates are for a location in the external die and are also in closeragreement for a thermo-mechanical analysis. In summary, with regard to die casting, neglectingof the gap formation at the casting/die interface will a�ect the cooling rates and consequently thecasting solidi�cation. Figure 6(b) shows the resulting gap formation at the centre of the cylin-der/external die interface over time. Again, the predictions compare reasonably well with theexperimental readings. It is important to note that rate dependent and rate independent analyseswere performed for the die casting problem, where rapid cooling rates are observed, and negligiblevariation of results was observed. This may indicate that more accurate material properties arerequired with regard to rate dependency or that viscous e�ects are negligible due to the rapidcooling [6].The next simulation is a fully three dimensional sand casting and the mesh employed is described inFigure 3(b). In this simulation heat transfer, 
uid 
ow, solidi�cation and solid mechanics are fullycoupled. Figure 7(b) illustrates the amount of thermal convection in the initial stages of cooling.It is interesting to note the large recirculatory 
ow in the feeder region. This is expected as aninsulating material has been placed around the feeder to ensure that it remains in a liquid state
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Time (s)Figure 7: Simulated sand casting of a test bar, (a) convection and (b) temperature pro�les.and can feed areas of the casting which are prone to shrinkage porosity. The e�ect of convection onthe cooling rates was investigated. Figure 7(b) shows the di�erences in cooling rates for analyseswith and without convection. Di�erences of approximately 50oC can be observed, where thermalconvection in the molten metal promotes redistribution of heat, hence raising temperatures nearthe interface and therefore resulting in faster cooling rates. Alternatively, it is important to notethat because of the thermal gradients associated with the geometry of the die casting problem thecooling rates are una�ected by the consideration of natural convection [11].ConclusionsAt present, deformable and rigid contact analyses between casting and mould have been performed.Neglecting mould dilation a�ects the accuracy of the gap prediction in the die casting problem.The multi-body deformable contact approach described in this paper will be implemented shortlyand will furnish gap predictions of greater accuracy. The residual convection, which is possible inshape casting, is dependent upon the thermal gradients associated with the casting geometry, themould �lling and subsequent feeding if applicable. Further research is underway in these areasto provide a more accurate prediction of the cooling rates observed in shape casting [3]. Withregard to the computational e�ort required for a full thermo-mechanical analysis, the die castingproblem required several hours whilst the sand casting problem required several days on a 143MHz Sun ULTRASPARC processor. Ultimately, a fully coupled thermo-mechanical capabilitywill be available within PHYSICA [13] to e�ciently model the shape casting of metals on highperformance computational platforms.
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